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Abstract

In this note, an attempt is made at highlighting a construct of the algebras of holomorphic functions on the unit disc, bi-
invariant functions, Lie pseudo groups and the Colombeau’s algebra (of generalized functions). We establish some new
results on these algebras and also give new proofs to some existing ones.
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1. Introduction

The theory of holomorphic functions on the unit disc and its ubiquity abound in literature [1-21]. Here, we shall concern
ourselves with introducing some of the basic definitions needed in the succeeding developments of some function algebras
and proving several essential algebraic results.

Definition 1.1. A linear space A over C is said to be an algebra if it is equipped with a binary operation, referred to as
multiplication and denoted by juxtaposition, from A x A — A such that

flgh) = (fg)h,
flg+h)=fg+fh; (g+h)f=gf+hf, (1.2)
a(fg) = (af)g = f(ag).
for all f,g,h € Aand a € C.

A is called a commutative algebra if A is an algebra and

fo=gf (1.4)

ef = fe=f (15)
for all f € A.

Definition 1.2. A normed linear space(A, ||-||) over C is said to be
normed algebra if A is an algebra and

£l < [If1 Il
for all f,g € A.

A normed algebra A is said to be a Banach algebra if the normed
linear space (A, ||-||) is a Banach space.

Definition 1.3. Let A be a complex algebra. An involution on A
is a mapping * : f — f* from A into A satisfying the following

conditions.
(f+9) =f+g", (1.6)
(Af)" = Af (1.7)
(fo) =91 (1.8)
(/=1 (1.9)
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for all f,g € A and A € C. A is then called a x—algebra or an
algebra with involution.
A (C*—algebra is a Banach algebra A with involution in which

for all f € A,
£ =11 (1.10)

A homomorphism between C*—algebras A and B is a linear map
¢+ A — Bthat satisfies o(fg) = (f)p(f) and (f*) = ¢(g)* for all
f € Aand g € B [13]. An isomorphism between two C*—algebras
is an invertible homomorphism.

The dual A" of a x—algebra A has a canonical involution given

by f*(z) = f(x=1) for all f € A.

IDefinition 1.4. A function algebra on a compact Hausdorff space
X is a commutative Banach algebras A over C which satisfies the
following conditions:

1. The elements of A are continuous complex-valued functions
defined on X, i.e. A C C(X);

2. A contains all constant functions on X;
3. The operations on A are the pointwise additions and multiplication;

4. A is closed with respect to the uniform norm in C(X)

IfIl = sup|f(z)], f €A
reX

5. A separates the points of X.

Function algebras are commutative Banach algebras over C with
unit (the constant function 1 on X) and this fact plays a crucial
role in their studies [11].

Let X be a compact Hausdorff space and A a non-empty subset
of C(X). For each x € X the evaluation map at z, denoted by ¢,

is defined by
¢:(f) = f(z) forf € A (1.11)

We observe that if A is a subspace, then ¢, : A — C is a linear map,
and if A is subalgebra, then ¢, is a homomorphism. If A contains
1 then ¢,(1) =1 and hence ¢, # 0.

Unitization of normed algebras is well-known [9)].

Definition 1.5. Let A be a normed algebra. A left (right) approximate
identity for A is a net (e,), in A such that e f — f (fea — f)
for each f € A. An approximate identity for A is a net (e,) which
is both a left and a right approximate identity. A (left or right)
approximate identity (en), is bounded by M > 0 if ||e,| < M for
all a. A has left (right) approximate units if, for each f € A and
€ > 0, there exists u € A such that || f —uf]| < e (||f = ful| <),
and A has an approximate unit if, for each f € A and € > 0, there
exists u € A such that | f —uf| < e and ||f — ful| < e. A has a
(left, right) approximate unit bounded by M > 0, if the elements u
can be chosen such that |lul] < M.

Suppose that A is an approximately unital Banach algebra. We
define the unitization of A by considering the canonical ‘left regular
representation’ A : A — B(A), and identifying A+ C; with the span
of A(A) + Cl4, which is a unital Banach subalgebra of B(.A). Thus
if f e Aand p e C then

If + w1l = sup [|fe+ pcll, (1.12)

flell<1

for allc € A. .
It is occasionally useful that there are some other equivalent

expressions for the quantity above. For example, if (e,), is an
approximate identity for A then
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1f + mll = lim || fea + peal| = sup || fea + peall (1.13)

Given a real algebra A, the complexification B of A is the set
A x A with the operations of addition, multiplication, and scalar
multiplication defined by

(fi,91) + (f2,92) == (fi + fos 1 + 92)
(a+iB) (f,9) == (af — Bg,ag + Bf),
(f1,91) (f2,92) := (fif2 — 9192, frg2 + g1fa),

for all flvf?agth € A and aaﬁ eR.

Definition 1.6. An operator ¢ : H; — Ho between two Hilbert
space is simply a linear map (i.e., ¢ (\f + pg) = Ao(f) + pue(g) for
all \,u € C and f,g € H;.

An operator on a Hilbert space H is bounded if and only if it
is continuous in the sense that f, — f implies ¢f, — ¢f for all
convergent sequences (f,) in H.

Let ¢ : "1 — Ha be an operator. We define ||| € RT U{oo} by

leoll == sup [lo(f)lly, (1.14)
1112, =1

for all f € Hi, where || fll,;, = [(f, f)l;,  etc. We say that ¢ is

bounded when |[|¢|| < oo, in which case the number || f]| is called
the norm of ¢.

1.1 Some Classes of Operator Algebras

(1)

Operator Algebra Valued Continuous Functions: Let X be a
compact space, and A an operator algebra. Then the operator
space C(X;.A) is an operator algebra when equipped with the
product defined by (fg)(t) = f(t)g(t). For example, if A
is a subalgebra of B(#H) then C(X;.A) is a subalgebra of the
C*—algebra C(X;B(#H)). If A is unital, then C(X;A) is also
unital, the identity being the constant function equal to the
identity of A.

Uniform Algebras: A (concrete) uniform algebra is a unital-subalgebra

of C(X), for some compact space X. Here, we will consider
any uniform algebra as endowed with its minimal operator
space structure. Then an (abstract) uniform algebra is a unital
operator algebra which is completely isometrically isomorphic
to a concrete uniform algebra. In this way, we regard uniform
algebras as a subclass of the operator algebras.

More generally, we will use the term function algebra for an
operator algebra A for which there exists a compact space X
and a completely isometric homomorphism 7 : A — C(X).
Any function algebra is a minimal operator space.

