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Abstract
In this note, an attempt is made at highlighting a construct of the algebras of holomorphic functions on the unit disc, bi-
invariant functions, Lie pseudo groups and the Colombeau’s algebra (of generalized functions). We establish some new 
results on these algebras and also give new proofs to some existing ones.
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1. Introduction
The theory of holomorphic functions on the unit disc and its ubiquity abound in literature [1-21]. Here, we shall concern 
ourselves with introducing some of the basic definitions needed in the succeeding developments of some function algebras 
and proving several essential algebraic results.

Definition 1.1. A linear space A over C is said to be an algebra if it is equipped with a binary operation, referred to as 
multiplication and denoted by juxtaposition, from A × A → A such that
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1 Introduction

The theory of holomorphic functions on the unit disc and its ubiquity
abound in literature (See [20],[21]). Here, we shall concern ourselves
with introducing some of the basic definitions needed in the succeeding
developments of some function algebras and proving several essential
algebraic results.

Definition 1.1. [9] A linear space A over C is said to be an algebra
if it is equipped with a binary operation, referred to as multiplication
and denoted by juxtaposition, from A×A → A such that

f(gh) = (fg)h, (1.1)

f(g + h) = fg + fh; (g + h)f = gf + hf, (1.2)

a(fg) = (af)g = f(ag). (1.3)

for all f, g, h ∈ A and a ∈ C.
A is called a commutative algebra if A is an algebra and

fg = gf (1.4)
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for all f, g ∈ A, whereas A is an algebra with identity if A is an
algebra and there exists some element e ∈ A such that

ef = fe = f (1.5)

for all f ∈ A.

Definition 1.2. A normed linear space(A, ∥·∥) over C is said to be
normed algebra if A is an algebra and

∥fg∥ ≤ ∥f∥ ∥g∥

for all f, g ∈ A.

A normed algebra A is said to be a Banach algebra if the normed
linear space (A, ∥·∥) is a Banach space.

Definition 1.3. Let A be a complex algebra. An involution on A
is a mapping ∗ : f → f∗ from A into A satisfying the following
conditions.

(f + g)∗ = f ∗ + g∗, (1.6)

(λf)∗ = λf ∗, (1.7)

(fg)∗ = g∗f ∗, (1.8)

(f ∗) = f, (1.9)

for all f, g ∈ A and λ ∈ C. A is then called a ∗−algebra or an
algebra with involution.

A C ∗−algebra is a Banach algebra A with involution in which
for all f ∈ A,

∥f ∗f∥ = ∥f∥2 . (1.10)

A homomorphism between C ∗−algebras A and B is a linear map
φ : A → B that satisfies φ(fg) = φ(f)φ(f) and φ(f ∗) = φ(g)∗ for all
f ∈ A and g ∈ B [13]. An isomorphism between two C ∗−algebras
is an invertible homomorphism.

The dual A′ of a ∗−algebra A has a canonical involution given
by f ∗(x) = f(x−1) for all f ∈ A.

Definition 1.4. A function algebra on a compact Hausdorff space
X is a commutative Banach algebras A over C which satisfies the
following conditions:

1. The elements of A are continuous complex-valued functions
defined on X, i.e. A ⊂ C (X );

2. A contains all constant functions on X;

3. The operations onA are the pointwise additions and multiplication;

4. A is closed with respect to the uniform norm in C (X )

∥f∥ = sup
x∈X

|f(x)|, f ∈ A;
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5. A separates the points of X.

Function algebras are commutative Banach algebras over C with
unit (the constant function 1 on X) and this fact plays a crucial
role in their studies [11].

Let X be a compact Hausdorff space and A a non-empty subset
of C (X ). For each x ∈ X the evaluation map at x, denoted by ϕx,
is defined by

ϕx(f) = f(x) forf ∈ A (1.11)

We observe that if A is a subspace, then ϕx : A → C is a linear map,
and if A is subalgebra, then ϕx is a homomorphism. If A contains
1 then ϕx(1) = 1 and hence ϕx ̸= 0.

Unitization of normed algebras is well-known [9].

Definition 1.5. LetA be a normed algebra. A left (right) approximate
identity for A is a net (eα)α in A such that eαf → f (feα → f)
for each f ∈ A. An approximate identity for A is a net (eα) which
is both a left and a right approximate identity. A (left or right)
approximate identity (eα)α is bounded by M > 0 if ∥eα∥ ≤ M for
all α. A has left (right) approximate units if, for each f ∈ A and
ϵ > 0, there exists u ∈ A such that ∥f − uf∥ ≤ ϵ (∥f − fu∥ ≤ ϵ),
and A has an approximate unit if, for each f ∈ A and ϵ > 0, there
exists u ∈ A such that ∥f − uf∥ ≤ ϵ and ∥f − fu∥ ≤ ϵ. A has a
(left, right) approximate unit bounded by M > 0, if the elements u
can be chosen such that ∥u∥ ≤ M .

Suppose that A is an approximately unital Banach algebra. We
define the unitization of A by considering the canonical ‘left regular
representation’ λ : A → B(A), and identifying A+C1 with the span
of λ(A) +CIA, which is a unital Banach subalgebra of B(A). Thus
if f ∈ A and µ ∈ C then

∥f + µ1∥ = sup
∥c∥≤1

∥fc+ µc∥ , (1.12)

for all c ∈ A.
It is occasionally useful that there are some other equivalent

expressions for the quantity above. For example, if (eα)α is an
approximate identity for A then

∥f + µ1∥ = lim
α

∥feα + µeα∥ = sup
α

∥feα + µeα∥ . (1.13)

Given a real algebra A, the complexification B of A is the set
A × A with the operations of addition, multiplication, and scalar
multiplication defined by

(f1, g1) + (f2, g2) := (f1 + f2, g1 + g2) ,

(α + iβ) (f, g) := (αf − βg, αg + βf) ,

(f1, g1) (f2, g2) := (f1f2 − g1g2, f1g2 + g1f2) ,

for all f1, f2, g1, g2 ∈ A and α, β ∈ R.
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Definition 1.6. An operator φ : H1 → H2 between two Hilbert
space is simply a linear map (i.e., φ (λf + µg) = λφ(f) + µφ(g) for
all λ, µ ∈ C and f, g ∈ H1.

An operator on a Hilbert space H is bounded if and only if it
is continuous in the sense that fn → f implies φfn → φf for all
convergent sequences (fn) in H.

Let φ : H1 → H2 be an operator. We define ∥φ∥ ∈ R+ ∪{∞} by

∥φ∥ := sup
∥f∥H1

=1

∥φ(f)∥H2
, (1.14)

for all f ∈ H1, where ∥f∥H1
= |⟨f, f⟩|H1

, etc. We say that φ is
bounded when ∥φ∥ < ∞, in which case the number ∥f∥ is called
the norm of φ.

1.1 Some Classes of Operator Algebras

(1) Operator Algebra Valued Continuous Functions: Let X be a
compact space, and A an operator algebra. Then the operator
space C(X;A) is an operator algebra when equipped with the
product defined by (fg)(t) = f(t)g(t). For example, if A
is a subalgebra of B(H) then C(X;A) is a subalgebra of the
C∗−algebra C(X;B(H)). If A is unital, then C(X;A) is also
unital, the identity being the constant function equal to the
identity of A.

(2) Uniform Algebras: A (concrete) uniform algebra is a unital-subalgebra
of C(X), for some compact space X. Here, we will consider
any uniform algebra as endowed with its minimal operator
space structure. Then an (abstract) uniform algebra is a unital
operator algebra which is completely isometrically isomorphic
to a concrete uniform algebra. In this way, we regard uniform
algebras as a subclass of the operator algebras.

More generally, we will use the term function algebra for an
operator algebra A for which there exists a compact space X
and a completely isometric homomorphism π : A → C(X).
Any function algebra is a minimal operator space.

(3) Disc Algebras: This fundamental example of a uniform algebra
has two equivalent definitions. Let us denote by B and T
the open unit disc of C and the unitary complex group T =
{z ∈ C : |z| = 1} respectively. Then the disc algebra A(B) is
the subalgebra of C(B) consisting of all continuous functions
F : B → C, whose restriction to B is holomorphic. By the
maximal modulus theorem, the restriction of functions in A(B)
to the boundary T is an isometry. Hence we may alternatively
regard A(B) ⊂ C(T) as a uniform algebra acting on T. In
that representation, A(B) consists of all elements of C(T) whose

4
harmonic extension to B given by the Poisson integral is holomorphic.
Equivalently, given any f ∈ C(T), we associate Fourier coefficients

f̂(k) =

∫

T
f(z)z−kdµ(z), k ∈ Z. (1.15)

Then, A(B) ⊂ C (T) is the closed subalgebra of all f ∈ C(T)
such that f(k) = 0 for every k < 0. The (holomorphic)
polynomials form a dense subalgebra of A(B).

(4) Adjoint Algebra: The adjoint operator space A∗ is an operator
algebra, with product a∗b∗ = (ba)∗, for a, b ∈ A. Indeed, if A is
a subalgebra of a C∗−algebra B, then A∗ may be identified with
the subalgebra a∗ : a ∈ A of B. Note that if A has a continuous
approximate identity (cai) (et)t, then (e∗t )t is a cai for A∗.

(5) Multiplier Operator Algebras [3]: A left (right) multiplier on
A is a linear mapping T : A → A such that

T (xy) = T (x)y (= xT (y))

for all x, y ∈ A.

T is called a two-sided multiplier (or simply, a multiplier) on
A if it is a left and a right multiplier.

Let A be a C∗−algebra. The multiplier algebra of A, denoted
by M(A), is the universal C∗−algebra with the property that
M(A) contains A as an essential ideal and for any C∗−algebra
B containingA as an essential ideal there exists a unique ∗−homomorphism
π : B → M(A), that is, the identity on A.

If A is a unital C∗−algebra. ThenM(A) is unital and M(A) =
A.

1.2 Bi-invariant Function

Let G be a locally compact group and K a compact subgroup. We
assume the normalization

∫
K
dµk(k) = 1. The projection

P : G → K \G/K

defined by p(g) = KgK identifies Cc (K \G/K) with

{ϕ ∈ Cc (K \G/K) : ϕ(k1gk2) = ϕ(g) for ki ∈ K, g ∈ G} .

Now, let us identify C (K \G/K) , C∞ (K \G/K), and Lp (K \G/K)
with the bi-K-invariant functions of the same category on G. In the
sequel, C∞ means the commutative Banach algebra of continuous
functions that vanish at infinity with pointwise multiplication and
sup norm. In other words, C∞(G) consists of the continuous functions
f : G → C such that, if ϵ > 0 then there exists a compact set C ⊂ G
such that |ϕ(x)| < ϵ for all x ∈ G \ C.

5

Definition 1.6.

1.1 Some Classes of Operator Algebras
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A if it is a left and a right multiplier.
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M(A) contains A as an essential ideal and for any C∗−algebra
B containingA as an essential ideal there exists a unique ∗−homomorphism
π : B → M(A), that is, the identity on A.

If A is a unital C∗−algebra. ThenM(A) is unital and M(A) =
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1.2 Bi-invariant Function

Let G be a locally compact group and K a compact subgroup. We
assume the normalization

∫
K
dµk(k) = 1. The projection

P : G → K \G/K

defined by p(g) = KgK identifies Cc (K \G/K) with

{ϕ ∈ Cc (K \G/K) : ϕ(k1gk2) = ϕ(g) for ki ∈ K, g ∈ G} .

Now, let us identify C (K \G/K) , C∞ (K \G/K), and Lp (K \G/K)
with the bi-K-invariant functions of the same category on G. In the
sequel, C∞ means the commutative Banach algebra of continuous
functions that vanish at infinity with pointwise multiplication and
sup norm. In other words, C∞(G) consists of the continuous functions
f : G → C such that, if ϵ > 0 then there exists a compact set C ⊂ G
such that |ϕ(x)| < ϵ for all x ∈ G \ C.

5We now have the projections C(G) → C (K \G/K), Cc(G) →
Cc (K \G/K), C∞(G) → C∞ (K \G/K) and Lp(G) → Lp (K \G/K),
all denote ϕ → ϕ♯ ∈ Cc(G)♯ given by

ϕ♯(g) =



K



K

ϕ(k1gk2)dµk(k1)(k2). (1.16)

Some immediate properties are (see [12]):

• If ϕ1 ∈ C (K \G/K) and ϕ2 ∈ C(G) the (ϕ1ϕ2)
♯ = ϕ1ϕ

♯
2 for

the pointwise multiplication, and

• If ϕ1 ∈ Cc (K \G/K) and ϕ2 ∈ Cc(G) then (ϕ2 ∗ ϕ1)
♯ = ϕ♯

2 ∗
ϕ1 and (ϕ1 ∗ ϕ2)

♯ = ϕ♯
1 ∗ ϕ2 for the convolution product. In

particular, Cc (K \G/K) is a subalgebra of the convolution
algebra Cc(G) and L1 (K \G/K) is a subalgebra of L1(G).

