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Abstract
In this work we produce a classical Lagrangian description of an elementary spinning particle which satisfies Dirac equation 
when quantized. We call this particle a classical Dirac particle. We analyze in detail the way we arrive to this model and 
how the different observables and constants of the motion can be expressed in terms of the degrees of freedom and their 
derivatives, by making use of Noether’s theorem. The main feature is that the particle has a center of charge r, moving at 
the speed of light, that satisfies fourth-order differential equations and all observables can be expressed only in terms of 
this point and their time derivatives. The particle has also a center of mass q, that is a different point than the center of 
charge. This implies that two different spin observables can be defined, one S with respect to the point r and another SCM 
with respect to the point q, that satisfy different dynamical equations. The spin S satisfies the same dynamical equation than 
Dirac’s spin operator. The fourth-order differential equations for the point r can be transformed into a system of second-
order ordinary differential equations for the center of charge and center of mass. The dynamics can be described in terms 
of dimensionless variables in the natural system of units. We also obtain the dynamical equations of the center of mass spin 
SCM. The possible interaction Lagrangians are described and we devote the main part of the work to the electromagnetic 
interaction of the Dirac particle with uniform and oscillating electric and magnetic fields. The numerical integrations of the 
dynamical equations are performed with different Mathematica notebooks that are available for the interested reader.
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1. Introduction
We call a classical Dirac particle a classical mechanical system obtained through a general formalism to describe classical 
elementary particles with spin, that satisfies the Dirac equation when it is quantized. It depends on two intrinsic parameters: 
the mass m and the absolute value S of the spin in the center of mass frame. When quantized, the value of the nonvanishing 
mass m is arbitrary but the value of S = ℏ/2, and it represents a classical model of a fermion. The main feature of this 
classical spinning model is that we only need to describe the evolution of a single point r, the center of charge, where the 
external forces are defined, and which satisfies a system of fourth-order differential equations. All observables, energy, linear 
momentum, angular momentum, center of mass position, angular velocity and spins are expressed in terms of this point 
r and their time derivatives. This model has also another characteristic point, the center of mass q, which is a different 
point than the center of charge. The fourth-order differential equations for the point r can be decoupled into a system of 
second-order differential equations for the points q and r, where q satisfies Newton-type dynamical equations in terms of 
the external force evaluated at the position of the center of charge r. The center of charge r is moving at the speed of light 
and the complete dynamical equations for the evolution of the center of mass q and center of charge r can be expressed in 
terms of dimensionless classical variables. In the Section 2 we make a summary of the theoretical ideas that have lead us to 
this formalism and which are developed in the mentioned Sections and references.

2. Scope and Steps of the Theoretical Analysis
The formalism we have proposed is based on the following considerations [1]:
(i) The constituent elements of matter are elementary particles.
(ii) From the point of view of classical mechanics, it is possible to describe an elementary particle as a mechanical Lagrangian 
system with a finite but unknown number of degrees of freedom. Section 3.



Volume - 3 Issue - 2

Page 2 of 26

Copyright © Martín RivasJournal of Theoretical Physics & Mathematics Research

Citation: Rivas, M., Barandiaran, J. (2025). Classical Dirac particle I. J Theor Phys Math, 3(2), 1-26.