Disc Algebras: This fundamental example of a uniform algebra
has two equivalent definitions. Let us denote by B and T
the open unit disc of C and the unitary complex group T =
{z € C: |z| = 1} respectively. Then the disc algebra A(B) is
the subalgebra of C(B) consisting of all continuous functions
F : B — C, whose restriction to B is holomorphic. By the
maximal modulus theorem, the restriction of functions in A(B)
to the boundary T is an isometry. Hence we may alternatively
regard A(B) C C(T) as a uniform algebra acting on T. In
that representation, A(B) consists of all elements of C(T) whose

harmonic extension to B given by the Poisson integral is holomorphic.
Equivalently, given any f € C(T), we associate Fourier coefficients

flk) = /T f(2)2 " du(z), ke Z. (1.15)
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Then, A(B) c C(T) is the closed subalgebra of all f € C(T)
such that f(k) = 0 for every & < 0. The (holomorphic)
polynomials form a dense subalgebra of A(B).

(4) Adjoint Algebra: The adjoint operator space A* is an operator
algebra, with product a*b* = (ba)*, for a,b € A. Indeed, if A is
a subalgebra of a C*—algebra B, then A* may be identified with
the subalgebra a* : a € A of B. Note that if A has a continuous
approximate identity (cai) (e;)s, then (e}); is a cai for A*.

(5) Multiplier Operator Algebras [3]: A left (right) multiplier on
A is a linear mapping T : A — A such that

T(zy) = T(z)y (=2T(y))
for all z,y € A.

T is called a two-sided multiplier (or simply, a multiplier) on

A if it is a left and a right multiplier.

Let A be a C*—algebra. The multiplier algebra of A, denoted

by M(A), is the universal C*—algebra with the property that

M(A) contains A as an essential ideal and for any C*—algebra

B containing A as an essential ideal there exists a unique *—homomorphism
7 : B — M(A), that is, the identity on A.

If A is a unital C*—algebra. Then M (.A) is unital and M(A) =
A.

1.2 Bi-invariant Function

Let G be a locally compact group and K a compact subgroup. We
assume the normalization [, duy,(k) = 1. The projection

PG K\G/K
defined by p(g) = K¢K identifies C. (K \ G/K) with
{p € C.(K\ G/K) : ¢(k1gks) = ¢(g) for k; € K, g € G}.

Now, let us identify C' (K \ G/K), Co (K \ G/K), and I? (K \ G/K)
with the bi-K-invariant functions of the same category on G. In the

sequel, Cs means the commutative Banach algebra of continuous

functions that vanish at infinity with pointwise multiplication and

sup norm. In other words, C.(G) consists of the continuous functions
f : G — C such that, if ¢ > 0 then there exists a compact set C C G

such that |¢(x)| < eforall z € G\ C.

We now have the projections C(G) — C (K \ G/K), C.(G) —
Ce(K\ G/K),Cxo(G) = Coo (K \ G/K) and IP(G) — P (K'\ G/K),
all denote ¢ — ¢* € C.(G)* given by

#(g) = /K /K o (kngha)dps (k1) (k). (1.16)

Some immediate properties are (see [12]):

o If ¢ € C(K\G/K) and ¢, € C(G) the (¢1¢2)* = 16} for

the pointwise multiplication, and

o If ¢ € C.(K\G/K) and ¢ € C.(G) then (¢2 % ¢1)" = ¢
@1 and (¢ * ¢2)u = ¢§ * ¢9 for the convolution product. In
particular, C. (K \ G/K) is a subalgebra of the convolution
algebra C.(G) and L' (K \ G/K) is a subalgebra of L'(G).

We say that (G, K) is Gelfand pair if the convolution algebra
L' (K \ G/K) is commutative. If (G, K) is a Gelfand pair, then
G/K is a commutative space relative to G, and we also say that
(G,K) is a commutative pair. Since C, (K \ G/K) is dense in
L' (K \ G/K) it is equivalent to require that C. (K \ G/K) be commutative.
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1.3 Holomorphic Functions

As usual, we write N for the set of natural numbers, R for the field
of real numbers and C for the field of complex numbers. For any
positive integer n € N the set C" is equipped with the usual vector
space structure and for any z = (21, -, 2,) € C" the norm of z is
given by the popular Euclidean norm
1/2
2l = (Il + -+ 2a)
We define an isomorphism of R—vector spaces between C" and R?"
by setting z; = x; 4+ iy; for any z = (21,---,%,) € C" and j =
s DEEEY 7"’2/.
The holomorphic and anti-holomorphic differential operations are
given by

o _1({o 10\ _1({08 _ .0 _
o _1(o _10\_1(0o ii) el
9z, — 2 \ox;  ioy 2\ 82, Tlay ) I T LT

If a = (a17"'7an) € N” and ﬁ = (51,"',ﬁn) e N" are
multi-indices and z = (1, ,x,) is a point in R™ then we set

Qn

(e
ol =a1+ -+ a,, al=ao!- !, 2% =2t ahm,

Hled aB Blal+18]
o0 ggan 4 D 0200 - Dzen G - o
If B is an open ball in R™ then we denote by C°(B) or C(B)

the vector space of complex-valued continuous functions on B and

we denote by C*(B) the set of k times continuously differentiable
functions for any & € N, k£ > 0. The intersection of the spaces

C*(B) for all k € N is the space C>°(B) of functions on B which

are differentiable to all orders. It is easy to check that f € C*(B) if

and only if D®?f € C(B) for any pair (a,3) € N* x N" such that
la|+|8] < k. If k € N then the vector space of functions f contained

in C*(B) whose derivatives D*f, |a| < k, are continuous on D

is denoted by C*(B) and we denote by C>(B) space of infinitely

differentiable functions on B all of whose derivatives are continuous

on B [20].

If BeR"and f € CF (E), k € N, then we define the C* norm
of f on B by

Da

(1.18)

Hf”k]B = Z sup [D* f(z)]; (1.19)

aeN"|a|<k veB

Let B be an open set in C". A complex-valued function f defined
on B is said to be holomorphic on B if f € C*(B) and

of
8—@(2:) —0 (1.20)

for every z € B and j = 1,--- ,n. The system of partial differential
equations (21) is called the homogeneous Cauchy—Riemann system.

The mapping F : B, — CV, where N is a positive integer, is
given by n functions as follows:

F(Z) - (fl(z)7 ce 7fn(z))7 z €B.