We say that (G,K) is Gelfand pair if the convolution algebra
L1 (K \G/K) is commutative. If (G,K) is a Gelfand pair, then
G/K is a commutative space relative to G, and we also say that
(G,K) is a commutative pair. Since Cc (K \G/K) is dense in
L1 (K \G/K) it is equivalent to require that Cc (K \G/K) be commutative.

1.3 Holomorphic Functions

As usual, we write N for the set of natural numbers, R for the field
of real numbers and C for the field of complex numbers. For any
positive integer n ∈ N the set Cn is equipped with the usual vector
space structure and for any z = (z1, · · · , zn) ∈ Cn the norm of z is
given by the popular Euclidean norm

|z| =
�
|z1|2 + · · ·+ |zn|2

1/2
.

We define an isomorphism of R−vector spaces between Cn and R2n

by setting zj = xj + iyj for any z = (z1, · · · , zn) ∈ Cn and j =
1, · · · , n.

The holomorphic and anti-holomorphic differential operations are
given by




∂
∂j

= 1
2


∂

∂xj
+ 1

i
∂

∂yj


= 1

2


∂

∂xj
− i ∂

∂yj


, j = 1, · · · , n

∂
∂zj

= 1
2


∂

∂xj
− 1

i
∂

∂yj


= 1

2


∂

∂xj
+ i ∂

∂yj


, j = 1, · · · , n.

(1.17)

If α = (α1, · · · , αn) ∈ Nn and β = (β1, · · · , βn) ∈ Nn are
multi-indices and x = (x1, · · · , xn) is a point in Rn then we set

|α| = α1 + · · ·+ αn, α! = α1! · · ·αn!, xα = xα1
1 · · · xαn

n ,

6

1.2 Bi-invariant Function

https://www.wecmelive.com/


Volume - 3 Issue - 2

Page 5 of 24

Copyright © M E EgweJournal of Theoretical Physics & Mathematics Research

Citation: Egwe, M. E. (2025). A Note on Some Classes of Function Algebras. J Theor Phys Math, 3(2), 1-24.
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Cc (K \G/K), C∞(G) → C∞ (K \G/K) and Lp(G) → Lp (K \G/K),
all denote ϕ → ϕ♯ ∈ Cc(G)♯ given by

ϕ♯(g) =



K



K

ϕ(k1gk2)dµk(k1)(k2). (1.16)

Some immediate properties are (see [12]):

• If ϕ1 ∈ C (K \G/K) and ϕ2 ∈ C(G) the (ϕ1ϕ2)
♯ = ϕ1ϕ

♯
2 for

the pointwise multiplication, and

• If ϕ1 ∈ Cc (K \G/K) and ϕ2 ∈ Cc(G) then (ϕ2 ∗ ϕ1)
♯ = ϕ♯

2 ∗
ϕ1 and (ϕ1 ∗ ϕ2)

♯ = ϕ♯
1 ∗ ϕ2 for the convolution product. In

particular, Cc (K \G/K) is a subalgebra of the convolution
algebra Cc(G) and L1 (K \G/K) is a subalgebra of L1(G).

We say that (G,K) is Gelfand pair if the convolution algebra
L1 (K \G/K) is commutative. If (G,K) is a Gelfand pair, then
G/K is a commutative space relative to G, and we also say that
(G,K) is a commutative pair. Since Cc (K \G/K) is dense in
L1 (K \G/K) it is equivalent to require that Cc (K \G/K) be commutative.

1.3 Holomorphic Functions

As usual, we write N for the set of natural numbers, R for the field
of real numbers and C for the field of complex numbers. For any
positive integer n ∈ N the set Cn is equipped with the usual vector
space structure and for any z = (z1, · · · , zn) ∈ Cn the norm of z is
given by the popular Euclidean norm

|z| =
�
|z1|2 + · · ·+ |zn|2

1/2
.

We define an isomorphism of R−vector spaces between Cn and R2n

by setting zj = xj + iyj for any z = (z1, · · · , zn) ∈ Cn and j =
1, · · · , n.

The holomorphic and anti-holomorphic differential operations are
given by



∂
∂j

= 1
2


∂

∂xj
+ 1

i
∂

∂yj


= 1

2


∂

∂xj
− i ∂

∂yj


, j = 1, · · · , n

∂
∂zj

= 1
2


∂

∂xj
− 1

i
∂

∂yj


= 1

2


∂

∂xj
+ i ∂

∂yj


, j = 1, · · · , n.

(1.17)

If α = (α1, · · · , αn) ∈ Nn and β = (β1, · · · , βn) ∈ Nn are
multi-indices and x = (x1, · · · , xn) is a point in Rn then we set

|α| = α1 + · · ·+ αn, α! = α1! · · ·αn!, xα = xα1
1 · · · xαn

n ,

6
Dα =

∂|α|

∂xα1
1 · · · ∂xαn

n

and Dαβ =
∂|α|+|β|

∂zα1
1 · · · ∂zαn

n ∂zβ1

1 · · · ∂zβn
n

. (1.18)

If B is an open ball in Rn then we denote by C0(B) or C (B)
the vector space of complex-valued continuous functions on B and
we denote by C k(B) the set of k times continuously differentiable
functions for any k ∈ N, k > 0. The intersection of the spaces
C k(B) for all k ∈ N is the space C∞(B) of functions on B which
are differentiable to all orders. It is easy to check that f ∈ C k(B) if
and only if Dαβf ∈ C (B) for any pair (α, β) ∈ Nn × Nn such that
|α|+|β| ≤ k. If k ∈ N then the vector space of functions f contained
in C k(B) whose derivatives Dαf , |α| ≤ k, are continuous on D
is denoted by C k(B) and we denote by C∞(B) space of infinitely
differentiable functions on B all of whose derivatives are continuous
on B [20].

If B ⋐ Rn and f ∈ C k
(
B
)
, k ∈ N, then we define the C k norm

of f on B by

∥f∥k,B =
∑

α∈Nn|α|≤k

sup
x∈B

|Dαf(x)| ; (1.19)

Let B be an open set in Cn. A complex-valued function f defined
on B is said to be holomorphic on B if f ∈ C 1(B) and

∂f

∂zj
(z) = 0 (1.20)

for every z ∈ B and j = 1, · · · , n. The system of partial differential
equations (21) is called the homogeneous Cauchy–Riemann system.

The mapping F : Bn → CN , where N is a positive integer, is
given by n functions as follows:

F (z) = (f1(z), · · · , fn(z)), z ∈ B.

We say that F is a holomorphic mapping if each fk is holomorphic
in B.

It is clear that any holomorphic mapping F : B → Cn has a
Taylor type expansion

F (z) =
∑

aαz
α,

where α = (α1, · · · , αn) is a multi-index of nonnegative integers and
each aα belongs to Cn.

A mapping F : B → B is said to be bi-holomorphic if

• F is one-to-one and onto.

• F is holomorphic.

• F−1 is holomorphic.

7
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of f on B by
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Let B be an open set in Cn. A complex-valued function f defined
on B is said to be holomorphic on B if f ∈ C 1(B) and

∂f

∂zj
(z) = 0 (1.20)

for every z ∈ B and j = 1, · · · , n. The system of partial differential
equations (21) is called the homogeneous Cauchy–Riemann system.

The mapping F : Bn → CN , where N is a positive integer, is
given by n functions as follows:

F (z) = (f1(z), · · · , fn(z)), z ∈ B.

We say that F is a holomorphic mapping if each fk is holomorphic
in B.

It is clear that any holomorphic mapping F : B → Cn has a
Taylor type expansion

F (z) =
∑

aαz
α,

where α = (α1, · · · , αn) is a multi-index of nonnegative integers and
each aα belongs to Cn.

A mapping F : B → B is said to be bi-holomorphic if

• F is one-to-one and onto.

• F is holomorphic.

• F−1 is holomorphic.
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The automorphism group of B, denoted by Aut(B), consists of
all bi-holomorphic mappings of B. It is clear that Aut(B) is a
group with composition being the group operation. Conventionally,
bi-holomorphic mappings are also called automorphisms.

Let H∞(B) be the set of all bounded holomorphic functions on
B. The function || · ||∞ : H∞(B) → R≥0 such that

∥f∥∞ = sup {|f(z)| : z ∈ B} , ∀ f ∈ H∞(B), (1.21)

is called the sup norm on H∞(B), and ∥f∥∞ is called the sup norm
of f .

The sup norm on H∞(B) has all the properties of a norm.
A Cauchy sequence in H∞ is a sequence {fn}n∈N, with the following

property: for each ϵ > 0 there exists an n(ϵ) such that

∥fn − fm∥ ≤ ϵ, ∀ n ≥ n(ϵ), and m ≥ n(ϵ). (1.22)

Theorem 1.1. The algebra of bounded holomorphic functions with
the sup norm is a Banach algebra.

1.4 The Space Lp,∞

Let ω be a measure space with a (positive) sigma-finite measure
µ. The weak Lp space Lp,∞(µ), 0 < p < ∞, consists of those
measurable functions f on Ω for which

∥f∥p,∞ := sup
0<λ<∞

λ · (µ (f, λ))1/p < ∞, (1.23)

where µ (f, λ) = µ {x : |f(x)| > λ} = µ ({x ∈ Ω : |f(x)| > λ}) .
Chebyshev’s inequality,

µ (g, λ) ≤ 1

λ

∫

Ω

|g| dµ,

shows that Lp ⊂ Lp,∞, while the formula
∫

Ω

|g|q dµ =

∫ ∞

0

µ (g, λ) d (λq) (1.24)

(proved by means of Fubini’s theorem) implies Lp,∞ ⊂ Lq for q < p,
if µ is finite. The quantity ∥·∥p,∞ is a norm for number p, but we
have

∥f + g∥p,∞ ≤ Cp

(
∥f∥p,∞ + ∥f∥p,∞

) (
Cp = 2max(1/p,1)

)
,

and hence ∥·∥p,∞ is a (complete) quasinorm. It is interesting, however,

that if p = 1, then the space need not be locally convex (if, for
example, Ω = [0, 1] with Lebesgue measure), although it can be

8

q−re-normed for every q < 1. For p > 1 the space is locally convex,
and for p < 1 it is p−convex, i.e., there is an equivalent p−norm on
it. Hence, the following inequalities holds

µ (f1 + f2, λ1 + λ2) ≤ µ (f1, λ1) + (f2, λ2) ,

and
µ (f1f2, λ1λ2) ≤ µ (f1, λ1) + µ (f2, λ2) .

1.5 Smooth Manifold

Let U ⊂ Rn and V ⊂ Rm be open sets, then f : U → V is called a
diffeomorphism or C∞−diffeomorphism if it is a C∞−bijection and
its inverse f−1 : V → U is C∞ on V .

If f : U → V is a C∞−diffeomorphism then for any a ∈ U
Daf : Rn → Rm is an invertible linear map. In particular n = m.

We say that f : U → Rn is a local diffeomorphism if any x ∈ U
has an open neighbourhood Ux such that

f : Ux → f (Ux)

is a diffeomorphism. The inverse function theorem then implies that
for any a ∈ U , Daf is invertible.

A pair (M,A) where M is a topological space which is separable
and second countable, and A is a collection of continuous maps
{ϕα : Uα → M ∀α ∈ I}, for open sets Uα ⊂ Rn is a smooth manifold
if the following conditions are satisfied:

(1) ϕ : Uα → ϕ (Uα) is a homeomorphism, and

⋃
α

ϕα (Uα) = M,

(2) The charts (ϕα, Uα) are smoothly compatible i.e. for any α, β ∈
I, with

ϕα (Uα) ∩ ϕβ (Uβ) ̸= ∅,
ϕ−1
α ◦ ϕβ : ϕ−1

β (ϕα (Uα) ∩ ϕβ (Uβ)) → ϕ−1
α (ϕα (Uα) ∩ ϕβ (Uβ))

is a diffeomorphism. The above condition makes A a smooth
atlas.

(3) A is a maximal smooth atlas i.e. there is strictly no larger
smooth atlas containing A.

Definition 1.7. A Lie group is a group G which is a differentiable
manifold and such that multiplication and inversion are smooth
maps. By multiplication we mean that (g, h) → gh : G × G → G
is smooth and by inversion we mean that g → g−1 : G → G are
smooth.

Let G and H be two Lie groups. Then f : G → H is a Lie group
morphism if it is smooth and a group morphism. If H ⊂ G, then

9

Theorem 1.1.

