(‘\: CME LIVE International Journal of

OPEN ACCESS Nuclear Science

Research Article

Application of Boundary Functionals of Random Processes to
Aerosol Coagulation

V. V. Ryazanov*

Institute for Nuclear Research, pr. Nauki, 47 Kiev, Ukraine.

Corresponding Author: V. V. Ryazanov, Institute for

Nuclear Research, pr. Nauki, 47 Kiev, Ukraine.

Received: g 2025 Nov 25 Accepted: g 2025 Dec 14 Published: & 2025 Dec 26

Abstract

A new approach to describing aerosol behavior is proposed. Boundary functionals of random process theory are applied to
describe the behavior of aerosol concentrations during coagulation. It is shown that considering the first-passage time of
a given aerosol concentration level corresponds to experimental results for the time dependence of aerosol concentration.
Probabilities for aerosol concentrations to attain specific values are obtained, as well as expressions for average aerosol
concentrations.
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1. Introduction

Stochastic models can describe the evolution of aerosol systems, including the number and size of clusters, as they combine
over time. For example, a birth-and-death formalism can be used to model the number of aerosol clusters. So, the birth and-
death model leads to the kinetic equation of coagulation in the form

oP(t, (X))ot = (1U2)Y,,, W(ij) [(X,+1)(X, +1)P(X, +1LX, +1LX,, -1) = XX, P(z, [X])]+
+(1/2)3 w (i) [(X,+2)(X,.+1)P(Xi+2, X, -1) = X, (X, -1)P(s, [X])], (1)

where P(t,X1,X>,..,Xn,...) is the probability to find X; particles (clusters) having the size i (i=1,2,...) in the time t; W(ij) is
the coagulation probability per time unit of the particles i and j (containing, in general, the factor L3, where L is the
size of a system). From equation (1) in the Smoluchowski coagulation equation was obtained [1,2]. The stochastic
description of the coagulation process was performed in papers like and other [2-13]. Many stochastic studies of
aerosol systems are heuristic in nature. For example, in the works a distribution was obtained that was later
"rediscovered" by mathematicians [6-8].

In the theory of random processes, boundary functionals associated with the process reaching its boundaries (i.e., functionals
from selective trajectories associated with the exit of these trajectories beyond certain boundaries) occupy an important
place. These include the first-passage time (FPT), process extrema, moments of reaching extrema, time spent above the
level, moments of process return to a certain region, and other functionals with physical meaning. Thus, the first-passage
time is widely used in the study of various physical, chemical, biological, and economic problems [14]. Examples of the
application of other boundary functionals can be found in [15]. Aerosol coagulation is described by equations with complex
and cumbersome solutions [16,17]. Additional hypotheses are put forward, such as the possibility of an anomalously large
particle, not described by the Smoluchowski equation, whose size immediately goes to infinity and whose concentration
is infinitesimally small. This article provides a general outline of the potential application of boundary functionals to the
description of aerosol behavior. Simple stochastic coagulation models (e.g., a constant coagulation constant) are used.
However, agreement with the results of [34]. is obtained. Only two examples of boundary functionals are considered, of
which there are many more. This is primarily due to the behavioral characteristics of the quantity under consideration,
the aerosol concentration, and its decrease over time. This analysis represents an original, previously unused approach
to describing aerosols, and is independent of many papers on aerosol coagulation kinetics, such as those cited in [16,17].
Section 2 introduces the stochastic model used in the article. Section 3 characterizes the boundary functionals. Section 4
demonstrates the application of boundary functionals to the description of aerosols. Section 5 concludes the article.
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2. Stochastic Storage Model And The Smoluchowski Equation

In this article, random processes for the aerosol concentration n(t) and the ratio &(t)=n(t)/ne, no=n(t=0) are
considered. It is also possible to consider other characteristics of aerosols: their size, coagulation coefficient, fractal
properties, etc. Since aerosol particles combine during coagulation, the particle concentration n(t) and &(t) are non-
increasing processes. In the article [37], a non-decreasing random process for the activity K(t) was considered.
Here, the situation is the opposite. In the terminology of [18,19], such processes are called semi-continuous from
above and below [18,19]. In this case, restrictions are imposed on the boundary functionals. Thus, for n(t) and &(t)
there are no return moments and time spent above the level: the moments z'(u) = inf{ > z(x), R(z) > 0}, which is the

moments of return of the process r(:) after bankruptcy (r()<0) to the half-plane 11" = {y > 0}, where Rr() is the reserve
risk process, which takes the form: R()=u+cr-S@), where u is initial value, ¢>0 is constant premium rate,