We say that F' is a holomorphic mapping if each f; is holomorphic
in B.
It is clear that any holomorphic mapping F : B — C" has a

Taylor type expansion
F(z) = Z a2,
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where v = (aq, - -+, a,) is a multi-index of nonnegative integers and
each a, belongs to C".
A mapping F': B — B is said to be bi-holomorphic if

e [ is one-to-one and onto.

e F' is holomorphic.
e F~!is holomorphic.

The automorphism group of B, denoted by Aut(B), consists of
all bi-holomorphic mappings of B. It is clear that Aut(B) is a
group with composition being the group operation. Conventionally,
bi-holomorphic mappings are also called automorphisms.

Let H*(B) be the set of all bounded holomorphic functions on
B. The function || - || : H*(B) — Rx¢ such that

[flle =sup{[f(z)] - z € B}, ¥V f € H*(B), (1.21)

is called the sup norm on H*°(B), and || f||_, is called the sup norm
of f.

The sup norm on H>°(B) has all the properties of a norm.

A Cauchy sequence in H* is a sequence { f, }, .y, with the following

property: for each € > 0 there exists an n(e) such that
I fo — fll <€, ¥ n>n(e),and m > n(e). (1.22)

Theorem 1.1. The algebra of bounded holomorphic functions with
the sup norm is a Banach algebra.

1.4 The Space P*

Let w be a measure space with a (positive) sigma-finite measure
w. The weak LP space L£P®°(u), 0 < p < oo, consists of those
measurable functions f on €2 for which

1£1] 0 == sup A+ (1 (£, 0)7 < o0, (1.23)

S
0<A<o0

where i (f,2) = p o [f(@)] > A} = u(fo € Q3 ()] > AD).
Chebyshev’s inequality,

1
w(g, A) < /\/ lgl du,
Q

shows that £P C L£P*°, while the formula
[lattan= [ ntgxaw) (1.24)
Q 0

(proved by means of Fubini’s theorem) implies £7*° C L7 for ¢ < p,
if p is finite. The quantity [-[|, ., is a norm for number p, but we
have

1f + 9llpoe < G (||f||wo + ||f||w) (€, = 2wt/

and hence ||-[|, ., is a (complete) quasinorm. It is interesting, however,

that if p = 1, then the space need not be locally convex (if, for
example, Q = [0,1] with Lebesgue measure), although it can be

g—re-normed for every ¢ < 1. For p > 1 the space is locally convex,
and for p < 1 it is p—convex, i.e., there is an equivalent p—norm on
it. Hence, the following inequalities holds

p(fi+ fo, M4+ X)) < (fi, M) + (fa, Ag)

nd
’ i (o M) < i (fr ) + 41 (s )
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1.5 Smooth Manifold

Let U C R" and V' C R™ be open sets, then f: U — V is called a
diffeomorphism or C*°—diffeomorphism if it is a C*°—bijection and
its inverse f~1:V = UisC® on V.
If f:U — Visa C®—diffeomorphism then for any a € U
D,f : R" — R™ is an invertible linear map. In particular n = m.
We say that f: U — R" is a local diffeomorphism if any z € U
has an open neighbourhood U, such that

f:Us— f(Uy)

is a diffeomorphism. The inverse function theorem then implies that
for any a € U, D, f is invertible.

A pair (M, A) where M is a topological space which is separable
and second countable, and A is a collection of continuous maps
{¢a : Uy = M Vo € I}, for open sets U, C R™ is a smooth manifold
if the following conditions are satisfied:

(1) ¢: U, — ¢ (U,) is a homeomorphism, and

U(ba (Ua) = M7

(2) The charts (¢4, U,) are smoothly compatible i.e. for any «, 5 €

I, with
¢a (Ua) N (ZSB (Uﬂ) 7é (Z)a
$ut0dp 05" (9o (Ua) N s (Us)) = 65" (b (Ua) Mg (Up))

is a diffeomorphism. The above condition makes A a smooth
atlas.

(3) A is a maximal smooth atlas i.e. there is strictly no larger
smooth atlas containing .A.

Definition 1.7. A Lie group is a group G which is a differentiable
manifold and such that multiplication and inversion are smooth
maps. By multiplication we mean that (g,h) — gh: G x G = G
is smooth and by inversion we mean that g — g~ : G — G are
smooth.

Let G and H be two Lie groups. Then f: G — H is a Lie group
morphism if it is smooth and a group morphism. If H C G, then

H is a Lie subgroup of G if it is at the same time a subgroup and

submanifold of G.
Lie algebra on a field K is a K—vector space V' endowed with

an antisymmetric K—bilinear map [-,:] : V' x V — V which satisfy
the Jacobi identity

[z, y], 2] + [y, 2] , 2] + [[2, =] ,y] = 0.

By antisymmetric we mean that

[x7y] = - [y,(l?}

and [, -] is called the Lie bracket.

A Lie subalgebra of V' is a linear subspace of V' which is a linear
subspace of V' which is stable under [-,-].

A lie algebra morphism is a linear map A from (V. [, ];,) to

(V',[-,],+) such that

[A(2), Aw)ly = A(lz,yly) -

A Lie algebra isomorphism is a bijective Lie algebra morphism, it is
then automatic that its inverse is a Lie algebra morphism.

2. Algebra of Bergman Spaces

Here, we shall study the properties of the Bergman spaces and the
Toeplitz operator algebra defined on them.
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Definition 2.1. For a > 0 the weighted Lebesgue measure d.A, is

defined by
dAL(2) = Co (1= [2°)" dA(z)
where
F'n+a+1)
Ca = T 4N 0
nI' (a+1)

is a normalizer so that d.A, forms a probability measure on B,,. For
a > —1 and p > 0 the weighted Bergman space A2 consists of
holomorphic functions f in LP(B,dA), that is,

A, = IP(B,dA) N H(B).

It is clear that AP is a linear subspace of LP(B,dA). When the
weight o = 0, we simply write AP for AP. These give the standard
(unweighted) Bergman spaces.