1.4 The Space Lp,∞
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q−re-normed for every q < 1. For p > 1 the space is locally convex,
and for p < 1 it is p−convex, i.e., there is an equivalent p−norm on
it. Hence, the following inequalities holds

µ (f1 + f2, λ1 + λ2) ≤ µ (f1, λ1) + (f2, λ2) ,

and
µ (f1f2, λ1λ2) ≤ µ (f1, λ1) + µ (f2, λ2) .

1.5 Smooth Manifold

Let U ⊂ Rn and V ⊂ Rm be open sets, then f : U → V is called a
diffeomorphism or C∞−diffeomorphism if it is a C∞−bijection and
its inverse f−1 : V → U is C∞ on V .

If f : U → V is a C∞−diffeomorphism then for any a ∈ U
Daf : Rn → Rm is an invertible linear map. In particular n = m.

We say that f : U → Rn is a local diffeomorphism if any x ∈ U
has an open neighbourhood Ux such that

f : Ux → f (Ux)

is a diffeomorphism. The inverse function theorem then implies that
for any a ∈ U , Daf is invertible.

A pair (M,A) where M is a topological space which is separable
and second countable, and A is a collection of continuous maps
{ϕα : Uα → M ∀α ∈ I}, for open sets Uα ⊂ Rn is a smooth manifold
if the following conditions are satisfied:

(1) ϕ : Uα → ϕ (Uα) is a homeomorphism, and

⋃
α

ϕα (Uα) = M,

(2) The charts (ϕα, Uα) are smoothly compatible i.e. for any α, β ∈
I, with

ϕα (Uα) ∩ ϕβ (Uβ) ̸= ∅,
ϕ−1
α ◦ ϕβ : ϕ−1

β (ϕα (Uα) ∩ ϕβ (Uβ)) → ϕ−1
α (ϕα (Uα) ∩ ϕβ (Uβ))

is a diffeomorphism. The above condition makes A a smooth
atlas.

(3) A is a maximal smooth atlas i.e. there is strictly no larger
smooth atlas containing A.

Definition 1.7. A Lie group is a group G which is a differentiable
manifold and such that multiplication and inversion are smooth
maps. By multiplication we mean that (g, h) → gh : G × G → G
is smooth and by inversion we mean that g → g−1 : G → G are
smooth.

Let G and H be two Lie groups. Then f : G → H is a Lie group
morphism if it is smooth and a group morphism. If H ⊂ G, then

9

H is a Lie subgroup of G if it is at the same time a subgroup and
submanifold of G.

A Lie algebra on a field K is a K−vector space V endowed with
an antisymmetric K−bilinear map [·, ·] : V × V → V which satisfy
the Jacobi identity

[[x, y] , z] + [[y, z] , x] + [[z, x] , y] = 0.

By antisymmetric we mean that

[x, y] = − [y, x]

and [·, ·] is called the Lie bracket.
A Lie subalgebra of V is a linear subspace of V which is a linear

subspace of V which is stable under [·, ·] .
A lie algebra morphism is a linear map A from (V, [·, ·]V ) to(

V
′
, [·, ·]V ′

)
such that

[A(x), A(y)]V ′ = A ([x, y]V ) .

A Lie algebra isomorphism is a bijective Lie algebra morphism, it is
then automatic that its inverse is a Lie algebra morphism.

2 Algebra of Bergman Spaces

Here, we shall study the properties of the Bergman spaces and the
Toeplitz operator algebra defined on them.

Definition 2.1. For α > 0 the weighted Lebesgue measure dAα is
defined by

dAα(z) = Cα

(
1− |z|2

)α
dA(z)

where

cα =
Γ (n+ α + 1)

n!Γ (α + 1)
,

is a normalizer so that dAα forms a probability measure on Bn. For
α > −1 and p > 0 the weighted Bergman space Ap

α consists of
holomorphic functions f in Lp(B, dA), that is,

Ap = Lp(B, dA) ∩ H (B).

It is clear that Ap
α is a linear subspace of Lp(B, dA). When the

weight α = 0, we simply write Ap for Ap
α. These give the standard

(unweighted) Bergman spaces.
The Bergman norm is a quasinorm given by

∥f∥ = ∥f∥Ap =

(
2

∫ 1

0

Ip(r, f)rdr

) 1
p

, (2.1)

10

H is a Lie subgroup of G if it is at the same time a subgroup and
submanifold of G.

A Lie algebra on a field K is a K−vector space V endowed with
an antisymmetric K−bilinear map [·, ·] : V × V → V which satisfy
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2. Algebra of Bergman Spaces

1.5 Smooth Manifold

Definition 1.7.
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, (2.1)
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where

Ip(r, f) =

(
1

2π

∫ π

−π

∣∣f(reiθ)∣∣p dθ
) 1

p

. (2.2)

It is clear that Ap is also a linear subspace Lp(B, dA).

Proposition 2.1. [15] Let p ∈ (0,∞). Then, the following hold:

1. For every z ∈ B the functional f → f(z) is continuous on Ap;

2. The space Ap is complete;

3. If f ∈ Ap, and fn(z) = f(nz), then fn ∈ Ap and ∥f − fn∥ →
0(n → ∞);

4. The set of all polynomials is a dense subset Ap.

Proposition 2.2. The space Lp(B, dA) is a Banach algebra with
convolution operation defined as

∥f ∗ g∥p = 2

∫ 1

0

Ip (r, f ∗ g) rdr (2.3)

for all f, g ∈ Lp(B, dA)

Proof. Now,

∥f ∗ g∥p = 2

∫ 1

0

Ip (r, f ∗ g) rdr.

To this end,

Ip (r, f ∗ g) = 1

2π

∫ π

−π

|f ∗ g|p
(
reiθ

)
dθ

=
1

2π

∫ π

−π

∣∣∣∣
1

2π

∫ π

−π

f(x)g(x− y)dy

∣∣∣∣
p (

reiθ
)
dθ

≤ 1

2π

∫ π

−π

1

2π

∫ π

−π

|f(x)g(x− y)dy|p
(
reiθ

)
dθ.

Letting θ = x− y so that x = θ + y and dθ = dx, we obtain

reiθ = rei(x−y) = reix−iy = reix · re−iy.

11
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1. For every z ∈ B the functional f → f(z) is continuous on Ap;

2. The space Ap is complete;

3. If f ∈ Ap, and fn(z) = f(nz), then fn ∈ Ap and ∥f − fn∥ →
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Definition 2.1.

Proposition 2.1.

Proposition 2.2.

Proof.  Now,
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Hence,

∥f ∗ g∥p = 1

2π

∫ π

−π

1

2π

∫ π

−π

|f(θ + y)g(θ)|p dy
(
reix

) (
re−iy

)
dx

≤ 1

2π

∫ π

−π

1

2π

∫ π

−π

|f(θ + y)|p
(
re−iy

)
dy |g(z)|p

(
reix

)
dx

=
1

2π

∫ π

−π

|f(θ + y)|p re−iydy
1

2π

∫ π

−π

|g(θ)|p
(
reix

)
dx

=
1

2π

∫ π

−π

|f(θ − y)|p reiydy 1

2π

∫ π

−π

|g(θ)|p
(
reix

)
dx

= Ip (r, f) · Ip (r, g)

For this reason,

∥f ∗ g∥Ap ≤ ∥f∥Ap ∥g∥Ap . □

Remark 2.3. In the special case when p = 2, L2(B, dA) is a Hilbert
space whose inner product is denoted by

⟨f, g⟩Ap =

∫

B
f(z)g(z)dA(z) (2.4)

and

|⟨f, g⟩|Ap ≤
(∫

B
|f(z)|2 dA(z)

)1/2 (∫

B
|g(z)|2 dA(z)

)1/2

= ∥f∥Ap ∥g∥Ap

Theorem 2.4. Suppose x and y are complex numbers, φ and ϕ are
bounded functions on B; then
1. Txφ + Tyϕ = xTφ + yTϕ;

2. Tφ = T ∗
φ;

3. Tφ ≥ 0 if φ ≥ 0;
Moreover, if φ ∈ H∞, then

4. TϕTφ = Tϕφ;

5. TφTϕ = Tφϕ.

12

Proof: Given that, φ, ϕ ∈ L∞(B), then for any x, y ∈ C, (1) implies

Txφ(f) + Tyφ(f) = P (xφf) + P (yϕf)

=

∫

B
K(z, u)(xφ)(u)f(u)dA(u) +

∫

B
K(z, u)(yφ)(u)f(u)dA(u)

=

∫

B

(xφ)(u)f(u)

(1− zu)2
dA(u) +

∫

B

(yφ)(u)f(u)

(1− zu)2
dA(u)

=

∫

B

xφ(u)f(u)

(1− zu)2
dA(u) +

∫

B

yφ(u)f(u)

(1− zu)2
dA(u)

= x

∫

B

φ(u)f(u)

(1− zu)2
dA(u) + y

∫

B

φ(u)f(u)

(1− zu)2
dA(u)

= x

∫

B
K(z, u)φ(u)f(u)dA(u) + y

∫

B
K(z, u)φ(u)f(u)dA(u)

= xP (φf) + yP (ϕf)

= xTφ(f) + yTϕ(f).

(2) implies;

Tφ(f) = P (φf)

=

∫

B
K(z, u)φ(u)f(u)dA(u)

=

∫

B

φ(u)f(u)

(1− zu)2
dA(u)

=

∫

B

(φ(u)f(u))∗

(1− zu)2
dA(u)

=

∫

B
K(z, u) (φ(u)f(u))∗ dA(u)

= P (φf)∗

= T ∗
φ(f).

(3.) Since there are non zero divisors in the set of all Toeplitz
operators for all φ ∈ L∞(B), then

Tφ(f) = 0

implies

Tφ(f) = P (φf)(z)

=

∫

B
K(z, u)φ(u)f(u)dA(u)

=

∫

B

φ(u)f(u)

(1− zu)2
dA(u)

= 0.

13

Remark 2.3.

Theorem 2.4.

Proof:
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Since f(u) ̸= 0, φ(u) must be equal to zero. Also, Tφ(f) > 0 implies

Tφ(f) = P (φf) > 0 =⇒ φ > 0.

Hence,
Tφ(f) ≥ 0 =⇒ P (φf) ≥ 0 =⇒ φ ≥ 0.

(4) If φ, ϕ ∈ H∞, then φA2 ⊆ A2 and,

TϕTφ(f) = P (ϕf)P (φf)

=

〈∫

B
K(z, u)ϕ(u)f(u)dA(u),

∫

B
K(z, u)φ(u)f(u)dA(u)

〉

=

∫

B
K(z, u) ⟨ϕ, φ⟩ f(u)dA(u)

=

∫

B

⟨ϕ, φ⟩ f(u)
(1− zu)2

dA(u)

=

∫

B

ϕφf(u)

(1− zu)2
dA(u)

=

∫

B
K(z, u)ϕ(u)φ(u)f(u)dA(u)

= P (ϕφf)

= Tϕφ(f).

(5) follows from (2) and (4) that is, by taking the adjoint,

Tφ(f)Tϕ(f) = T ∗
φ(f)T

∗
ϕ
(f)

=
(
Tφ(f)Tϕ(f)

)∗
=

(
Tφϕ(f)

)∗
= Tφϕ(f)

and therefore, the proof is complete. □

3 Algebra of Bloch Spaces

Definition 3.1. For 0 ≤ α < ∞, letH∞
α be the space of holomorphic

functions f ∈ H(B) satisfying

sup
z∈B

(
1− ∥z∥2

)α |f(z)| < ∞. (3.1)

We abbreviate H∞ = H∞
1 for α = 1.

The classical α−Bloch space, denoted as Bα is the space of holomorphic
functions F : B → C satisfying

∥f∥Bα(B) = sup
z∈B

(
1− ∥z∥2

)α |f ′(z)| < +∞. (3.2)

14
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Since f(u) ̸= 0, φ(u) must be equal to zero. Also, Tφ(f) > 0 implies

Tφ(f) = P (φf) > 0 =⇒ φ > 0.

Hence,
Tφ(f) ≥ 0 =⇒ P (φf) ≥ 0 =⇒ φ ≥ 0.

(4) If φ, ϕ ∈ H∞, then φA2 ⊆ A2 and,
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= Tϕφ(f).

(5) follows from (2) and (4) that is, by taking the adjoint,

Tφ(f)Tϕ(f) = T ∗
φ(f)T

∗
ϕ
(f)

=
(
Tφ(f)Tϕ(f)

)∗
=

(
Tφϕ(f)

)∗
= Tφϕ(f)

and therefore, the proof is complete. □

3 Algebra of Bloch Spaces

Definition 3.1. For 0 ≤ α < ∞, letH∞
α be the space of holomorphic

functions f ∈ H(B) satisfying

sup
z∈B

(
1− ∥z∥2

)α |f(z)| < ∞. (3.1)

We abbreviate H∞ = H∞
1 for α = 1.