S(t):Z?;@, P{g #0}=1, represent the amounts of payments (claims), in the risk theory [19-21], time spent above the level
coincides with FPT, etc [19-21]. The stochastic storage process is described by the equation

dX(t) _d4
e di

where x(r) is a random variable of the stock in the system, d4(r)/d: is a random rate of stock entry into the system,
r[X(@)] is the exit rate [22-29]. The exit rate takes into account the singularity at zero: r[x()=r(X(T)-r(0+)z,,;

r X1, )

7. =1 ar x =0, . This is due to the fact that the storage model (2) is defined for non-negative values of x()>0, and the
exit from an empty system must be zero. The function ,[x(s)] can be chosen arbitrarily. The entry function A4(x) can be
described by various classes of random processes. In [22,24], the entry rate is characterized by a Levy process with
non-decreasing trajectories and zero drift [22,24]. Brownian motion and the Poisson process also belong to Levy
processes. Stochastic storage processes were applied to the description of aerosol coagulation in [2,10]. The Laplace
transform E(exp{—0A(t)}) of the entry function A(¢) is associated with the function, ¢(8) the so-called cumulant (or
SCGF (11)) of a process A(¢) of the form:

E(exp{-0A(t)}) = exp{—tp(0)} = Ie"""k(x, Hdx; @)= T(l —exp{—-)Ag(x)dx, ()
0 0

A d 1 d
hpty < p=fste=BGH =GR s = [rear= B

where E(...) denotes averaging, k(x,r)=P(x < A(t) < x+dx) is the probability density function of the random variable A4(),
2 is the intensity of the input flow, and the density function 2(») describes the magnitude of the jumps in the inflows.
In representation (3), the input process corresponds to a jump-like generalized Poisson process, where inflows
occur at random moments in time in randomly sized portions. If we use the analogy with a reservoir and the water
supply in it, then the quantity 1 describes the intensity of Poisson random jumps, moments in time when water
inflows into the system occur. The density function g(y)=P(y<m<y+dy) describes the random amount of water m
entering the reservoir in one jump, with an average of ul. Another approach to the stochastic storage model was
proposed by Zakusilo [29]. This approach is based on the observation that processes of type (2) fit into the general
scheme of dynamic systems subject to the additive effect of process A(t). This definition and some properties of the
storage process are given by Zakusilo [29]. Truncated storage process is considered, taking values from a certain
compact set [0, a], and the average times for reaching the lower level by inventory storage processes are investigated.

The approach proposed by Zakusilo [29] extends the applicability of storage processes [29]. It directly links storage
processes to dynamic systems and replaces the most commonly used random disturbances in the form of white noise
with more general generalized Poisson processes.£()) Let us define the function in explicit form of an exponential
distribution:
gx)=pe™, u>0, @O)=10/(u+0). “4)
If y=1, then p=A.

Let's compare the stochastic storage model (2) with the dynamics of aerosol coagulation. Consider a simplified
model of the Smoluchowski kinetic equation of coagulation for an aerosol concentration n(m,t) of mass m of the
form:
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DAL _ L K (= m, (o, o =y e, = o) [ K o o, Y, (5)
dt 270 0

where m is the mass of the aerosol particle, K is the coagulation constant. We use the expression for the asymptotic
solution at K=const in which

—m/m
= S=C1+0.5Kn~ L (6)
(m) n n, 2

n(m) =

Equation (5) is comparable with the storage model equation (2) with the output function r(n)=bn, n(t)=X(t). If we
consider equation (5) as an equation for the average value of concentration, then at K=const it can be compared with
the average value of equation (2) and substituting (6) into (5) atc = n, it can be written in the form:

dn m,t 1 ¢ 1 cZe—m/pﬁ
LOL) — a1, p = [ Ko = m aon om = m i, = K e

dt

m, (7)

b= J-: K(m,m n(m,)dm, = Kc/m=Kn=Kn,/(1+0.5Knyt), m = <
n

In the storage model (2), the parameters p and b are independent of time. The time dependence in (7) can be
eliminated by, for example, setting t to some average value <t>. Or by averaging over time in the interval T-ty. Then