The Bergman norm is a quasinorm given by

1
P

7= 7o = (2 [ 1o prar)” (2.)

where

Lir f) = (;ﬂ /W ]f(rew)y”de>’l’ . (2.2)

—T

It is clear that AP is also a linear subspace LP(B,dA).
Proposition 2.1. [15] Let p € (0,00). Then, the following hold:
1. For every z € B the functional f — f(z) is continuous on A?;

2. The space AP is complete;

3. If f € AP, and f,,(z) = f(nz), then f, € A? and ||f — f.|| —
0(n — o0);

4. The set of all polynomials is a dense subset A?P.

Proposition 2.2. The space LP(B,dA) is a Banach algebra with
convolution operation defined as

1
Ilf = gll” = 2/ L, (r, f % g)rdr (2.3)
0
for all f,g € LP(B,dA)
Proof. Now,
1
52917 =2 [ L7 x yrar
0
To this end,
1 g )
L(r, f*g) :2/ |f*g|p(r619)dt9
T J_x
o [ | [ s@ate | (e ao
o) |2 ). x)g(x —y)dy| (re

1 ™ q T |
< 771- a_ — p 60 )
2 —m 27 /ﬂ— |f(x)g(x y)dy| (T@ ) do

Letting 6 = x — y so that x = 0 4+ y and df = dx, we obtain

re = rel@Y) = pelTW = pel® Ly,
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Hence,

1f =+ 9ll” = / / FO+)g(O)F dy (re™) (re™™) dx
zﬂ o [ 1O+ 0P (e dylg(aP (re) d

= / |f(9+y)|”7”€‘iydyf /ﬂ 9(O)F (re'™) da
1 v vy

— o [ 1@ -rrerays [ 1go)r (re) do
= ]P( 7f) ’ Ip(T,g>
For this reason,

1f* 9l < NFlla l9llae - O3

Remark 2.3. In the special case when p = 2, L?(B, dA) is a Hilbert
space whose inner product is denoted by

- [ 1eEA) (2.4
|<fg|Ap_(/|f P dA(z ) </|g A= )

= 1/ llao 191l 4o

and

Theorem 2.4. Suppose r and y are complex numbers, ¢ and ¢ are
bounded functions on B; then

1. wa + Ty¢ = $T¢ + yT¢;
2 Ty =T

3. T, >01if o >0;
Moreover, if ¢ € H*®, then

4. T¢T<p = T@p,

Proof: Given that, ¢, ¢ € L>®(B), then for any z,y € C, (1) implies
Tup(f) + Typ(f) = P(zpf) + P(yof)

/Kzu x)( /K(%U
(

:/(”fg’)f 35)(2)01,4@“/( (1)£ gi)g)d/l( )
[ S
e P,
- /(1—zu> A+ [ FE AW

= zP(pf) +yP(of)
= 2T,(f) +yTo(f).

() f(u)dA(u)

/Kzu (u)dA(u —i—y/Kzu () f(u)dA(u)
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(2) implies;
Ts(f) = P(e

(@f)
_ /B K (2, 0)3(u) f(w)dAu)

- [EI

B (1 —zu)?

_ [ (o) f(u)
/B (1—zu) dA(u)

/Kz u ) dA(u)
= Plef)
= T5(f).

(3.) Since there are non zero divisors in the set of all Toeplitz
operators for all ¢ € L*(B), then

Tap(f ) =0
implies

To(f) = Plef)(2)

Since f(u) # 0, ¢(u) must be equal to zero. Also, T,,(f) > 0 implies
T(f)=Plpf) >0 = ¢>0

Hence,
T,(f)20 = Plpf) =20 = ¢=0.

(4) If ¢, € H*, then p.A? C A? and,
T,T,(f) = P(of)P(ef)

</Kzu WdA(u /Kzu ()>

/K (6.0) f(w)dA()

u)
(9. 9) f(w)
/B(l—ZU)Q dA(u)

[ opf(u) "
‘/(1—zu> A

/ K (2 u)p (u)dA(w)
— P(dpf)
- T¢><p(f)~
(5) follows from (2) and (4) that is, by taking the adjoint,
TolF)TA(F) = To(F)TE(S)

= (TL.(HT5(f))
= (T,5()"
= T54(f)

and therefore, the proof is complete. O
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3. Algebra of Bloch Spaces

Definition 3.1. For 0 < a < oo, let H® be the space of holomorphic
functions f € H(B) satisfying

sup (1= [2]%)" £(2)] < oc. (31)

We abbreviate H* = H{® for a = 1.

The classical a—Bloch space, denoted as B“ is the space of holomorphic
functions F : B — C satisfying

1f e @ = sup (L= 121" £ ()] < oo (3.2)

Now we introduce four semi-norms of the Bloch type space (see [18])
for f € H(B) in what follows. To do this, let

17l = sup (1= =17)" 0721 (33
1l = s1p (1= 211)" RS (). (34
1 lucatn =502 16, ey (33

where Rf(z) = (0" f(2),2), f,(2) = f(zy) for z € B, |z| < 1, for
each y € B with norm ||y|[ = 1. We note that zf,(z) = Rf(zy).
The Mobius transforms of B are holomorphic mappings ¢,, a € B,

given by

0a(2) = (Pa + 5aQa) (ma(2)) , (3.6)
where s, = /1 — |la|]?, P.(z) = EZ’Z;a, Qo =1 — P, and m,(z) =
lf(;@. Define

17l = sup (1= 1=17)* [952)] (37)

where V = 0™ f o, (0) with . € Aut(B). We note that, by Lemma
3.5 of [1]

95 = p LIRS

v \/(1 — llPlwll? + [(w, 2)[?

Hence, we have

(1= [l 0™ f (2) (w)]

150 = supsup - (3.9)
veser \/(1 = [[2lP)|wl* + Kw, 2)]
Hence for o > 0, we have
B = {f EHB) : [|f]g. < +oo} . (3.10)

Proposition 3.1. Equipped with the norm || f||, = |f(0)[ + ||| 5.
for f € B*, the Bloch type space B* becomes a Banach space and
hence, a Banach algebra.

Proof, For any f, g € B* we have,
I fglla = 11fg(O)] + Slelg(l — 2P 1(f9) (=)l

= I79(O)ll + sup(1 - 1) 1(f'9)(2) + (£ ()l

< 17O g O + sup(t - 1219 (1F 9 + 19 ()l)
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= 17O g (Ol + sup(t - 1) 1 9 ()l + sup(l - 1) 19 ()l

< 17O g (O)lf + sup(t - 121 1L ()l 92
+sup(l - 1) 1 (2l 9 (2]l
= [FOgO+ [1f (o gl + 1 )l 9" ()] -

Definition 3.2 (The Little Bloch Space). We denote the class of
Bloch functions defined on B by B(B). The Bloch space is not
separable but there exists a separable subspace of the Bloch space
known as the little Bloch space.