The classical α−Bloch space, denoted as Bα is the space of holomorphic
functions F : B → C satisfying

∥f∥Bα(B) = sup
z∈B

(
1− ∥z∥2

)α |f ′(z)| < +∞. (3.2)
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3. Algebra of Bloch Spaces

Now we introduce four semi-norms of the Bloch type space (see [18])
for f ∈ H(B) in what follows. To do this, let

∥f∥B,α := sup
z∈B

(
1− ∥z∥2

)α |∂mf(z)| , (3.3)

∥f∥R,α := sup
z∈B

(
1− ∥z∥2

)α |Rf(z)| , (3.4)

∥f∥weak,α := sup
z∈T

∥fy∥Bα(B) , (3.5)

where Rf(z) = ⟨∂mf(z), z⟩ , fy(z) = f(zy) for z ∈ B, |z| < 1, for
each y ∈ B with norm ||y|| = 1. We note that zf ′

y(z) = Rf(zy).
The Mobius transforms of B are holomorphic mappings φa, a ∈ B,
given by

φa(z) = (Pa + saQa) (ma(z)) , (3.6)

where sa =
√
1− ∥a∥2, Pa(z) =

⟨z,a⟩
⟨a,a⟩a, Qa = I − Pa and ma(z) =

a−z
1−⟨z,a⟩ . Define

∥f∥B̃,α := sup
z∈B

(
1− ∥z∥2

)α−1
∣∣∣∇̃f(z)

∣∣∣ , (3.7)

where ∇̃ = ∂mf ◦φz(0) with φz ∈ Aut(B). We note that, by Lemma
3.5 of [1]

∥∥∥∇̃f(z)
∥∥∥ = sup

w ̸=0

(1− ||z||2) |∂mf(z)(w)|√
(1− ||z||2)||w||2 + |⟨w, z⟩|2

. (3.8)

Hence, we have

∥f∥B̃,α = sup
x∈B

sup
w ̸=0

(1− ||z||2)α |∂mf(z)(w)|√
(1− ||z||2)||w||2 + |⟨w, z⟩|2

. (3.9)

Hence for α > 0, we have

Bα =
{
f ∈ H(B) : ∥f∥B̃,α < +∞

}
. (3.10)

Proposition 3.1. Equipped with the norm ∥f∥α = |f(0)|+ ∥f∥B,α
for f ∈ Bα, the Bloch type space Bα becomes a Banach space and
hence, a Banach algebra.

15

Proof. For any f, g ∈ Bα we have,

∥fg∥α = ∥fg(0)∥+ sup
z∈B

(1− ||z||2)α ∥(fg)′(z)∥α

= ∥fg(0)∥+ sup
z∈B

(1− ||z||2)α ∥(f ′g)(z) + (fg′(z))∥α

≤ ∥f(0)∥ ∥g(0)∥+ sup
z∈B

(1− ||z||2)α (∥f ′g(z)∥α + ∥fg′(z)∥α)

= ∥f(0)∥ ∥g(0)∥+ sup
z∈B

(1− ||z||2)α ∥f ′g(z)∥α + sup
z∈B

(1− ||z||2)α ∥fg′(z)∥α

≤ ∥f(0)∥ ∥g(0)∥+ sup
z∈B

(1− ||z||2)α ∥f ′(z)∥α ∥g(z)∥α

+ sup
z∈B

(1− ||z||2)α ∥f(z)∥α ∥g
′(z)∥α

= |f(0)||g(0)|+ ∥f ′(z)∥α ∥g(z)∥α + ∥f(z)∥α ∥g
′(z)∥α . �

Definition 3.2 (The Little Bloch Space). We denote the class of
Bloch functions defined on B by B(B). The Bloch space is not
separable but there exists a separable subspace of the Bloch space
known as the little Bloch space.

We let C(Bn) be the space of continuous function on the closed
unit ball, and C0(Bn) be closed subspace of C(Bn) consisting of those
functions that vanish on the boundary Tn.

The little Bloch space B0(B) is the subspace of B(B) given by
those functions for which

lim
|z|→1−

∣∣∣∇̃f(z)
∣∣∣ = 0.

Since
∣∣∣∇̃f(z)

∣∣∣ is dense in Bn, the above condition means that the

function
∣∣∣∇̃f(z)

∣∣∣ belongs to C0(Bn).

Now, if f ∈ B(B) then x∗f ∈ B for all x∗ ∈ B. And, interchanging
the suprema, we have that

∥f∥B(B) ≈ sup
∥x∗∥=1

∥x∗f∥B

where x∗f(z) = ⟨f(z), x⟩.
The Bloch space possesses the following properties.

Definition 3.3 (Pointwise Multiplier on Bloch Spaces). From definition
1.8 number (5), a function f is called a pointwise multiplier of a
space B (B) if for every g ∈ B (B) the pointwise product fg also
belongs to B (B). Thus, we denote a pointwise multiplier f of a
space B (B) by fB (B) ⊂ B (B).

Here, we consider the pointwise multiplier algebra of the Bloch
space. Throughout this section we use the following norm on B:

∥g∥ = |g(0)|+ sup
{(

1− |z|2
)
|∇g(z)| : z ∈ Bn

}
, g ∈ B.
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Definition 3.1.
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Proof.
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Proof. For any f, g ∈ Bα we have,

∥fg∥α = ∥fg(0)∥+ sup
z∈B

(1− ||z||2)α ∥(fg)′(z)∥α

= ∥fg(0)∥+ sup
z∈B

(1− ||z||2)α ∥(f ′g)(z) + (fg′(z))∥α

≤ ∥f(0)∥ ∥g(0)∥+ sup
z∈B

(1− ||z||2)α (∥f ′g(z)∥α + ∥fg′(z)∥α)

= ∥f(0)∥ ∥g(0)∥+ sup
z∈B

(1− ||z||2)α ∥f ′g(z)∥α + sup
z∈B

(1− ||z||2)α ∥fg′(z)∥α

≤ ∥f(0)∥ ∥g(0)∥+ sup
z∈B

(1− ||z||2)α ∥f ′(z)∥α ∥g(z)∥α

+ sup
z∈B

(1− ||z||2)α ∥f(z)∥α ∥g
′(z)∥α

= |f(0)||g(0)|+ ∥f ′(z)∥α ∥g(z)∥α + ∥f(z)∥α ∥g
′(z)∥α . �

Definition 3.2 (The Little Bloch Space). We denote the class of
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∣∣∣∇̃f(z)
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∣∣∣∇̃f(z)

∣∣∣ is dense in Bn, the above condition means that the

function
∣∣∣∇̃f(z)

∣∣∣ belongs to C0(Bn).
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∥f∥B(B) ≈ sup
∥x∗∥=1

∥x∗f∥B

where x∗f(z) = ⟨f(z), x⟩.
The Bloch space possesses the following properties.

Definition 3.3 (Pointwise Multiplier on Bloch Spaces). From definition
1.8 number (5), a function f is called a pointwise multiplier of a
space B (B) if for every g ∈ B (B) the pointwise product fg also
belongs to B (B). Thus, we denote a pointwise multiplier f of a
space B (B) by fB (B) ⊂ B (B).

Here, we consider the pointwise multiplier algebra of the Bloch
space. Throughout this section we use the following norm on B:

∥g∥ = |g(0)|+ sup
{(

1− |z|2
)
|∇g(z)| : z ∈ Bn

}
, g ∈ B.

16Proposition 3.2. For all f, g ∈ B(B) and φ ∈ H∞(B), the following
properties hold.

(i). ∥Maφ(f)∥ = |a| ∥Mφ(f)∥,

(ii) ∥Maφ(f)∥+ ∥Mbφ(f)∥ = |a| ∥Mφ(f)∥+ |b| ∥Mφ(f)∥ and

(iii). ∥Mφ1φ2(f)∥ ≤ ∥φ1∥∞ ∥φ2∥∞,

for all φ1, φ2 ∈ H∞ and a, b are constants. In particular, Mφ is a
Banach algebra.

Proof. Given that

∥f(z)∥ = |f(0)|+ ∥f(z)∥

where ∥f(z)∥ = sup
z∈B

(1 + |z|2) |∇f(z)| for f ∈ B, then (i) implies

∥Maφ(f)∥ = |(aφ)f(0)|+ ∥(aφ)f(z)∥
≤ |a| ∥φf(0)∥+ |a| ∥φf(z)∥
≤ |a| ∥φ∥∞ (|f(0)|+ ∥f(z)∥)
= |a| ∥φ∥∞ ∥f(z)∥B
|a| ∥Mφ(f)∥ .

(ii) follows immediately from (i). And now (iii) can be shown by
applying the close graph theorem as follows;

∥Mφ1φ2(f)∥ = |(φ1φ2f(0))|+ ∥φ1φ2f(z)∥
≤ ∥φ1φ2∥ (|f(0)|+ ∥f(z)∥)
≤ ∥φ1φ2∥∞ ∥f(z)∥B

≤ sup
f∈B

∥φ1φ2∥ ∥f(z)∥B
∥f(z)∥B

= ∥φ1φ2∥∞
≤ ∥φ1∥∞ ∥φ2∥∞ . □

4 Algebra of Hardy Spaces

Definition 4.1. For 0 < p < ∞ and Tn a sphere of radius n which
is the boundary of Bn, the Hardy space H p consists of holomorphic
functions f in Bn such that

∥f∥pp = sup
0<r<1

∫

Tn

∣∣f(reiθ)∣∣p dm(θ) < ∞. (4.1)

17

Definition 3.2
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Proof.
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∫
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∣∣f(reiθ)∣∣p dm(θ) < ∞. (4.1)
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4. Algebra of Hardy Spaces

Just as the Bergman kernel plays an essential role in the study of
Bergman spaces, two integral kernels are fundamental in the theory
of Hardy spaces; they are the Cauchy-Szego kernel,

Cs(z, ξ) =
1

(1− ⟨z, ξ⟩2)n
, (4.2)

and the (invariant) Poisson kernel,

P(z, ξ) =
(1− |z|2)n

|1− ⟨z, ξ⟩|2n
. (4.3)

We note that, the Poisson kernel here is different from the associated
Poisson kernel when Bn is thought of as the unit ball in R2n, unless
n = 1. Hence, if f belongs to the ball algebra, then

f(z) =

∫

Tn

Cs(z, ξ)f(ξ)dµ(ξ) (4.4)

f(z) =

∫

Tn

P(z, ξ)f(ξ)dµ(ξ) (4.5)

|f(z)|p ≤
∫

Tn

P(z, ξ) |f(ξ)|p dµ(ξ) (4.6)

for all z ∈ Bn and 0 < p < ∞.

Theorem 4.1. If f and g are bounded on B and a, b are complex
numbers, then

1. Taf+bg = aTf + bTg;

2. Tf = T ∗
f , where T ∗ is the adjoint of T ;

If further f is in H∞, then

3. TgTf = Tgf ;

4. TfTg = Tfg

Proof: These properties follow easily from the definition of Toeplitz
operators and simple calculations with the inner product in H 2

shows that: for all f, g ∈ H 2 and a, b ∈ B, (1) implies

Taf + Tbg = Cs(af) +Cs(bg)

=

∫

B

af(ξ)

(1− ⟨z, ξ⟩)n
dβ(ξ) +

∫

B

bg(ξ)

(1− ⟨z, ξ⟩)n
dβ(ξ)

= a

∫

B

f(ξ)

(1− ⟨z, ξ⟩)n
dβ(ξ) + b

∫

B

g(ξ)

(1− ⟨z, ξ⟩)n
dβ(ξ)

= aCs(f) + bCs(g)

= aTf + bTg.

18

Definition 4.1.

Theorem 4.1.

Proof:
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Just as the Bergman kernel plays an essential role in the study of
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(1− ⟨z, ξ⟩2)n
, (4.2)
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f(z) =
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P(z, ξ)f(ξ)dµ(ξ) (4.5)

|f(z)|p ≤
∫

Tn

P(z, ξ) |f(ξ)|p dµ(ξ) (4.6)

for all z ∈ Bn and 0 < p < ∞.

Theorem 4.1. If f and g are bounded on B and a, b are complex
numbers, then

1. Taf+bg = aTf + bTg;

2. Tf = T ∗
f , where T ∗ is the adjoint of T ;

If further f is in H∞, then

3. TgTf = Tgf ;

4. TfTg = Tfg

Proof: These properties follow easily from the definition of Toeplitz
operators and simple calculations with the inner product in H 2

shows that: for all f, g ∈ H 2 and a, b ∈ B, (1) implies

Taf + Tbg = Cs(af) +Cs(bg)

=

∫

B

af(ξ)

(1− ⟨z, ξ⟩)n
dβ(ξ) +

∫

B

bg(ξ)

(1− ⟨z, ξ⟩)n
dβ(ξ)

= a

∫

B

f(ξ)

(1− ⟨z, ξ⟩)n
dβ(ξ) + b

∫

B

g(ξ)

(1− ⟨z, ξ⟩)n
dβ(ξ)

= aCs(f) + bCs(g)

= aTf + bTg.
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(2) =⇒

Tf = Cs(f)

=

∫

B

f(ξ)

(1− ⟨z, ξ⟩)n
dβ(ξ)

=

∫

B

f ∗(ξ)

(1− ⟨z, ξ⟩)n
dβ(ξ)

= Cs(f)
∗

= T ∗
f .