_ 1+0.5Kn,T
b :rbdt/(T—to)=21nM/(T—to),
o (1+0.5Kn,t,)
b= m [ (1+05/n, ) 1 " 2 +i)_
(T -t,) m(1+0.5Kn,T)"  m’(1+0.5Kn,T) m’ ®)
—m/(1+0.5 Knyt, l 2 2
o (1+05Kn o) 3)]

+ e
m(1+0.5Knt,)*  m’>(1+0.5Kn,t,) m

For storage process (2) with output function r(n)=bn the Laplace transform of the solution Eq. (7), random variable
X(t)=B(t) from (2), (3) has the form:

F,(e”,1)= E(e”"|B(0)= B,) = exp{-0B,e " - 1 j(:[l —W(Ge™)]du}, W(O) = j: exp{-0xig(x)dx . (9)

For the Laplace transform of the stationary probability density of the random variable X, we obtain that:

In F(exp{x}) = — jo"‘(go(u) Juydu ! b;  A(x) = (B(x)) = p(~x) / b(~x);
F(A)= p-bA(x)=dAlde; At)=exp{-bty(4,~A,)+ A, A,=plb- (10)

3. Boundary Functionals
The characteristic function of a homogeneous process &(7), ¢ >0 is determined in the theory of random processes (for
£(0)=0) by the relation [18,19,31,32]:

Eel®® — J“” U dF(x) = e, 120, 11

where F(x)= P(& < x) is the distribution function of a random process &(¢), ¢>0, and the function w(a) represents the
scaled cumulant generating function (SCGF) (or simply cumulant) of the process &(¢), ¢t >0. The SCGF do not depend
on t and characterize all finite-dimensional distributions of the process. If for a process &(¢), ¢ >0, the function y(«) at
ia =r is equal to s, then we obtain the equation:

()|, = k() =5, +Rer>0. (12)

ia=r"

This equation, in risk theory is referred to as the fundamental Lundberg equation [19-21]. This equation has two
roots; r, =—p_(s), n(s)=p,(s)>0. Knowledge of roots p (s), p,(s) is important for the study of boundary functionals.

3.1. The Forms of Boundary Functionals
For certain functionals of the random process &(t), definitions are provided in Refs [19,20]. These include:

7(x) =1inf{¢: £(¢) > x}, x>0 is the moment of the first exit for the level x; (13)
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y(x) = &(z(x)) - x is first overjump over x;
¢* =sup,__.(inH)¢(r) represents the absolute extremes of the process ¢(1), etc.
In risk theory, z(u) is defined as the ruin time. In physics, this is called the first-passage time (FPT) [14]. We can
consider the moment when the value of &(t) reaches zero, which represents the moment of degeneracy or the end of
the period of existence. This is because in physics problems, the reaching of zero by a given process is often referred
to as the end of the period of existence, of the lifetime of the quantity described by this process, or the FPT of the zero
level.

3.2. The Expressions for FPT
In the works an expression for the moment generating function (MGF) of FPT (x) (13) of the form

T(s,x) = E[e ", 7(x) < ] was obtained [19,20,32]:

T(s,x) = E[e*™,z(x) <] =™, x>0, (14)
Oln E[e™™™  r(x) <] E[r(x)e™™, 7(x) < op, (s
Elr(o)s1= - B ) <on]_ Ble@e ™ el <] _ 3p.(5)
Os Ele , T(x) < 0] os

Exact solutions for the first-passage time of the storage model (2) are found only for a small number of cases. One of them is
considered in the article by Zakusilo [29], when for process (2) r(x)=bx, and v(x,oo):J':/lg(x)dx =hetx, >0, u>0, v>0, Egs. (3),
(4), (7). However, solutions of linear equations of the form dX(t)=-bX(t)dt+dA(t) describe a whole series of real processes
[28]. If v(x,0)=Ae™y for x>0, then:

s s+A4 » dz s s+A ® dz
q)(s;x,y)zF(Z, +1,x,u)'|.w s s+ EG +1’y#)jw s s+ A
FZ(E, b +1,2)p(2) ' Fz(g, b +L2)p(2)
S+A
p(x) e “x*# ] . (D(S;x:y) = Exeiv(” (15)

Here F(a,b,x) is the Kummer function, which has the representation [33]:

w ala+1)..(a+k-1) i
“pb+1)..(b+k—1) k!