We let C(B,,) be the space of continuous function on the closed
unit ball, and Cy(B,,) be closed subspace of C(B,,) consisting of those
functions that vanish on the boundary T,,.

The little Bloch space By(B) is the subspace of B(B) given by
those functions for which

lim ’Vf ‘
|z]—=1—
Since ‘? f(2)| is dense in B, the above condition means that the

function ’@f(z)‘ belongs to Co(B,,).

Now, if f € B(B) then 2*f € B for all z* € B. And, interchanging
the suprema, we have that

1flls@ = sup [[2"flls
flz*||I=1

where z* f(2) = (f(2), z).

The Bloch space possesses the following properties.

Definition 3.3 (Pointwise Multiplier on Bloch Spaces). From definition

1.8 number (5), a function f is called a pointwise multiplier of a
space B (B) if for every g € B(B) the pointwise product fg also
belongs to B (B). Thus, we denote a pointwise multiplier f of a
space B (B) by fB(B) C B(B).

Here, we consider the pointwise multiplier algebra of the Bloch
space. Throughout this section we use the following norm on B:

lgll = 1g(0)] +sup { (1 — |2I) [Vg(2)| : 2 € B}, g € B.
Proposition 3.2. For all f, g € B(B) and ¢ € H>(B), the following
properties hold.

(1) [[Map(HI = lal M (I,
(i1) [[Mag(Hl + Mg (N = lal M (I + 6] |M(f)]] and
(i) Mo, (N < M1l llp2llo

for all @1, € H* and a,b are constants. In particular, M, is a
Banach algebra.

Proof. Given that

IFC = [FO)] + ([
where || f(2)|| = sup (1 + |2]?) [V f(2)| for f € B, then (i) implies
zeB

[Mag(HIl = [(ap) £ (O)] + [[(ap) £ ()]
< lal o f O + lal llpf (2
< laf el (LFO) + LF (1)

= lal el 17 (2l
lal M (A

d
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(ii) follows immediately from (i). And now (iii) can be shown by
applying the close graph theorem as follows;

[ Moo (I = H1002£(0))] + llr02f (2)
< lleaeall (1A O+ £ ()1
< llprpello 1/ ()15

< Supllsol@zll I1£(2)ls
res 1f(2)llg
= |lerp2(lo

< el 2l - O

4. Algebra of Hardy Spaces

Definition 4.1. For 0 < p < oo and T,, a sphere of radius n which
is the boundary of B,,, the Hardy space H? consists of holomorphic
functions f in B,, such that

[ fII, = sup / | £(re®)[" dm(8) < oco. (4.1)
o<r<1JT,

Just as the Bergman kernel plays an essential role in the study of
Bergman spaces, two integral kernels are fundamental in the theory
of Hardy spaces; they are the Cauchy-Szego kernel,

1
Cs(z,€) = A= () (4.2)
and the (invariant) Poisson kernel,
_ A=)
P(z,8) = TR (4.3)

We note that, the Poisson kernel here is different from the associated
Poisson kernel when B,, is thought of as the unit ball in R?", unless
n = 1. Hence, if f belongs to the ball algebra, then

f(2) = / Co(2.6)F(E)du(€) (4.4)
f(z) = / Pz, €)£(€)du(€) (4.5)

n

F)P < / P(z.6) [f(©) du(€) (4.6)

forall z € B, and 0 < p < oo.

Theorem 4.1. If f and g are bounded on B and a, b are complex
numbers, then

1. Taf+bg = (le + ng;

2. Ty = T}, where T is the adjoint of 7
If further f is in H*, then

3. Tng = Tgf;

4. T5T, = Ty,

Proof: These properties follow easily from the definition of Toeplitz
operators and simple calculations with the inner product in H?
shows that: for all f,g € H? and a,b € B, (1) implies
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Taf + Tbg = Cs(af) + CS(bg)
- /B“f@dﬁ(g) + bg<(€)ndﬁ(£)

0= o 0= 0
N o(©)
s 1= Gay P w0 f = Gap?®
— aC.(f) +bC.(g)
:an+ng,
(2) =

~ T

Now, given that f,g € H*, then (3) implies

Tng = Cs(g)cs(f)
- / 90 ) / (lf(f)dﬂ(s)

0= (=8 BYEYOT
Y N 9
-/ T=Gap™ © [ Q- (e ®)
B f(©g(§)
-o [ 0= (e ®)
= 051052(gf)
= Cs(gf) (taken C4 C,, = Cy)
= Lgf-

Combining (2) and (3), (4) implies

5. Algebra of Spherical Functions

In this section, we consider the algebra of spherical functions. They
are the Gelfand pair analogue of characters on locally compact
Abelian groups. Let G be a locally compact group and K be a
compact subgroup. In the foremost, we do not require (G, K') to be
a Gelfand pair.

Definition 5.1. /17/,/16] A spherical measure for (G, K) is a non
zero Radon measure p on G such that

(1). p is K bi-invariant i.e. u(kyEk;") = p(E) for every Borel set
E C G, and
(2). frp(f) = / f(g)du(g) is an algebra homomorphism C,(K '\
G/K)—C, o
u(fi* f2) = p(fr)p(f). (5.1)

In other words, p is multiplicative linear functional on C,(K \

G/K).
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Definition 5.2. /8/ A Spherical function for (G, K) is a continuous
function ¢ : G — C such that the integral ¢(f) defined by

o) = [ Fa)ota d(a) (52
G
where p is a spherical measure on (G, K), is spherical for (G, K).
Then it is automatic that ¢ is bi-K-invariant and that ¢(1) = 1.

Remark 5.1. By a representation F : L' (K \ G/K) — C of G on
a Banach space H = L[* (K \ G/K) we define the homomorphism

f e Fy(f) = /G F(9)dlg™ ) du(9)

of G into the group of non-singular bounded operators B(#), with
the requirement that, for every f € H, the mapping

[ Fy(f)

of G into H is (strongly) continuous. For every compact set K C G
and every f € H the function Fy(f), g € K, is also compact and
bounded in H by (Banach-Steinhaus theorem) this shows that

o(g) = 1F(f) (5.3)
is bounded on every compact set, where ¢(g) is lower semi-continuous
on (G, and satisfies

?(9192) < (91)9(g2) (5.4)

for every two g1, go € K; such a function will be called a semi-norm

on G.

Proposition 5.2. Given a semi-norm ¢ and for every f € L' (K \ G/K),

with
1A, = /G 1F(9)] $(9)duco), (5.5)

L' (K \ G/K) is a topological algebra.