Now, given that f, g ∈ H∞, then (3) implies

TgTf = Cs(g)Cs(f)

=

∫

B

g(ξ)

(1− ⟨z, ξ⟩)n
dβ(ξ)

∫

B

f(ξ)

(1− ⟨z, ξ⟩)n
dβ(ξ)

=

∫

B

1

(1− ⟨z, ξ⟩)n
dβ(ξ)

∫

B

g(ξ)f(ξ)

(1− ⟨z, ξ⟩)n
dβ(ξ)

= C1

∫

B

f(ξ)g(ξ)

(1− ⟨z, ξ⟩)n
dβ(ξ)

= Cs1Cs2(gf)

= Cs(gf) (taken Cs1Cs2 = Cs)

= Tgf .

Combining (2) and (3), (4) implies

TfTg = Cs(f)Cs(g)

= Cs(fg)

= Tfg. □

5 Algebra of Spherical Functions.

In this section, we consider the algebra of spherical functions. They
are the Gelfand pair analogue of characters on locally compact
Abelian groups. Let G be a locally compact group and K be a
compact subgroup. In the foremost, we do not require (G,K) to be
a Gelfand pair.

Definition 5.1. [17],[16] A spherical measure for (G,K) is a non
zero Radon measure µ on G such that

(1). µ is K bi-invariant i.e. µ(k1Ek−1
2 ) = µ(E) for every Borel set

E ⊂ G, and

19
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5. Algebra of Spherical Functions

(2). f → µ(f) =

∫

G

f(g)dµ(g) is an algebra homomorphism Cc(K \

G/K) → C, i.e.

µ(f1 ∗ f2) = µ(f1)µ(f2). (5.1)

In other words, µ is multiplicative linear functional on Cc(K \
G/K).

Definition 5.2. [8] A Spherical function for (G,K) is a continuous
function ϕ : G → C such that the integral ϕ(f) defined by

ϕ(f) =

∫

G

f(x)ϕ(x−1)dµG(x) (5.2)

where µ is a spherical measure on (G,K), is spherical for (G,K).
Then it is automatic that ϕ is bi-K-invariant and that ϕ(1) = 1.

Remark 5.1. By a representation F : L1 (K \G/K) → C of G on
a Banach space H = L2 (K \G/K) we define the homomorphism

f → Fg(f) =

∫

G

f(g)ϕ(g−1)dµG(g)

of G into the group of non-singular bounded operators B(H), with
the requirement that, for every f ∈ H, the mapping

f → Fg(f)

of G into H is (strongly) continuous. For every compact set K ⊂ G
and every f ∈ H the function Fg(f), g ∈ K, is also compact and
bounded in H by (Banach-Steinhaus theorem) this shows that

ϕ(g) = ∥Fg(f)∥ (5.3)

is bounded on every compact set, where ϕ(g) is lower semi-continuous
on G, and satisfies

ϕ(g1g2) ≤ ϕ(g1)ϕ(g2) (5.4)

for every two g1, g2 ∈ K; such a function will be called a semi-norm
on G.

Proposition 5.2. Given a semi-norm ϕ and for every f ∈ L1 (K \G/K),
with

∥f∥ϕ =

∫

G

|f(g)|ϕ(g)dµG(g), (5.5)

L1 (K \G/K) is a topological algebra.

20

Definition 5.1.
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(2). f → µ(f) =

∫

G

f(g)dµ(g) is an algebra homomorphism Cc(K \

G/K) → C, i.e.

µ(f1 ∗ f2) = µ(f1)µ(f2). (5.1)

In other words, µ is multiplicative linear functional on Cc(K \
G/K).

Definition 5.2. [8] A Spherical function for (G,K) is a continuous
function ϕ : G → C such that the integral ϕ(f) defined by
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f(x)ϕ(x−1)dµG(x) (5.2)
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a Banach space H = L2 (K \G/K) we define the homomorphism
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the requirement that, for every f ∈ H, the mapping
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of G into H is (strongly) continuous. For every compact set K ⊂ G
and every f ∈ H the function Fg(f), g ∈ K, is also compact and
bounded in H by (Banach-Steinhaus theorem) this shows that

ϕ(g) = ∥Fg(f)∥ (5.3)

is bounded on every compact set, where ϕ(g) is lower semi-continuous
on G, and satisfies

ϕ(g1g2) ≤ ϕ(g1)ϕ(g2) (5.4)

for every two g1, g2 ∈ K; such a function will be called a semi-norm
on G.

Proposition 5.2. Given a semi-norm ϕ and for every f ∈ L1 (K \G/K),
with

∥f∥ϕ =

∫

G

|f(g)|ϕ(g)dµG(g), (5.5)

L1 (K \G/K) is a topological algebra.

20

Proof: For all f1, f2 ∈ L1 (K \G/K), (5.5) implies

∥Fg(f1 ∗ f2)(ϕ)∥ ≤ ∥Fg∥ ∥f1 ∗ f2(ϕ)∥

= ϕ(g)

∫

G

|f1 ∗ f2(g)| dµ(g)

= ϕ(g)

∫

G

∫

G

∣∣f1(g)f2(y−1g)
∣∣ dµ(g)dµ(y)

≤ ϕ(g)

∫

G

∫

G

|f1(g)|
∣∣f2(y−1g)

∣∣ dµ(g)dµ(y)

= ϕ(g) ∥f1(g)∥
∫

G

∣∣f2(y−1g)
∣∣ dµ(y)

= ϕ(g) ∥f1∥ ∥f2∥ .

Hence,
∥f1 ∗ f2∥ϕ ≤ ∥f1∥ϕ ∥f2∥ϕ . (5.6)

To this end, the space Cc (K \G/K) of absolutely integrable functions
with respect to ϕ(g)dµG(g) can be considered in a natural way as a
complete normed algebra under the convolution product. Of course,
L1(G) is everywhere dense in Cc (K \G/K) by the definition of
integrable functions.

The norm

∥f∥ =

∫

G

|f(x)| dx

turns the group algebra into a normed vector space. Owing to the
additional property

∥f1 ∗ f2∥ ≤ ∥f1∥ ∥f2∥ ,

The algebra C ♯
c (G) is a closed subalgebra. □

6 Algebra of Lie Pseudogroups

Here, we shall follow [19] introduce Lie pseudogroups and their Lie
algebras.

Definition 6.1. LetM be a smooth manifold and let G be a collection
of diffeomorphisms of open subsets of M into M . G is called a
pseudogroup if the following hold:

(1) G is closed under restriction: if f ∈ G and U is a domain of f ,
then f |V ∈ G for any open V ⊂ U .

(2) if f : U → M is a diffeomorphism, U = ∪
α
Uα, and f |Uα ∈ G,

then f ∈ G.
(3) G is closed under inverse: if f ∈ G, then f−1 ∈ G.

21

Definition 5.2.

Remark 5.1.

Proposition 5.2.

Proof:
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Proof: For all f1, f2 ∈ L1 (K \G/K), (5.5) implies

∥Fg(f1 ∗ f2)(ϕ)∥ ≤ ∥Fg∥ ∥f1 ∗ f2(ϕ)∥

= ϕ(g)

∫

G

|f1 ∗ f2(g)| dµ(g)

= ϕ(g)

∫

G

∫

G

∣∣f1(g)f2(y−1g)
∣∣ dµ(g)dµ(y)

≤ ϕ(g)

∫

G

∫

G

|f1(g)|
∣∣f2(y−1g)

∣∣ dµ(g)dµ(y)

= ϕ(g) ∥f1(g)∥
∫

G

∣∣f2(y−1g)
∣∣ dµ(y)

= ϕ(g) ∥f1∥ ∥f2∥ .

Hence,
∥f1 ∗ f2∥ϕ ≤ ∥f1∥ϕ ∥f2∥ϕ . (5.6)

To this end, the space Cc (K \G/K) of absolutely integrable functions
with respect to ϕ(g)dµG(g) can be considered in a natural way as a
complete normed algebra under the convolution product. Of course,
L1(G) is everywhere dense in Cc (K \G/K) by the definition of
integrable functions.

The norm

∥f∥ =

∫

G

|f(x)| dx

turns the group algebra into a normed vector space. Owing to the
additional property

∥f1 ∗ f2∥ ≤ ∥f1∥ ∥f2∥ ,

The algebra C ♯
c (G) is a closed subalgebra. □

6 Algebra of Lie Pseudogroups

Here, we shall follow [19] introduce Lie pseudogroups and their Lie
algebras.

Definition 6.1. LetM be a smooth manifold and let G be a collection
of diffeomorphisms of open subsets of M into M . G is called a
pseudogroup if the following hold:

(1) G is closed under restriction: if f ∈ G and U is a domain of f ,
then f |V ∈ G for any open V ⊂ U .

(2) if f : U → M is a diffeomorphism, U = ∪
α
Uα, and f |Uα ∈ G,

then f ∈ G.
(3) G is closed under inverse: if f ∈ G, then f−1 ∈ G.

21

Proof: For all f1, f2 ∈ L1 (K \G/K), (5.5) implies

∥Fg(f1 ∗ f2)(ϕ)∥ ≤ ∥Fg∥ ∥f1 ∗ f2(ϕ)∥

= ϕ(g)

∫

G

|f1 ∗ f2(g)| dµ(g)

= ϕ(g)

∫

G

∫

G

∣∣f1(g)f2(y−1g)
∣∣ dµ(g)dµ(y)

≤ ϕ(g)

∫

G

∫

G

|f1(g)|
∣∣f2(y−1g)

∣∣ dµ(g)dµ(y)

= ϕ(g) ∥f1(g)∥
∫

G

∣∣f2(y−1g)
∣∣ dµ(y)

= ϕ(g) ∥f1∥ ∥f2∥ .

Hence,
∥f1 ∗ f2∥ϕ ≤ ∥f1∥ϕ ∥f2∥ϕ . (5.6)

To this end, the space Cc (K \G/K) of absolutely integrable functions
with respect to ϕ(g)dµG(g) can be considered in a natural way as a
complete normed algebra under the convolution product. Of course,
L1(G) is everywhere dense in Cc (K \G/K) by the definition of
integrable functions.

The norm

∥f∥ =

∫

G

|f(x)| dx

turns the group algebra into a normed vector space. Owing to the
additional property

∥f1 ∗ f2∥ ≤ ∥f1∥ ∥f2∥ ,

The algebra C ♯
c (G) is a closed subalgebra. □

6 Algebra of Lie Pseudogroups

Here, we shall follow [19] introduce Lie pseudogroups and their Lie
algebras.

Definition 6.1. LetM be a smooth manifold and let G be a collection
of diffeomorphisms of open subsets of M into M . G is called a
pseudogroup if the following hold:

(1) G is closed under restriction: if f ∈ G and U is a domain of f ,
then f |V ∈ G for any open V ⊂ U .

(2) if f : U → M is a diffeomorphism, U = ∪
α
Uα, and f |Uα ∈ G,

then f ∈ G.
(3) G is closed under inverse: if f ∈ G, then f−1 ∈ G.

21

6. Algebra of Lie Pseudogroups

(4) G is closed under composition: f : U → M and g : f(U) → M
both belong to G, then g ◦ f ∈ G.

(5) The identity diffeomorphism M → M belongs to G.

By J n(M) we denote the manifold of all n−jets of all diffeomorphisms
of open subsets ofM intoM . By J nG we denote the set of all n−jets
of all diffeomorphisms belonging to G.
Definition 6.2. A pseudogroup G is a Lie pseudogroup if there
exists an integer n ≥ 0, called the order of G, such that

(1) The set J nG is a smooth submanifold of J n(M).

(2) A diffeomorphism f : U → M belongs to G if and only if
[f ]np ∈ J nG for all p ∈ U .

The submanifold J nG of a Lie pseudogroup G is called a system
of Partial Differential Equations defining G.

A pseudogroup G is transitive if for any p1, p2 in M there exists
f ∈ G such that f(p1) = p2.

6.1 Lie Algebra of Pseudogroups

Let G be a Lie pseudogroup acting on manifold M , β a vector field
in M , and let φt be the flow of β. The vector field β is G−vector
field if its flow consists of diffeomorphisms belonging to G, that is
β ∈ G for all t.

Proposition 6.1. The set of all G−vector fields is a Lie subalgebra
in the Lie algebra of all vector fields in M .