F(a,b,x)=1+Y
x is the initial value of the random process; y is the level of achievement.

If expression (15) is compared with formula (14), then the dependence p,(s) can be determined. Figure 1 shows a
comparison of the functions p, (s) obtained in this way from equations (15), (14), Fig. 1a, (in our case p,(s=0)=0 and
T(s =0,x) = E[z(x) <] =1) and from the Lundberg equation (12), where k(r) is used as the function In F(exp{x =r}) from
expression (10), Fig. 1b. It is evident that the behavior of these functions is qualitatively identical, but quantitatively
different. The results obtained for the mean values from expressions (14) and (15) also differ. This is due to the fact
that expression (14) involves a conditional probability given z(x) <, while in expression (15) the mean value is
determined given the initial value x of the random process. Expression (15) is not used below.

'y &

104 307 =
] (@) p+(s) from (15) ~ (b) p+*(s) from (10),(12)//
£ s E
E 4 ..E_ 15
A =
E 1 / 5. 18 /
o m1 o1
3 02 04 06 08 1 g 0.2 0.4 06 06 T
S s

Figure 1: Comparison of Functions p (sy) Obtained from Relations (15) and (14), Fig. 1a, with p (s) the
Obtained Solution of the Lundberg Equation (12) with the Cumulant k(r) from Expression (10)
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3.3. The Solution of the Lundberg Equation
As a function k(r) in (12), taking into account expression (11) at t=1, we use expressions of the form In F(exp{x=r})

from relations (9) and (10). In order for expression (9) to correspond to definition (11), we average it over time by
performing the operation InF(r)= J.XrlnF(r,l)dt/(T—tO), as in (8). We obtain

_ T
In F(r) = k(r) = re " + L 120 T4 (16)
b 1-r/u
For T — o we have the stationary case (10). For (10) the solution of Lundberg equation (12) is:
p.(s)=p(l—e""). (17)

There is no negative root in this case. It can be obtained from expression (16) by expanding the second term on the
right-hand side of (16) in a series, restricting ourselves to the quadratic term, and solving the quadratic equation:

p.(s)= b3[1/1 +524°b | Ab*, 1= su’b | Ab*,, p_(s)= bS[‘/l +s2u°b | Ab%, +1], (18)

s>0, b, =e " p(nyb i/ A +1/bT).

4. Boundary Functionals in Aerosol Theory
4.1. First Passage Time

As in (13), we denote 7(y) the moment of the first achievement of the process &(t) of the level y=ny(t)/no or ny(t).
From (14) and (17) we obtain

<7(y,5) >=—0mE[e”™ "]/ 8s = (ub | 1)e"'*y . (19)

Dependences on s in the range s=0,..,0.05 at y=0.5 and on y in the range y=0,..,1 at s=0 are shown in Fig. 2 a,b. We
consider the process for  &(t)=ny(t)/ne. The  parameters used in the calculations are
m =30, m(t=1160)=30, m(T =10°)=2501,n,=10°, T =10, u=258, p=222-10°/T, b=78/T, b/A=1355,

p.(s)=28.51—-e"), <7*(y,5 =0>=3495.9y, where b, 1 = pu given in (7), (8).

We use on Fig. 2c¢ relation (14), where the expression for p,(s) of the form (17) with parameters
m=18.6, m(t=704)=18.6, m(T =10") = 2501, n, =10°, T=10°, u=10, p=573-10"/T, bh=78/T, b/i=1355,
p,(s)=10(1-¢"**) (compared to Fig. 2 a,b parameter u changed from 25.8 to 10, parameter m - from 30 to 18.6).
Then, <z*(y,s =0>=1355y. In Fig. 2c shows the behavior of the quantity 10°/y, y=n(), from <7(10°/y,s =0> where
<7(10°/ y,s =0 > is the time of first reaching the level 10°/ y, corresponds to time t. Let's compare this figure with Fig.
71 for the kinetics of thermal coagulation from the book (Fig. 2 d) [34]. Time to reach the level 10°/y, y=n(¢), the
value <7*(10°/ y,s =0 > corresponds to the usual coagulation time t, which is plotted along the abscissa axis in Fig. 71

(Fig. 2 d) [34]. In this case we obtain Fig. 2c. This Fig. 2c almost completely coincides with Fig. 71 from the book, Fig.
2 d (the angle of inclination is slightly different; in Fig. 2c the time is in seconds, and 6000 sec = 100 minutes) [34].