Proof: For all fi, fo € L' (K'\ G/K), (5.5) implies
IEy(f 2@ < I Ell 11 * @)
— 6(0) / o # falg)] dia(o)
G

— 6(9) /G /G (@) foly™'9)| dug)du(y)
< é(g) /G /G A1) [ foly™'9)]| dia(o)duly)

— 60 1:(9)] /G | faly0)| du(y)
— s Al 1fe]

Hence,

1fr* Fally < [l fillg 121l - (5.6)

To this end, the space C, (K \ G/K) of absolutely integrable functions
with respect to ¢(g)ducg(g) can be considered in a natural way as a
complete normed algebra under the convolution product. Of course,
L'(G) is everywhere dense in C. (K \ G/K) by the definition of
integrable functions.

The norm

1l = /G ()] de

Volume - 3 Issue - 2

Citation: Egwe, M. E. (2025). A Note on Some Classes of Function Algebras. J Theor Phys Math, 3(2), 1-24.

Page 15 of 24


https://www.wecmelive.com/

Journal of Theoretical Physics & Mathematics Research Copyright © M E Egwe

turns the group algebra into a normed vector space. Owing to the
additional property

Lo foll < LAl
The algebra C#(G) is a closed subalgebra. O

6. Algebra of Lie Pseudogroups

Here, we shall follow [19] introduce Lie pseudogroups and their Lie
algebras.

Definition 6.1. Let M be a smooth manifold and let G be a collection
of diffeomorphisms of open subsets of M into M. G is called a

pseudogroup if the following hold:

(1) G is closed under restriction: if f € G and U is a domain of f,
then f|y € G for any open V C U.

(2) if f: U — M is a diffeomorphism, U = UU,, and f|y, € G,
then f € G.
(3) G is closed under inverse: if f € G, then f~1 € G.

(4) G is closed under composition: f:U — M and g: f(U) - M
both belong to G, then go f € G.

(5) The identity diffecomorphism M — M belongs to G.

By J"(M) we denote the manifold of all n—jets of all diffeomorphisms

of open subsets of M into M. By J"G we denote the set of all n—jets
of all diffeomorphisms belonging to G.

Definition 6.2. A pseudogroup G is a Lie pseudogroup if there
exists an integer n > 0, called the order of G, such that

(1) The set J"G is a smooth submanifold of J"(M).

(2) A diffeomorphism f : U — M belongs to G if and only if
[f], € "G forallpe U.

The submanifold J"G of a Lie pseudogroup G is called a system
of Partial Differential Equations defining G.
A pseudogroup G is transitive if for any p;, po in M there exists

f € G such that f(p1) = p2.

6.1 Lie Algebra of Pseudogroups

Let G be a Lie pseudogroup acting on manifold M, 8 a vector field
in M, and let ¢, be the flow of 5. The vector field 5 is G—vector
field if its flow consists of diffeomorphisms belonging to G, that is
B € g for all t.

Proposition 6.1. The set of all G—vector fields is a Lie subalgebra
in the Lie algebra of all vector fields in M.

Thus, the following hold:
(1) Suppose f; and By are vector fields in M. Then
187, B3] = [Br, Ba]" -
(2) A vector field 5y in M is a G—vector field if and only if the
vector field 8" is tangent to the equation J"G.

The statement of the proposition follows from these facts.
The Lie algebra of all G—vector fields is called the Lie algebra of
G. We denote it by &.

Proof: The proof can be would have been completed if we can
establish the following lemmas.
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Lemma 6.2. Suppose 3, and (35 are vector fields in M. Then

[5?753] = [517@]“-

Proof. Let py; be the flow of the vector field 51 in M and let g
be the flow of the vector field B, in M. Then the flow ¢} is defined

in J"(M) by the formula
Bt = vu (Iflp,) = lewlfiny - (715, = lpreo T,

and
85 = (If15.) = leal iy - (£, = L2 0 115,

then by induction when n = 1, we have

(51, Ba] = [%t ([ﬁpl) » Pat ([f]m)}
= [[ﬁplt]f(pl) : [f}pl ) [‘P%]f(m) : [ﬂm}

= [[90115 © f}pl  pat 0 f]m}
= [pu o f]pl 2 0 f}m — a0 f]m [p1e 0 f]pl

= P12 — Pafr.
When n = 2, we have
48[ 1) o <w )
= [l - 17T, loal}my - [F12]
{Wlt a0 f]2 ]

= [pu o f]pl [902:5 f] — a0 f]m [p1e 0 f]2

= (g1 © fly, lew o Fly, = Lo Fly oo )

= (B2 — Bafr)’?
=81, 82"

Now, when n = n + 1 we have
[, = [on (1 ) o ()]
= (a5 U Toad i - U]
[%tof <P2t°f]32+1]
= [pr o [T [par o fIF = o o fIn 10 10
= (lowo Ml leuo 1)) = (oo flulono fl,)"

= (B162)"" = (BafB)"
= [1, BT

Since this is true forn = 1, n = 2 and n = n+1, it is therefore true

for all n. O
The antisymmetric property of the Lie algebra follows directly

from the following;:

Lemma 6.3. Suppose 3, 51, (8o are vector fields in M, for all p, p1, ps €
M, then

(1) [B,8] =0 and
(2) [B1, Ba] = — B2, Bu]-
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Proof. (1). Let ¢; be the flow of 8™ in M with ¢, defined in J"(M)
as

e (If1) = edig - Uy = levo 17
for all p € M. Then [5", "] implies
o (11) e (1) ] = [feeo A1 Luo £
= [eto fl, [eeo fl, = pro [l lpro 1,
[SOJ [ } [Sﬁt]f(p) [f]" - [Sot}?(p) ) [f}Z [Sﬁt]?(p) : [f]z
el 76, [ = ledio U1
[

el (113 = F") = ey -0 =0,

(2). We have

[ow (1£,) e (1973,

= [lreo £15, om0 113

= [pu 0 f]zl 2 © f]:z — [pac 0 f];z [p1¢ 0 f]zl

= (lero fl,, leao fl,, = o fly, e f1,,)"

= [‘Plt]?(m) [f];l [‘Pzt];(m) [f];z - [80%]?(192) [f]zz [Solt]?(pl) [f];l [‘P%]?(m) [f];z
== [<P2tw(p2) [f];; [SDM]?(M) [f]zl [902t]?(p2) [f]n [Splt]n( 1) [f]zl [802t]?(p2) [f]ZQ

= = (1l Ul 007y L1, [0y LT = (01407 LT, Ly 1)
— (Lpzt o f13, lre o Iy, = leweo S5, Lo o 117,

= _ (go% ([f] ) V1t ([f] ) Pt (V]Zl) Pat ([f]Z2))
_ [4)0% ([ﬂpz) , P1t ([ﬁzl)} .