Thus, the following hold:

(1) Suppose β1 and β2 are vector fields in M . Then

[βn
1 , β

n
2 ] = [β1, β2]

n .

(2) A vector field β1 in M is a G−vector field if and only if the
vector field βn is tangent to the equation J nG.

The statement of the proposition follows from these facts.
The Lie algebra of all G−vector fields is called the Lie algebra of

G. We denote it by G.

Proof: The proof can be would have been completed if we can
establish the following lemmas.

Lemma 6.2. Suppose β1 and β2 are vector fields in M . Then

[βn
1 , β

n
2 ] = [β1, β2]

n .
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Definition 6.1.

6.1 Lie Algebra of Pseudogroups

Proposition 6.1.

Proof:
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(4) G is closed under composition: f : U → M and g : f(U) → M
both belong to G, then g ◦ f ∈ G.

(5) The identity diffeomorphism M → M belongs to G.

By J n(M) we denote the manifold of all n−jets of all diffeomorphisms
of open subsets ofM intoM . By J nG we denote the set of all n−jets
of all diffeomorphisms belonging to G.
Definition 6.2. A pseudogroup G is a Lie pseudogroup if there
exists an integer n ≥ 0, called the order of G, such that

(1) The set J nG is a smooth submanifold of J n(M).

(2) A diffeomorphism f : U → M belongs to G if and only if
[f ]np ∈ J nG for all p ∈ U .

The submanifold J nG of a Lie pseudogroup G is called a system
of Partial Differential Equations defining G.

A pseudogroup G is transitive if for any p1, p2 in M there exists
f ∈ G such that f(p1) = p2.

6.1 Lie Algebra of Pseudogroups

Let G be a Lie pseudogroup acting on manifold M , β a vector field
in M , and let φt be the flow of β. The vector field β is G−vector
field if its flow consists of diffeomorphisms belonging to G, that is
β ∈ G for all t.

Proposition 6.1. The set of all G−vector fields is a Lie subalgebra
in the Lie algebra of all vector fields in M .

Thus, the following hold:

(1) Suppose β1 and β2 are vector fields in M . Then

[βn
1 , β

n
2 ] = [β1, β2]

n .

(2) A vector field β1 in M is a G−vector field if and only if the
vector field βn is tangent to the equation J nG.

The statement of the proposition follows from these facts.
The Lie algebra of all G−vector fields is called the Lie algebra of

G. We denote it by G.

Proof: The proof can be would have been completed if we can
establish the following lemmas.

Lemma 6.2. Suppose β1 and β2 are vector fields in M . Then

[βn
1 , β

n
2 ] = [β1, β2]

n .

22

Proof. Let φ1t be the flow of the vector field β1 in M and let φ2t
be the flow of the vector field β2 in M . Then the flow φn

t is defined
in J n(M) by the formula

βn
1 = φ1t

(
[f ]np1

)
= [φ1t]

n
f(p1)

· [f ]np1 = [φ1t ◦ f ]np1
and

βn
2 = φ2t

(
[f ]np2

)
= [φ2t]

n
f(p2)

· [f ]np2 = [φ2t ◦ f ]np2 ,

then by induction when n = 1, we have

[β1, β2] =
[
φ1t

(
[f ]p1

)
, φ2t

(
[f ]p2

)]

=
[
[φ1t]f(p1) · [f ]p1 , [φ2t]f(p2) · [f ]p2

]

=
[
[φ1t ◦ f ]p1 , [φ2t ◦ f ]p2

]

= [φ1t ◦ f ]p1 [φ2t ◦ f ]p2 − [φ2t ◦ f ]p2 [φ1t ◦ f ]p1
= β1β2 − β2β1.

When n = 2, we have
[
β2
1 , β

2
2

]
=

[
φ1t

(
[f ]2p1

)
, φ2t

(
[f ]2p2

)]

=
[
[φ1t]

2
f(p1)

· [f ]2p1 , [φ2t]
2
f(p2)

· [f ]2p2
]

=
[
[φ1t ◦ f ]2p1 , [φ2t ◦ f ]2p2

]

= [φ1t ◦ f ]2p1 [φ2t ◦ f ]2p2 − [φ2t ◦ f ]2p2 [φ1t ◦ f ]2p1
=

(
[φ1t ◦ f ]p1 [φ2t ◦ f ]p2 − [φ2t ◦ f ]p2 [φ1t ◦ f ]p1

)2

= (β1β2 − β2β1)
2

= [β1, β2]
2 .

Now, when n = n+ 1 we have
[
βn+1
1 , βn+1

2

]
=

[
φ1t

(
[f ]n+1

p1

)
, φ2t

(
[f ]n+1

p2

)]

=
[
[φ1t]

n+1
f(p1)

· [f ]n+1
p1

, [φ2t]
n+1
f(p2)

· [f ]n+1
p2

]

=
[
[φ1t ◦ f ]n+1

p1
, [φ2t ◦ f ]n+1

p2

]

= [φ1t ◦ f ]n+1
p1

[φ2t ◦ f ]n+1
p2

− [φ2t ◦ f ]n+1
p2

[φ1t ◦ f ]n+1
p1

=
(
[φ1t ◦ f ]p1 [φ2t ◦ f ]p2

)n+1

−
(
[φ2t ◦ f ]p2 [φ1t ◦ f ]p1

)n+1

= (β1β2)
n+1 − (β2β1)

n+1

= [β1, β2]
n+1 .

23Since this is true for n = 1, n = 2 and n = n+1, it is therefore true
for all n. □

The antisymmetric property of the Lie algebra follows directly
from the following:

Lemma 6.3. Suppose β, β1, β2 are vector fields inM , for all p, p1, p2 ∈
M , then

(1) [β, β] = 0 and

(2) [β1, β2] = − [β2, β1].

Proof. (1). Let φt be the flow of βn inM with φt defined in J n(M)
as

φt

(
[f ]np

)
= [φt]

n
f(p) · [f ]

n
p = [φt ◦ f ]np

for all p ∈ M . Then [βn, βn] implies
[
φt

(
[f ]np

)
, φt

(
[f ]np

)]
=

[
[φt ◦ f ]np , [φt ◦ f ]np

]

= [φt ◦ f ]np [φt ◦ f ]np − [φt ◦ f ]np [φt ◦ f ]np
= [φt]

n
f(p) · [f ]

n
p [φt]

n
f(p) · [f ]

n
p − [φt]

n
f(p) · [f ]

n
p [φt]

n
f(p) · [f ]

n
p

= [φt]
2n
f(p) [f ]

2n
p − [φt]

2n
f(p) [f ]

2n
p

= [φt]
2n
f(p)

(
[f ]2np − [f ]2np

)
= [φt]

2n
f(p) · 0 = 0.

(2). We have
[
φ1t

(
[f ]np1

)
, φ2t

(
[f ]np2

)]

=
[
[φ1t ◦ f ]np1 , [φ2t ◦ f ]np2

]

= [φ1t ◦ f ]np1 [φ2t ◦ f ]np2 − [φ2t ◦ f ]np2 [φ1t ◦ f ]np1
=

(
[φ1t ◦ f ]p1 [φ2t ◦ f ]p2 − [φ2t ◦ f ]p2 [φ1t ◦ f ]p1

)n

= [φ1t]
n
f(p1)

[f ]np1 [φ2t]
n
f(p2)

[f ]np2 − [φ2t]
n
f(p2)

[f ]np2 [φ1t]
n
f(p1)

[f ]np1 [φ2t]
n
f(p2)

[f ]np2
= − [φ2t]

n
f(p2)

[f ]np2 [φ1t]
n
f(p1)

[f ]np1 [φ2t]
n
f(p2)

[f ]np2 + [φ1t]
n
f(p1)

[f ]np1 [φ2t]
n
f(p2)

[f ]np2

= −
(
[φ2t]

n
f(p2)

[f ]np2 [φ1t]
n
f(p1)

[f ]np1 [φ2t]
n
f(p2)

[f ]np2 − [φ1t]
n
f(p1)

[f ]np1 [φ2t]
n
f(p2)

[f ]np2

)

= −
(
[φ2t ◦ f ]np2 [φ1t ◦ f ]np1 − [φ1t ◦ f ]np1 [φ2t ◦ f ]np2

)

= −
(
φ2t

(
[f ]np2

)
φ1t

(
[f ]np1

)
− φ1t

(
[f ]np1

)
φ2t

(
[f ]np2

))

= −
[
φ2t

(
[f ]np2

)
, φ1t

(
[f ]np1

)]
.

Hence, [βn
1 , β

n
2 ] = − [βn

2 , β
n
1 ]. □

Next, let us show that the Jacobi identity also holds.

24

Lemma 6.2.

Proof.

Lemma 6.3.
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Since this is true for n = 1, n = 2 and n = n+1, it is therefore true
for all n. □

The antisymmetric property of the Lie algebra follows directly
from the following:

Lemma 6.3. Suppose β, β1, β2 are vector fields inM , for all p, p1, p2 ∈
M , then

(1) [β, β] = 0 and

(2) [β1, β2] = − [β2, β1].

Proof. (1). Let φt be the flow of βn inM with φt defined in J n(M)
as

φt

(
[f ]np

)
= [φt]

n
f(p) · [f ]

n
p = [φt ◦ f ]np

for all p ∈ M . Then [βn, βn] implies
[
φt

(
[f ]np

)
, φt

(
[f ]np

)]
=

[
[φt ◦ f ]np , [φt ◦ f ]np

]

= [φt ◦ f ]np [φt ◦ f ]np − [φt ◦ f ]np [φt ◦ f ]np
= [φt]

n
f(p) · [f ]

n
p [φt]

n
f(p) · [f ]

n
p − [φt]

n
f(p) · [f ]

n
p [φt]

n
f(p) · [f ]

n
p

= [φt]
2n
f(p) [f ]

2n
p − [φt]

2n
f(p) [f ]

2n
p

= [φt]
2n
f(p)

(
[f ]2np − [f ]2np

)
= [φt]

2n
f(p) · 0 = 0.

(2). We have
[
φ1t

(
[f ]np1

)
, φ2t

(
[f ]np2

)]

=
[
[φ1t ◦ f ]np1 , [φ2t ◦ f ]np2

]

= [φ1t ◦ f ]np1 [φ2t ◦ f ]np2 − [φ2t ◦ f ]np2 [φ1t ◦ f ]np1
=

(
[φ1t ◦ f ]p1 [φ2t ◦ f ]p2 − [φ2t ◦ f ]p2 [φ1t ◦ f ]p1

)n

= [φ1t]
n
f(p1)

[f ]np1 [φ2t]
n
f(p2)

[f ]np2 − [φ2t]
n
f(p2)

[f ]np2 [φ1t]
n
f(p1)

[f ]np1 [φ2t]
n
f(p2)

[f ]np2
= − [φ2t]

n
f(p2)

[f ]np2 [φ1t]
n
f(p1)

[f ]np1 [φ2t]
n
f(p2)

[f ]np2 + [φ1t]
n
f(p1)

[f ]np1 [φ2t]
n
f(p2)

[f ]np2

= −
(
[φ2t]

n
f(p2)

[f ]np2 [φ1t]
n
f(p1)

[f ]np1 [φ2t]
n
f(p2)

[f ]np2 − [φ1t]
n
f(p1)

[f ]np1 [φ2t]
n
f(p2)

[f ]np2

)

= −
(
[φ2t ◦ f ]np2 [φ1t ◦ f ]np1 − [φ1t ◦ f ]np1 [φ2t ◦ f ]np2

)

= −
(
φ2t

(
[f ]np2

)
φ1t

(
[f ]np1

)
− φ1t

(
[f ]np1

)
φ2t

(
[f ]np2

))

= −
[
φ2t

(
[f ]np2

)
, φ1t

(
[f ]np1

)]
.

Hence, [βn
1 , β

n
2 ] = − [βn

2 , β
n
1 ]. □

Next, let us show that the Jacobi identity also holds.

24
Lemma 6.4. Suppose β1, β2 and β3 are vector fields in M . Then

[βn
1 , [[β

n
2 , β3]] + [βn

2 , [β
n
3 , β

n
1 ]] + [βn

3 , [β
n
1 , β

n
2 ]] = 0.