. .

=r 13563 .
16631 (@ <t(y,s> cocs| (b) <1 (y,5=0)> //

1.4E3

25634
1.2E3
1E3 2E3
8004 1.563
600
1E3
400 \\\\\\ ””,f’
20U e / 1

o T T T T 18 o T T T T n
0 0.01 0.02 0.03 0.04 0.05 0 02 0.4 0.6 0.8 1

=0)>

<1(y,5>
|
<THy. S
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as] (€)  1ly from <t (10%6)/y.5=0)> /

2.::- /
// i 20 & 60 80 100

1E3 2F3 3E3 4E3 SE3 6E3 7E3 t; minute
<1 (104(6)y,s=0)>

104B)fy

1
n
S
y=n(t), <1 (10°(6)ly,s=0)>=t -~ &F
3
2
7
0

Fig. 71. Kinetics of thermal coagulation. (d)

Figure 2: Dependences of Average Values of FPT<+(,.s)> from Expressions (17), (19) on s in s=0,..,,0.05 at
y=n(t)/ne=0.5, Fig. 2a, and on y=n(t)/ne in y=0,.,1 at s=0, Fig. 2b; =30, m(=1160)=30, m(T =10°)=2501,
n=10°, T=10°, y=258, p=222-10°/T, b=78/T, b/A=1355, p,(s)=285(1-¢"%), <r'(y,s=0>=34959y. The Behavior of the
Dependence 10°/y, y=n¢) (but not n(t)/ne) on <z10°/y,s=0>, Obtained from Expressions (14), (17) at s=0, is
Shown in Fig. 2c¢; m=186, m(t=704)=18.6, m(T =10°)=2501, n,=10°, T=10°, u=10, p=573-10°/T, 5=78/T» 5/ZI=1355
p.(s)=1001-¢">*); Fig. 2d Copied from Fig. 71 (Fuchs, 1964)

In Fig. 2b, the increase in value <z(y,s=0> coincides with a decrease in time t. And in Fig. 2c, the increase in the
average value <z(10°/y,s=0> coincides with an increase in time t. The relationship between the coagulation time ¢t

and the random time t(x) to reach level x depends significantly on x. Such dependencies were also obtained from
some other relationships for FPT [18]. A comparison was made with the results of using expression (18) in (14). This
comparison showed that approximation (18) very inaccurately describes the kinetics of thermal coagulation
compared to approximation (17). Similar dependencies were obtained from expression (15), when
7(y,s) =-0ln (s, x,y)/ 0s . Relationships of the type shown in Fig. 2c¢ can be obtained from expressions (6). The use of
FPT demonstrates the applicability of boundary functionals. This is used in the next subsection. The dependence of
the average values of FPT <z(y,s)> from expressions (17), (19) on s, shown in Fig. 2a, can be interpreted as a
dependence on some physical field acting on the system.

4.2. Probability that the Aerosol Concentration Takes a Given Value
For almost upper (lower) semi-continuous integer Poisson processes, the relation was obtained in[19]:

PLE() =) = %%P{r(r) <t/7(0)<t}, r>0, (20)

where P{£(r)=r} is the probability that the process &(r) takes the value r, P{z(r) <t/7(0)<¢} is the probability that the
first-passage time it takes for the process &(r) to the level r is less than the time t, provided that this is true for
reaching the zero level [19]. We assume that events {r(r)<t} and {z(0)<s4 are independent. Then
P{z(r)<t/7(0)<t} = P{z(r)<t}. The processes &(t)=n(r) and &) =n(t)/n, are continuous from below and can be
represented as Poisson processes [3,35]. We use expression (19). We consider the process &) =n(t)/n,. We
determine the probability density %P{r(r)<t/ 7(0)<¢} from the inverse Laplace transform of quantity (14). We
proceed from the stationary Laplace transform (10) and a function p,(s) of the form (17). We choose the following
parameter values: m=50,1,=10°, T=10% 21=033-107, x=10,5=3.3-10",5 =0.397-10°. Then k(r)=-0.83-10"In(1-r/10),
p.(s)=10(1—¢*'*""), For such a quantity p,(s), the inverse Laplace transform of expression (14) is not written
explicitly. Function (17) p,(s)=101-¢*'*'"") behaves as follows: at s>10" (which roughly corresponds to <10’ sec)