Hence7 [5?7 /Bg] - - [537 ﬁ{b] U
Next, let us show that the Jacobi identity also holds.

Lemma 6.4. Suppose 31, B2 and B3 are vector fields in M. Then
187, (182, Bs]] + B3, 183, Br]] + B3, 16T, Bz]] = 0.

Proof. Let ¢1; be the flow of 51 in M, 9 the flow of 55 in M and
3 the flow of B3 in M, where the flows 14, @2, and s, are defined
in J"(M) respectively by the formulae

81 = o (If15,) = lenlfpn - (115, = loneo I

and

85 = ou (1/13,) = ool - Ty, = loaeo S,

and

85 = s (1115,) = lead i - (£, = lparo £,
for all py,pa,ps € M. Then By, B, Bs]] implies
[[4,0115 © f}zl ) [[‘P% o f];; st 0 f]n H

= [l 3 om0 £13 s o f1i — ipse © Flp Lo o F13 ]

= [puo f]Zl (20 © f]zz (3t 0 f} — [pat 0 f] ps 2 © f]m [p1: 0 f]zl
= [SOM]}L(M) ) [f]pl [@%] f(p2) [f]pz [903t]f(p3) [ ]

- [SDBt]?(pS;) ) [f]m [‘P?t} fp2) [f]m [Wlt]f(pl f }
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At the same time, [Bs, s, £1]] implies
[i02c 0 115, [lowe o flp  owe o £13 ]
= [lpao 15, s o 1, oo £12, = loweo £l s o £17 ]
= [par 0 f]ZQ [t © f];; [p1¢ 0 f]Zl —lp1o f];l [t © f}; 2t © f]ZQ

= [SOQt]?(pQ) [f]zz [‘Pst]?(m) [f];;3 [@u]?(pl) [f];l
- [Splt]}b(pl) [f]zl [Wst]?(pS) [f]n [‘PZt]?(pQ) [f];z

= [l [0} ) [Pl - (U113 L, 11T )

| (L, LT 1117,
= [l 02l 215y - (/T3 LA, LT
= 1l 0y [P2t) ) [03t) 70y - O

And lastly [83, [87, B2]] implies
[[%03t © ﬂ;:) ) [[SDU o f];l s [par 0 f];”
= [lpse o 115, Lowe o f15, Tome o 15, — om0 £, [owe o f13]
= [pai 0 f]ZS [p11 0 f]zl 2 © f]Z2 — [pae o f]ZQ [p1e 0 f}zl 3t © f];s
= [803t]?(p3) [f]zg [‘Plt]}l(m) [f];l [‘Pzt]?(m) [f]ZQ
- [‘P%]}L(pz) [f]ZQ [Sﬁlt];(m) [f]n [@31&]?@3) [f]Zg

= [903t] f(ps) [%0115] flp1) [<P2t]f(p2) ) ([f}zg, [f];ll [f]zg)
2R R e (V8 m;; m;;)

(U

- [%f’lt] f(p1) [¢2t}f(p2) <P3t ( )
(U,
0=

] )
= leulin P2l [Pl ) -
] )

= 0.

= [301t] fp )[SDQt] f(p2) 903t f(m

= pu] — U1y, L1, 110,

n

flp [<‘02t] f(p2) (’OSt f(P3
[Sﬁu]? [902t] F(p2) [‘Pst]f(pg 0.

p

e

Hence,

[B1, (B2, B3]] + [B2, [B3, Bul] + [Bs, [Br, Bo]] = 0. O
From th

foregoing proposition 6.3 is established.

7. The Colom Beau Algebra

Distributions (see [4],[14], [10]) are presented by means of certain
regularizations with model delta nets, that is they will be considered

as parametrized families (f * ¢),.7 where Zy is a subspace of

{gzﬁ € D(R"): o(t)dt = 1} .
R?’L
The main focus naturally, will be on the subfamilies

(fe)e = (f * @) eso

o(t) = €0 (i) .

To make the later differential-algebraic constructions work, we need
to introduce an evaluation on the set of parameter.

Definition 7.1. Let ¢ € D(R"™) be a test function, we define the
parameter Z = (0,1) as follows:

with ¢. given by
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I(R") = {¢ €DE"): | ol = 1} (7.1)

" I(R") = {¢> € D(R"): /n t%p(t)dt = 0} (7.2)

for all |a] > 1, where t = (t1,...,t,) € R", a = (1,0, -+, 0,) €
N" and t* = (t1)* - - - (t,)*". This parameter is called a mollifier.

We have stated that for € > 0, ¢.(t) = S ¢(+). Now, if ¢(t) > 0,

then supp(¢.(t)) = B (0, ¢€), that is

1 ¢
[otva= [ Zoha
1

=— [ €"¢(x)dx
€ R

= ¢(z)de =1 = o(t)dt.
R™ Rn

Here we have used the change of variable t = ex and dt = €"dx. ¢.

Definition 7.2. We define
£ (R") = (€= ()™
={f:Z(R") —»C>([R")}

as the set of all C**—functions in ¢ for each fixed ¢ € Z (R").

Definition 7.3. The subset &y, (R™) of all (f * ¢.), = (fo), € € (R")
such that: For all compact subsets K of R", for all a € N there
exists N € N such that the seminorm

pn(f) = sup 0 fe(t) = O (¢7Y) <ce™™ (7.3)

as € — 0 holds, where ¢ > 0 and ¢ € Z(R"). The elements of
Ev (R™) are called moderate. They also constitute a differential
algebra.

Definition 7.4. The set N (R") of all (f.). € £(R") with the
property that: For all compact subset K of R", oo € Nj} there exists
m € N such that the seminorm

Pm(f) = sup 0% fe(t)] = O (") < ce™ (7.4)

as € — 0 holds, where ¢ > 0 and ¢ € Z (R™). The elements of N (R")
are called neutral function and tends to zero faster than any power
of € when evaluated at ¢. with ¢ € Z (R™) large enough. Clearly,
N (R™) is a subalgebra closed under differentiation and it is an ideal
of &y (R™).