Proof. Let φ1t be the flow of β1 in M , φ2t the flow of β2 in M and
φ3t the flow of β3 in M , where the flows φ1t, φ2t and φ3t are defined
in J n(M) respectively by the formulae

βn
1 = φ1t

(
[f ]np1

)
= [φ1t]

n
f(p1)

· [f ]np1 = [φ1t ◦ f ]np1

and
βn
2 = φ2t

(
[f ]np2

)
= [φ2t]

n
f(p2)

· [f ]np2 = [φ2t ◦ f ]np2
and

βn
3 = φ3t

(
[f ]np3

)
= [φ3t]

n
f(p3)

· [f ]np3 = [φ3t ◦ f ]np3
for all p1, p2, p3 ∈ M . Then [β1, [β2, β3]] implies
[
[φ1t ◦ f ]np1 ,

[
[φ2t ◦ f ]np2 , [φ3t ◦ f ]np3

]]

=
[
[φ1t ◦ f ]np1 , [φ2t ◦ f ]np2 [φ3t ◦ f ]np3 − [φ3t ◦ f ]np3 [φ2t ◦ f ]np2

]

= [φ1t ◦ f ]np1 [φ2t ◦ f ]np2 [φ3t ◦ f ]np3 − [φ3t ◦ f ]np3 [φ2t ◦ f ]np2 [φ1t ◦ f ]np1
= [φ1t]

n
f(p1)

· [f ]np1 [φ2t]
n
f(p2)

· [f ]np2 [φ3t]
n
f(p3)

· [f ]np3
− [φ3t]

n
f(p3)

· [f ]np3 [φ2t]
n
f(p2)

· [f ]np2 [φ1t]
n
f(p1)

· [f ]np1
= [φ1t]

n
f(p1)

[φ2t]
n
f(p2)

[φ3t]
n
f(p3)

·
(
[f ]np1 [f ]

n
p2
[f ]np3

)

− [φ1t]
n
f(p1)

[φ2t]
n
f(p2)

[φ3t]
n
f(p3)

·
(
[f ]np1 [f ]

n
p2
[f ]np3

)

= [φ1t]
n
f(p1)

[φ2t]
n
f(p2)

[φ3t]
n
f(p3)

·
(
[f ]np1 [f ]

n
p2
[f ]np3 − [f ]np1 [f ]

n
p2
[f ]np3

)

= [φ1t]
n
f(p1)

[φ2t]
n
f(p2)

[φ3t]
n
f(p3)

· 0 = 0.

25

Proof.

Lemma 6.4.

Proof.
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At the same time, [β2, [β3, β1]] implies[
[φ2t ◦ f ]np2 ,

[
[φ3t ◦ f ]np3 , [φ1t ◦ f ]np1

]]

=
[
[φ2t ◦ f ]np2 , [φ3t ◦ f ]np3 [φ1t ◦ f ]np1 − [φ1t ◦ f ]np1 [φ3t ◦ f ]np3

]

= [φ2t ◦ f ]np2 [φ3t ◦ f ]np3 [φ1t ◦ f ]np1 − [φ1t ◦ f ]np1 [φ3t ◦ f ]np3 [φ2t ◦ f ]np2
= [φ2t]

n
f(p2)

[f ]np2 [φ3t]
n
f(p3)

[f ]np3 [φ1t]
n
f(p1)

[f ]np1
− [φ1t]

n
f(p1)

[f ]np1 [φ3t]
n
f(p3)

[f ]np3 [φ2t]
n
f(p2)

[f ]np2

= [φ1t]
n
f(p1)

[φ2t]
n
f(p2)

[φ3t]
n
f(p3)

·
(
[f ]np1 [f ]

n
p2
[f ]np3

)

− [φ1t]
n
f(p1)

[φ2t]
n
f(p2)

[φ3t]
n
f(p3)

·
(
[f ]np1 [f ]

n
p2
[f ]np3

)

= [φ1t]
n
f(p1)

[φ2t]
n
f(p2)

[φ3t]
n
f(p3)

·
(
[f ]np1 [f ]

n
p2
[f ]np3 − [f ]np1 [f ]

n
p2
[f ]np3

)

= [φ1t]
n
f(p1)
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7. The Colom Beau Algebra

as parametrized families (f ∗ ϕ)ϕ∈I0 where I0 is a subspace of

{
ϕ ∈ D(Rn) :

∫

Rn

ϕ(t)dt = 1

}
.

The main focus naturally, will be on the subfamilies

(fϵ)ϵ = (f ∗ ϕϵ)ϵ>0

with ϕϵ given by

ϕϵ(t) = ϵ−nϕ

(
t

ϵ

)
.

To make the later differential-algebraic constructions work, we need
to introduce an evaluation on the set of parameter.

Definition 7.1. Let ϕ ∈ D(Rn) be a test function, we define the
parameter I = (0, 1) as follows:

I(Rn) =

{
ϕ ∈ D(Rn) :

∫

Rn

ϕ(t)dt = 1

}
(7.1)

and

I(Rn) =

{
ϕ ∈ D(Rn) :

∫

Rn

tαϕ(t)dt = 0

}
(7.2)

for all |α| ≥ 1, where t = (t1, . . . , tn) ∈ Rn, α = (α1, α2, · · · , αn) ∈
Nn, and tα = (t1)

α1 · · · (tn)αn . This parameter is called a mollifier.

We have stated that for ϵ > 0, ϕϵ(t) =
1
ϵn
ϕ(1

ϵ
). Now, if ϕϵ(t) ≥ 0,

then supp(ϕϵ(t)) = B (0, ϵ), that is
∫

Rn

ϕϵ(t)dt =

∫

Rn

1

ϵn
ϕ(

t

ϵ
)dt

=
1

ϵn

∫

Rn

ϵnϕ(x)dx

=

∫

Rn

ϕ(x)dx = 1 =

∫

Rn

ϕ(t)dt.

Here we have used the change of variable t = ϵx and dt = ϵndx. ϕ.

Definition 7.2. We define

E (Rn) = (C∞ (Rn))I(R
n)

= {f : I (Rn) → C∞ (Rn)}

as the set of all C∞−functions in t for each fixed ϕ ∈ I (Rn).
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Definition 7.3. The subset EM (Rn) of all (f ∗ ϕϵ)ϵ = (fϵ)ϵ ∈ E (Rn)
such that: For all compact subsets K of Rn, for all α ∈ Nn

0 there
exists N ∈ N such that the seminorm

pN (f) = sup
t∈K

|∂αfϵ(t)| = O
(
ϵ−N

)
≤ cϵ−N (7.3)

as ϵ → 0 holds, where c > 0 and ϕ ∈ I (Rn). The elements of
EM (Rn) are called moderate. They also constitute a differential
algebra.

Definition 7.4. The set N (Rn) of all (fϵ)ϵ ∈ E (Rn) with the
property that: For all compact subset K of Rn, α ∈ Nn

0 there exists
m ∈ N such that the seminorm

pm(f) = sup
t∈K

|∂αfϵ(t)| = O (ϵm) ≤ cϵm (7.4)

as ϵ → 0 holds, where c > 0 and ϕ ∈ I (Rn). The elements ofN (Rn)
are called neutral function and tends to zero faster than any power
of ϵ when evaluated at ϕϵ with ϕ ∈ I (Rn) large enough. Clearly,
N (Rn) is a subalgebra closed under differentiation and it is an ideal
of EM (Rn).

Definition 7.5. The algebra of generalized functions of Colombeau,
denoted by G(Rn) (or G), is the quotient algebra

G(Rn) = Em(Rn)/N (Rn). (7.5)

We remark that

• if f is a generalized function in G(Rn) then

f = (f ∗ ϕϵ)ϵ +N (Rn)

= (fϵ)ϵ +N (Rn)

, where (fϵ)ϵ ∈ Em(Rn) is a representative of f .

• Also, if f = g in G(Rn) then

(f ∗ ϕϵ)ϵ − (g ∗ ϕϵ)ϵ = (fϵ)ϵ − (gϵ)ϵ ∈ N (Rn)

where, (fϵ)ϵ, (gϵ)ϵ are representatives of f , g respectively.

Lemma 7.1. G(Rn) is an associative and a commutative algebra
with identity.
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Proof. For all f, g ∈ G (Rn), we have

fg(ϕ) = ((f ∗ ϕϵ)ϵ +N ) · ((g ∗ ϕϵ)ϵ +N )

= (f ∗ ϕϵ)ϵ · (g ∗ ϕϵ)ϵ +N
= ((fg) ∗ ϕϵ)ϵ +N
= (fϵgϵ)ϵ +N
= (fϵ)ϵ (gϵ)ϵ +N
fg(ϕ).

It is obvious that ∂αEm(Rn) ⊂ Em(Rn) and ∂αN (Rn) ⊂ N (Rn), for
all α. Therefore, we can define

∂α : G(Rn) → G(Rn) : f → ∂αf (7.6)

where,

∂αf = ∂α (f ∗ ϕϵ) +N (Rn)

= ∂αf ∗ ϕϵ +N (Rn).

It follows that ∂α is linear, and satisfies Leibniz’s rule of product
derivatives. □
Lemma 7.2. C0(Rn) is included in EM (Rn) as a linear subspace, not
a subalgebra. Consequently, C0 (Rn) is not a subalgebra of G (Rn),
either.

Proof. In general, for all f, g ∈ C0 (Rn) we have

(f ∗ ϕϵ) (g ∗ ϕϵ) =

∫

Rn

f(t)ϕϵ(t− x)dt

∫

Rn

g(t)ϕϵ(t− x)dt

=
1

ϵn

∫

Rn

f(t)ϕ(
t− x

ϵ
)dt

∫

Rn

g(t)ϕ(
t− x

ϵ
)dt

=

∫

Rn

f(t+ ϵy)ϕ(y)dy

∫

Rn

g(t+ ϵy)ϕ(y)dy

̸=
∫

Rn

f (t+ ϵy) g (t+ ϵy)ϕ(y)dy

=

∫

Rn

fg(t+ ϵy)ϕ(y)dy

= fg ∗ ϕϵ.

Another issue that arise here is that, if f ∈ C0 (Rn), we can show

that f̃1 − f̃2 ∈ N (Rn), so both f̃1 and f̃2 are representatives of
f ∈ C∞ (Rn). For convenience, we will show this in the case n = 1.
Indeed, we have

(
f̃1 − f̃2

)
ϕ (t) = f(t)−

∫

R
f (t+ x)ϕ(x)dx.

29
Therefore, one gets

(
f̃1 − f̃2

)
(ϕϵ) = f (t)−

∫

R
f (t+ ϵy)ϕ (y) dy

= −
∫

R
[f (t+ ϵy)− f (t)]ϕ (y) dy.

Since f ∈ C∞ (R), we can apply Taylor’s formula up to order 1 to f
at the point y, and we get

f (t+ ϵy)− f(t) = (ϵy)∂f”(t) +
(ϵy)1+1

1 + 1
∂f 1+1 (t+ θϵy)

= (ϵy) f ′(t) + ϵ2
y2

2
∂f (2) (t+ θϵy)

= (ϵy) f ′(t) + ϵ2
y2

2
∂f (2)(t+ θϵy)

where 0 < θ < 1. Hence, for arbitrary compact K and ϕ ∈ I, we
have (

f̃1 − f̃2

)
ϕϵ (t) = O

(
ϵ2
)

as ϵ → 0, uniformly on K and m = 1.
Also, applying Taylor’s formula up to order m to f at the point

y, we obtain

f (t+ ϵy)− f (t) =
m∑
k=1

(ϵy)

k!
∂f (k)(t) + ϵ(m+1) ym+1

(k + 1)!
∂f (k+1) (t+ θϵy)

=
m∑
k=1

(ϵmy)

k!
∂f (k)(t) + ϵm+1 ym+1

(k + 1)!
∂f (k+1) (t+ θϵy)

where 0 < θ < 1. Therefore for arbitrary K ⊂ R and for all m ∈ N,
we have (

f̃1 − f̃2

)
ϕϵ(t) = O

(
ϵm+1

)

as ϵ → 0 uniformly on K and ϕ ∈ I. This agrees with definition 7.4

for |α| ≤ m. This fact also holds for the estimate ∂α
(
f̃1 − f̃2

)
ϕϵ (t),

so f̃1 − f̃2 ∈ N (Rn). □

7.1 L1 (Rn) Embedded in the Colombeau Generalized Functions.

L1 (Rn) ⊂ D′ (Rn) in the distribution theory and hence, L1 (Rn)−functions
are tempered distributions. So, to f ∈ L1 (Rn), there corresponds

an element in G (Rn), denoted by f̃ +N where f̃ ∈ EM (Rn). Now,

30

Lemma 7.1.

Proof.

Lemma 7.2.

Proof.

https://www.wecmelive.com/


Volume - 3 Issue - 2

Page 22 of 24

Copyright © M E EgweJournal of Theoretical Physics & Mathematics Research

Citation: Egwe, M. E. (2025). A Note on Some Classes of Function Algebras. J Theor Phys Math, 3(2), 1-24.

Therefore, one gets

(
f̃1 − f̃2

)
(ϕϵ) = f (t)−

∫

R
f (t+ ϵy)ϕ (y) dy

= −
∫

R
[f (t+ ϵy)− f (t)]ϕ (y) dy.