p,(s)=10. The transition region from s=0 to s=10-3 is approximated by the dependence ¢* ", a"* =154x, x=n(t)/no is

the achievement level from expression (14). Note that other, more accurate approximations are also possible. Such
approximations cannot be solved analytically, but can be calculated numerically.

—x154s"2

has the form

154 xe—x21542/4t ) (21)
27rx/tT

The inverse Laplace transform of a function e
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Moving from a discrete probability distribution to a continuous one, from expressions (20)-(21) we obtain that

154 21542
P{é(l‘) — X} — _e—x 1547 /4t (22)
27t
I 154\/; (1- 675929/1)
1) = | xP{&(t) = x}dx = —_. 23
() = [, xPig(0) =xjdx === (23)
The series expansion of the part of the expression from (23) has the form % z%_%ﬂ)(lz).
t t

Figure 3a shows the behavior of function P{£(t)=x} (22) from x at t=3000 sec, and Figure 3b shows the behavior
P{&(t) = x} from t at x=0.5 in the interval t: 2900,...,9000. Figure 3c shows the behavior of the average value (&(1)) (23)

from t in the interval t: 4600,...,9000.

045 e
r——
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e 8 BEEED

N
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0.275 |

v.zr
0 2R5
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et
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= 3r 0.25
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Figure 3: Fig. 3a Shows the Behavior of Function p¢ ()= (21) from x=0,...,1 at t=3000 Sec, and Fig. 3b Shows
the Behavior ri () =x; from t at x=0.5 in the Interval ¢: 2900,...,9000. Fig. 3c Shows the Behavior of the Average
Value (¢n) (22) from t in the Interval t: 4600,..,9000

Up to approximately t=3000 sec the distribution P{&(r)=x} in this approximation has the form:
PLE() = x) = L5 —10x) .
X

We now use the parameters m=6.7,n, =10, 7 =10", £ =10, 2=3.54-10°, b =4.8-10", when from (10), (17) we obtain
p.(s)=10(1-¢"""). For such a quantity p,(s), the inverse Laplace transform of expression (14) also cannot be written
explicitly.

If we use a series expansion in an expression of the form: (14)

—10x(1-¢ 7107 —10x _10xe™07
e 10 ) =%

1 1
= = """ +10xe™" + o (10x) e "+ + — 0x)" e ™ +..),
! n!
then the inverse Laplace transform is written as

e [5(6) +10x8(t —107) + %(10x)2§(t ~2-107) +...+ i'(wx)"a(t —n-107) +...].
: n:
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If, as above, we make the approximation that at s >0.05 (which corresponds to times ¢<5-10°sec ) the second term in the
exponent of the expression exp[-10x(1—¢'”*)] is much less than one, then in this interval the distribution density of

the time of first achievement is equal to the delta function, and the distribution P{(:)=x} in this approximation has the

form P{E() = x} = L 6(t-10%).

X
In the interval s: 0,..,5:102 (¢>5-10°sec) we approximate the dependence exp[-10x(1-e'"*)] by the function
(655
exp[-65xs"*]. The inverse Laplace transform is equal to 65252 e * , the probabilityrir)=x is given in (24),
nt
(£0) = [, xPt@) = xjax in (25);
65 (657
P{f(t)=x}=me ., (24)
B 1 B 3 65 (1_64225/(4t))t
(£(0)) = [, xPLE@) = x}ex = or (25)

at

Fig. 4a shows the behavior of function P{(r) =x} (24) from x at t=500 sec, and Fig. 3b shows the behavior P{&(r) = x}
from t at x=0.5 in the interval t: 500,..,9000 sec. Fig. 3c shows the behavior of the average value (&(»)) (25) from t in

the interval t: 800,...,9000 sec.