Definition 7.5. The algebra of generalized functions of Colombeau,
denoted by G(R") (or G), is the quotient algebra

G(R") = &,(R")/N(R™). (7.5)
We remark that

e if f is a generalized function in G(R™) then

f=(fxd) +NR")
= (f). + N (R")

, where (f.), € &, (R") is a representative of f.
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e Also, if f =g in G(R") then
(f %) = (g% &) = (fo) — (96). € N(R")

where, (f)., (ge), are representatives of f, g respectively.

Lemma 7.1. G(R") is an associative and a commutative algebra
with identity.

Proof. For all f,g € G (R"), we have

f3(e) = ((f * ¢o), + )'((g*¢)+/\f)
=(f*¢e). - (g% ¢e)
((fg) = ¢e)
(
(

egé)
f)e (ge)e + N
(9).

It is obvious that 9*&,,(R") C &,,(R™) and 9°N (R") C N (R"), for
all . Therefore, we can define

<

0" :GR") = GR") : f s 0°f (7.6)
where,
f = 0% (f * ¢) + N(R")
=0%f x ¢ + N(R").
It follows that 0% is linear, and satisfies Leibniz’s rule of product
derivatives. O

Lemma 7.2. C°(R") is included in £, (R™) as a linear subspace, not
a subalgebra. Consequently, C° (R™) is not a subalgebra of G (R"),
either.

Proof. In general, for all f, g € C°(R") we have
(F+60(gx00 = [ 10ode—aat | st -aa

— d
[ e [ awol

[ s+ enowiy [ ot + oty

1 t—x t—x

)dt

€

+ . f+ey)gt+ey) o(y)dy

Ja(t + ey)o(y)dy

RTL
= fg* ¢
Another issue that arise here is that, if f € C°(R"), we can show

that f; — fo € N (R"), so both f; and f, are representatives of
f € C®(R™). For convenience, we will show this in the case n = 1.
Indeed, we have

(h-R)ow =10~ [ ru+oe

Therefore, one gets

(fl f2> /f t+ey)o

Since f € C* (R), we can apply Taylor’s formula up to order 1 to f
at the point y, and we get

Volume - 3 Issue - 2

Citation: Egwe, M. E. (2025). A Note on Some Classes of Function Algebras. J Theor Phys Math, 3(2), 1-24.
g (2025) J v (2 Page 21 of 24



https://www.wecmelive.com/

Journal of Theoretical Physics & Mathematics Research Copyright © M E Egwe

)1+1

Fttey) — £ = (@)r () + a5 (1 4+ oey)

141
2
= (ey) '(t) + L0 (¢ + bey)
= (ey) f'(t) + € *&f (t + Oey)
where 0 < # < 1. Hence, for arbitrary compact K and ¢ € Z, we

have
(fi-f)o.)=0()

as € — 0, uniformly on K and m = 1.
Also, applying Taylor’s formula up to order m to f at the point
Y, we obtain

Flttre)— 1) =3 Daw 1 cmm Vg0 1 4 gey)

=t (k + 1)
_ Z (EZ'?J) af(k) (t) + emtl (];y—i_ 1) f(k-‘rl (t + Oey)
k=1 '

where 0 < 6 < 1. Therefore for arbitrary KX C R and for all m € N,

we have o

(= 72) oty = 0 ()
as € — 0 uniformly on K and ¢ € Z. This agrees with definition 7.4
for |a| < m. This fact also holds for the estimate 0 (fl - ﬁ) be (1),
sofi—fpe N(RY). O

7.1 £ (R™) Embedded in the Colombeau Generalized Functions

LY (R™) € D' (R™) in the distribution theory and hence, £! (R™) —functions
are tempered distributions. So, to f € £! (R"), there corresponds
an element in G (R"), denoted by f + N where f € £ (R"). Now,

can we express f in term of f more clearly. In fact, we can do as
follows:

Fro(t) = (f(x), oz — 1))

since f € L' (R™). So, we have f+N as the corresponding element of
f € L' (R™). However, we cannot conclude from this that f+ A, €
g, (R").

Since f € L' (R"), so the function g, where

= /too f(z)dx

t € R™ is continuous on R". To this end,

o1 = | [ sws] < [ 1rlas =151

for all t € R™.
Hence, g € C;(R"). I

where

R"), g is assigned with g + N (R"),

n G, (
g*o(t) = /Rn g(t + z)o(x)dz.
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It implies that f belongs to G, (R™), and it is assigned with 0g +
N, (R™). Therefore, f is assigned with the element

o ([ ([ ) otwras ) + a7 .

Now, we notice that ¢ € Z and f € £! (R"), we obtain

/. (/; ry) oteris = [~ ([ sty otoyas
- [ ([ sst+aa) an

and the inner integral as the function of y is in £ (R™) (N C> (R").
it follows that

/r: </::z f(y)dy) o(x)dr = /Z o(2)f(t + z)da.

Therefore, f is assigned with the element

Rnﬂt+@¢@mx+Aﬁ
in G, (R™). It also shows us that in G (R"), the function f € £' (R")
is assigned with the element

. f(t+z)p(z)dr + N.

Now, we will use the results above to study the relationship
between the integral of f € £'(R") in the usual sense and the
one in the sense of tempered generalized function.

Lemma 7.3. The topology of G (R™) is the topology it inherited as
an embedding image of £' (R").

Proof. It suffices to. show that for all f € G (R™), such that f=
f + N (R™), where f is the representative of f in &y (R"), for all
¢ € Z(R"), and € small enough we have
[Fxom] . < el
M

To this end, we have

|7xo.0],, =| [ ro -

Ms/n f(t)lcb(t_ex)‘dt

en
1+ ) o) dy

IN

IN

el=nl . nl . |f(x+ey)| |o(y)| dy

A

<c | |flz+ey)ldy
RTL

<c|fller-

Therefore,

[Froa0], =0 <elfil

Em
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which means f € N (R") for all n € N.
Also, if

fo+N=fi+N = (f+/\/) (G+N)
where f and § are representatives of f and ¢ in &y (R™) we have

|(F9) <o) =|(73) *oc0)

g]p[ EZVI
= [[(7<0.) @ x 0.
Em
< |[Fre)|, g xomle,
M

< lfllz g * @e®)lg,,

< e[| fllzr lgll o

< Clflle gl s
where we have taking c;co = C, for all ¢ € Z(R"), 0 < e < 1 and
teR*. O
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