Since f ∈ C∞ (R), we can apply Taylor’s formula up to order 1 to f
at the point y, and we get

f (t+ ϵy)− f(t) = (ϵy)∂f”(t) +
(ϵy)1+1

1 + 1
∂f 1+1 (t+ θϵy)

= (ϵy) f ′(t) + ϵ2
y2

2
∂f (2) (t+ θϵy)

= (ϵy) f ′(t) + ϵ2
y2

2
∂f (2)(t+ θϵy)

where 0 < θ < 1. Hence, for arbitrary compact K and ϕ ∈ I, we
have (

f̃1 − f̃2

)
ϕϵ (t) = O

(
ϵ2
)

as ϵ → 0, uniformly on K and m = 1.
Also, applying Taylor’s formula up to order m to f at the point

y, we obtain

f (t+ ϵy)− f (t) =
m∑
k=1

(ϵy)

k!
∂f (k)(t) + ϵ(m+1) ym+1

(k + 1)!
∂f (k+1) (t+ θϵy)

=
m∑
k=1

(ϵmy)

k!
∂f (k)(t) + ϵm+1 ym+1

(k + 1)!
∂f (k+1) (t+ θϵy)

where 0 < θ < 1. Therefore for arbitrary K ⊂ R and for all m ∈ N,
we have (

f̃1 − f̃2

)
ϕϵ(t) = O

(
ϵm+1

)

as ϵ → 0 uniformly on K and ϕ ∈ I. This agrees with definition 7.4

for |α| ≤ m. This fact also holds for the estimate ∂α
(
f̃1 − f̃2

)
ϕϵ (t),

so f̃1 − f̃2 ∈ N (Rn). □

7.1 L1 (Rn) Embedded in the Colombeau Generalized Functions.

L1 (Rn) ⊂ D′ (Rn) in the distribution theory and hence, L1 (Rn)−functions
are tempered distributions. So, to f ∈ L1 (Rn), there corresponds
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30
can we express f̃ in term of f more clearly. In fact, we can do as
follows:

f̃ ∗ ϕ(t) = ⟨f(x), ϕ(x− t)⟩

=

∫

Rn

f(x)ϕ(x− t)dx,

since f ∈ L1 (Rn). So, we have f̃+N as the corresponding element of

f ∈ L1 (Rn). However, we cannot conclude from this that f̃ +Nτ ∈
Gτ (Rn) .

Since f ∈ L1 (Rn), so the function g, where

g(t) =

∫ t

−∞
f(x)dx,

t ∈ Rn is continuous on Rn. To this end,

∥g(t)∥ =

∣∣∣∣
∫ t

−∞
f(y)dy

∣∣∣∣ ≤
∫

Rn

|f(y)| dy = ∥f∥L1

for all t ∈ Rn.
Hence, g ∈ Cτ (Rn). In Gτ (Rn), g is assigned with g̃ + Nτ (Rn),

where

g̃ ∗ ϕ(t) =
∫

Rn

g(t+ x)ϕ(x)dx.

It implies that f belongs to Gτ (Rn), and it is assigned with ∂g̃ +
Nτ (Rn). Therefore, f is assigned with the element

∂t

(∫

Rn

(∫ t+x

−∞
f(y)dy

)
ϕ(x)dx

)
+Nτ (Rn) .

Now, we notice that ϕ ∈ I and f ∈ L1 (Rn), we obtain
∫ ∞

−∞

(∫ t+x

−∞
f(y)dy

)
ϕ(x)dx =

∫ ∞

−∞

(∫

−∞
tf(t+ x)dy

)
ϕ(x)dx

=

∫ t

−∞

(∫ ∞

−∞
ϕ(x)f(y + x)dx

)
dy,

and the inner integral as the function of y is in L1 (Rn)
⋂

C∞ (Rn).
it follows that

∫ ∞

−∞

(∫ t+x

−∞
f(y)dy

)
ϕ(x)dx =

∫ ∞

−∞
ϕ(x)f(t+ x)dx.

Therefore, f is assigned with the element
∫

Rn

f(t+ x)ϕ(x)dx+Nτ
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7.1 L1 (

Therefore, one gets

(
f̃1 − f̃2

)
(ϕϵ) = f (t)−

∫

R
f (t+ ϵy)ϕ (y) dy

= −
∫

R
[f (t+ ϵy)− f (t)]ϕ (y) dy.

Since f ∈ C∞ (R), we can apply Taylor’s formula up to order 1 to f
at the point y, and we get

f (t+ ϵy)− f(t) = (ϵy)∂f”(t) +
(ϵy)1+1

1 + 1
∂f 1+1 (t+ θϵy)

= (ϵy) f ′(t) + ϵ2
y2

2
∂f (2) (t+ θϵy)

= (ϵy) f ′(t) + ϵ2
y2

2
∂f (2)(t+ θϵy)

where 0 < θ < 1. Hence, for arbitrary compact K and ϕ ∈ I, we
have (

f̃1 − f̃2

)
ϕϵ (t) = O

(
ϵ2
)

as ϵ → 0, uniformly on K and m = 1.
Also, applying Taylor’s formula up to order m to f at the point

y, we obtain

f (t+ ϵy)− f (t) =
m∑
k=1

(ϵy)

k!
∂f (k)(t) + ϵ(m+1) ym+1

(k + 1)!
∂f (k+1) (t+ θϵy)

=
m∑
k=1

(ϵmy)

k!
∂f (k)(t) + ϵm+1 ym+1

(k + 1)!
∂f (k+1) (t+ θϵy)

where 0 < θ < 1. Therefore for arbitrary K ⊂ R and for all m ∈ N,
we have (

f̃1 − f̃2

)
ϕϵ(t) = O

(
ϵm+1

)

as ϵ → 0 uniformly on K and ϕ ∈ I. This agrees with definition 7.4

for |α| ≤ m. This fact also holds for the estimate ∂α
(
f̃1 − f̃2

)
ϕϵ (t),

so f̃1 − f̃2 ∈ N (Rn). □

7.1 L1 (Rn) Embedded in the Colombeau Generalized Functions.

L1 (Rn) ⊂ D′ (Rn) in the distribution theory and hence, L1 (Rn)−functions
are tempered distributions. So, to f ∈ L1 (Rn), there corresponds

an element in G (Rn), denoted by f̃ +N where f̃ ∈ EM (Rn). Now,
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can we express f̃ in term of f more clearly. In fact, we can do as
follows:

f̃ ∗ ϕ(t) = ⟨f(x), ϕ(x− t)⟩

=

∫

Rn

f(x)ϕ(x− t)dx,

since f ∈ L1 (Rn). So, we have f̃+N as the corresponding element of

f ∈ L1 (Rn). However, we cannot conclude from this that f̃ +Nτ ∈
Gτ (Rn) .

Since f ∈ L1 (Rn), so the function g, where

g(t) =

∫ t

−∞
f(x)dx,

t ∈ Rn is continuous on Rn. To this end,

∥g(t)∥ =

∣∣∣∣
∫ t

−∞
f(y)dy

∣∣∣∣ ≤
∫

Rn

|f(y)| dy = ∥f∥L1

for all t ∈ Rn.
Hence, g ∈ Cτ (Rn). In Gτ (Rn), g is assigned with g̃ + Nτ (Rn),

where

g̃ ∗ ϕ(t) =
∫

Rn

g(t+ x)ϕ(x)dx.

It implies that f belongs to Gτ (Rn), and it is assigned with ∂g̃ +
Nτ (Rn). Therefore, f is assigned with the element

∂t

(∫

Rn

(∫ t+x

−∞
f(y)dy

)
ϕ(x)dx

)
+Nτ (Rn) .

Now, we notice that ϕ ∈ I and f ∈ L1 (Rn), we obtain
∫ ∞

−∞

(∫ t+x

−∞
f(y)dy

)
ϕ(x)dx =

∫ ∞

−∞

(∫

−∞
tf(t+ x)dy

)
ϕ(x)dx

=

∫ t

−∞

(∫ ∞

−∞
ϕ(x)f(y + x)dx

)
dy,

and the inner integral as the function of y is in L1 (Rn)
⋂

C∞ (Rn).
it follows that

∫ ∞

−∞

(∫ t+x

−∞
f(y)dy

)
ϕ(x)dx =

∫ ∞

−∞
ϕ(x)f(t+ x)dx.

Therefore, f is assigned with the element
∫

Rn

f(t+ x)ϕ(x)dx+Nτ
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in Gτ (Rn). It also shows us that in G (Rn), the function f ∈ L1 (Rn)
is assigned with the element

∫

Rn

f(t+ x)ϕ(x)dx+N .

Now, we will use the results above to study the relationship
between the integral of f ∈ L1 (Rn) in the usual sense and the
one in the sense of tempered generalized function.

Lemma 7.3. The topology of G (Rn) is the topology it inherited as
an embedding image of L1 (Rn).

Proof. It suffices to show that for all f ∈ G (Rn), such that f =

f̃ + N (Rn), where f̃ is the representative of f in EM (Rn), for all
ϕ ∈ I (Rn), and ϵ small enough we have

∥∥∥f̃ ∗ ϕϵ(t)
∥∥∥
EM

≤ c ∥f∥L1(Rn) .

To this end, we have

∥∥∥f̃ ∗ ϕϵ(t)
∥∥∥
EM

=

∣∣∣∣
∫

Rn

f(t)ϕϵ(t− x)dt

∣∣∣∣

≤
∫

Rn

∣∣∣∣f(t)
1

ϵn
ϕ

(
t− x

ϵ

)∣∣∣∣ dt

≤ ϵ−|n|
∫

Rn

|f(x+ ϵy)ϵnϕ(y)| dy

≤ ϵ|−n| · ϵ|n|
∫

Rn

|f(x+ ϵy)| |ϕ(y)| dy

≤ c

∫

Rn

|f(x+ ϵy)| dy

≤ c ∥f∥L1 .

Therefore, ∥∥∥f̃ ∗ ϕϵ(t)
∥∥∥
EM

= O
(
ϵ0
)
≤ c ∥f∥L1

which means f̃ ∈ N (Rn) for all n ∈ N.
Also, if

f̃ g +N = f̃ g̃ +N =
(
f̃ +N

)
(g̃ +N )
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Lemma 7.3.

Proof.
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in Gτ (Rn). It also shows us that in G (Rn), the function f ∈ L1 (Rn)
is assigned with the element

∫

Rn

f(t+ x)ϕ(x)dx+N .

Now, we will use the results above to study the relationship
between the integral of f ∈ L1 (Rn) in the usual sense and the
one in the sense of tempered generalized function.

Lemma 7.3. The topology of G (Rn) is the topology it inherited as
an embedding image of L1 (Rn).

Proof. It suffices to show that for all f ∈ G (Rn), such that f =

f̃ + N (Rn), where f̃ is the representative of f in EM (Rn), for all
ϕ ∈ I (Rn), and ϵ small enough we have

∥∥∥f̃ ∗ ϕϵ(t)
∥∥∥
EM

≤ c ∥f∥L1(Rn) .

To this end, we have

∥∥∥f̃ ∗ ϕϵ(t)
∥∥∥
EM

=

∣∣∣∣
∫

Rn

f(t)ϕϵ(t− x)dt

∣∣∣∣

≤
∫

Rn

∣∣∣∣f(t)
1

ϵn
ϕ

(
t− x

ϵ

)∣∣∣∣ dt

≤ ϵ−|n|
∫

Rn

|f(x+ ϵy)ϵnϕ(y)| dy

≤ ϵ|−n| · ϵ|n|
∫

Rn

|f(x+ ϵy)| |ϕ(y)| dy

≤ c

∫

Rn

|f(x+ ϵy)| dy

≤ c ∥f∥L1 .

Therefore, ∥∥∥f̃ ∗ ϕϵ(t)
∥∥∥
EM

= O
(
ϵ0
)
≤ c ∥f∥L1

which means f̃ ∈ N (Rn) for all n ∈ N.
Also, if

f̃ g +N = f̃ g̃ +N =
(
f̃ +N

)
(g̃ +N )
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where f̃ and g̃ are representatives of f and g in EM (Rn) we have
∥∥∥
(
f̃ g

)
∗ ϕϵ(t)

∥∥∥
EM

=
∥∥∥
(
f̃ g̃

)
∗ ϕϵ(t)

∥∥∥
EM

=
∥∥∥
(
f̃ ∗ ϕϵ(t)

)
(g̃ ∗ ϕϵ(t))

∥∥∥
EM

≤
∥∥∥f̃ ∗ ϕϵ(t)

∥∥∥
EM

∥g̃ ∗ ϕϵ(t)∥EM
≤ c1 ∥f∥L1 ∥g̃ ∗ ϕϵ(t)∥EM
≤ c1c2 ∥f∥L1 ∥g∥L1

≤ C ∥f∥L1 ∥g∥L1 ,

where we have taking c1c2 = C , for all ϕ ∈ I (Rn), 0 < ϵ < 1 and
t ∈ Rn. □
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