ost .28
0.45 (a) P{g(t)=x} =500 0.261 (b) P{g(t)=x} x=0.5
0.4 0.244
0.351 0.22/
E 0.3 E 0.24
= =
i .25 i 0,184
o o
0.24 0.161
0.15 0.144
0.1 0.12]
0.05 . . . . > 0.1 . . . . , . .
0.2 0.4 0.6 0.8 1 2E3 3E3 4E3  SE3  6E3  TE3  BE3  9E3
X t
0.1054
© <
0.0954
0.084
0.085
A 008
=
&F  0.075
0.074
0.0854
0.064
0.0551 m1
0.05 . . . . . . . . >
0  1E3 23  3E3  4E3 SE3  BE3  7E3  BE3  9E3

t

Figure 4: The Behavior of Function r¢ ()= (24) from x=0,...,,1 at t=500 sec, and Fig. 3c Shows the Behavior
P{E(n =x; from t at x=0.5 in the Interval t: 500,...,9000 sec. Fig. 3¢ Shows the Behavior of the Average value (s))

(25) from t in the Interval t: 800,...,9000 sec
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The curves in Fig. 4 are similar to the curves in Fig. 3. But the function p, (s) used in the calculations in Fig. 4 and the
parameter values used are close to the values that gave the correct result in the case of Fig. 2d. The similarity of the
behavior of probabilities and average values of aerosol mass concentration with a large spread of parameter values
(m=50 for Fig. 3 and m=6.7 for Fig. 4; also, different 4, b ) reflects the universality of these patterns and the weak
influence of the choice of parameters. The boundary functional of the magnitude of the jump over a positive level
was also considered. It was found that the average value of such a jump is zero. This corresponds to a non-increasing
process. The application thermodynamics of trajectories and large deviation theory to the problems under study were
also considered [36]. These theories, as shown in [37], are related to risk processes and stochastic storage processes
[37]. Although the results are qualitatively similar, the results presented in this paper are closer to experimental aerosol
measurements. Another expression can be given for the average time of stay of the process n(t) in the interval (M, K),
M>K: tMK=tM(1-K/M), where T is the mean first-passage time reaching the value M.

5. Conclusion

The proposed stochastic approach is ambiguous. Thus, it is not necessary to use a stochastic storage model; other stochastic

models can be used. An approximate solution to the Smoluchowski equation (6)-(8) and other approximations were used.

Expressions (10) and (14) may also employ various other approximations. One ofthe main goals of this article is to demonstrate

the potential of applying boundary functionals to aerosol coagulation. A dependence such as 1/n(t) is well known [34].

However, the independent approach developed in this article, based on the theory of random processes, corresponds to the

results of [34] for the selected parameter values. This confirms the validity of the proposed approach. Original results were

also obtained, such as the distribution of the random variable é&=n/n . This distribution was obtained for large time periods

and can be refined. The behavior of some boundary functionals for the quantity under consideration—the mass concentration

of aerosol—is trivial due to its decreasing nature. Thus, its maximum is equal to the initial value, and its minimum is zero. A

monography [16, 17] presents a number of analytical solutions to the kinetic equation of coagulation [16,17]. The results of

this article do not coincide with them, but the qualitative behavior is consistent. The choice of parameters (T m, y,...) plays

an important role. Selecting the optimal set of parameters is the subject of a separate study. If we consider the function

k(—r) corresponding to the process—n(t), as well as the traditional definition of the Laplace transformIn F'(¢ "), then

from equation (12) we obtain an expression for p_(s) = p, (s). In [19], an expression E[e”*" ™,z (x) < o] for achieving

negative levels is given, which coincides with expression (14) after replacing p, (s) with p_(ss). In this case, the results of

the article, Figs. 2-4, do not change.In [19], an expression E[ef”i(x),'f (x) < oo]is also given, which is more precise for in

the case of upper-continuous processes, which includes the process n(¢) : E[e " ™, 7 (x) < 0] = (1— p_(y) / pr)e™ ", x <0

. However, estimates show that the contribution of the pre-exponential factor is much smaller than the contribution of the

exponential factor. Overall, the application of stochastic processes and their boundary functionals to describing the behavior

of aerosol systems appears promising. The results of this article may find application in such applied problems as water

purification using coagulants or the development of anticoagulants in medicine.
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