(iii) In nature, there is a limiting speed c for the motion of the centers of mass of massive bodies. This implies that equivalent 
inertial observers are related by the Poincaré group transformations. Section 3.
(iv) We accept that elementary particles interact. We assume that when an elementary particle interacts and if it is not 
annihilated, its internal structure is not modified by the interaction. Therefore, the boundary variables of the Lagrangian 
description of an elementary particle are restricted to belong to a homogeneous space of the Poincaré group [2]. Section 3. 
The maximum number of boundary variables is the same as the parameters of the Poincaré group.
(v) The formalism must be quantized and our interest is to find at least one model that satisfies the Dirac equation when 
quantized [3].
(vi) The Lagrangian that describes the more complex elementary particle has as boundary variables (t, r, u, α), what are 
interpreted as the time t, the position of a point r, the velocity of this point u and the orientation α of a comoving cartesian 
frame attached to the point r. It is therefore a function L(t, r, u, a, ω) of these variables and of the acceleration of the point 
a and of the angular velocity ω of the comoving frame. The free Lagrangian L0(u, a, ω), is invariant under translations and, 
therefore, independent of t and r. Section 4.
(vii) The point r must satisfy fourth-order differential equations, so its free motion is accelerated and has torsion and therefore 
does not represent the center of inertia or center of mass (CM) of the free particle. The possible interaction Lagrangians will 
be defined at that point. The point r represents the center of interaction or center of charge (CC) of the elementary particle. 
Section 4.
(viii) The classical model we have found that when quantized satisfies the Dirac equation corresponds to the previous system 
in which u = c, i.e., the CC moves at the speed of light. We call this elementary particle the classical Dirac particle. [1,3].
(ix) Without explicit knowledge of the free Lagrangian and by using Noether’s theorem we have found that the free particle 
has another characteristic point q, defined in terms of r and its time derivatives and that for the free particle moves in a 
straight line at a constant speed v = dq/dt. The energy H and the linear momentum p of the particle are expressed in terms 
of this velocity in the form H = γ(v)mc2 and p = γ(v)mv. We interpret this point as the center of inertia or center of mass of 
the particle. We have found the differential equations that satisfy the point r for the center of mass observer who measures 
q = 0 and v = 0. Section 5.
(x) Because the Dirac particle has two distinguished points q and r we obtain two different angular momenta observables 
with respect to them. They are the spin S with respect to the CC and the spin SCM with respect to the CM. Both spins satisfy 
different dynamical equations. All observables of the Dirac particle can finally be expressed in terms of the point r and its 
subsequent time derivatives. Section 6.
(xi) If the trajectory of the point r for the center of mass observer is written in another inertial reference system by means 
of an arbitrary Poincar´e transformation, we obtain the complete family of all possible trajectories of the point described by 
all inertial observers. If in that family of trajectories, we eliminate the parameters of the Poincaré group on which it depends, 
from the equation of the family and its successive time derivatives we finally obtain a fourth-order system of differential 
equations for the point r, independent of the parameters of the group. These are the Poincaré invariant relativistic differential 
equations of the free particle [6].
(xii) . By the analysis of the Poincaré invariant magnitudes of the Dirac particle we have found how the spin transforms 
among inertial observers and the dynamical equations of the center of mass spin. Section 8.
(xiii) From the expression of q in terms of r and its time derivatives it has been possible to transform the system of fourth-
order differential equations for the point r, in a coupled second-order system of ordinary differential equations for the points 
q and r, and extend these equations when there exists any interaction. Section 6.
(xiv) The most general interaction Lagrangian of the Dirac particle is described by L = L0 + LI, where L0(u, a, ω) is the still 
unknown free Lagrangian and the interaction Lagrangian LI(t, r, u) = A0(t, r, u) + u · A(t, r, u), is only a function of t, r and u, 
independent of a and ω, as a consequence that the interaction does not modify the internal structure of the Dirac particle. 
Section 7.
(xv) The possibility that the functions A0 and A may also be functions of the CC speed u has not been considered here, and 
opens the door to the analysis of possible classical interactions of non-electromagnetic nature that should be explored. 
Section 9.
(xvi) We have expressed the dynamical equations in natural units where the unit of velocity is c, the unit of length is 2R0, being 
R0 the separation between the CC and CM in the center of mass frame and the unit of time is 2R0/c. The boundary conditions 
for solving the dynamical equations are expressed in terms of 10 essential parameters. These essential parameters define 
the relationship between the laboratory observer and the center of mass observer of the Dirac particle. Section 10.
(xvii) In this work we have analyzed the case in which the interaction is of the form of the minimal coupling, LI = −eA0(t, r) + 
eu · A(t, r), in terms of the electric charge and in terms of the scalar A0, and vector potential A, defined at the CC position r, 
which give rise to uniform and oscillating electric and magnetic fields of constant frequency. The surprise is that we do not 
need the explicit knowledge of the free Lagrangian. Sections 11-13.

3. Classical Elementary Spinning Particles
Different models of classical elementary spinning particles have been obtained through a general formalism, that is based 
on the following three fundamental principles: Restricted Relativity Principle, Variational Principle and Atomic Principle 
[1]. The Restricted Relativity Principle admits the existence of a class of equivalent observers which describe the 
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mechanical systems with the same dynamical equations. Equivalent observers are related by means of a group of space-
time transformations, called the kinematical group of the formalism. For describing the Dirac particle, we shall restrict this 
group to the Poincaré group. We call this principle as a restricted principle because we are going to consider only the class 
of inertial observers. Accelerated observers are not considered here. The Variational Principle states that the dynamical 
equations of any mechanical system between an initial fixed point x1 to a final fixed point x2 of a kinematical space x1, x2 ∈ 
X, are the Euler-Lagrange dynamical equations obtained from a Lagrangian function which is an explicit function of the 
variables x and their first order time derivative L(x, x). The definition of a classical elementary particle lies on the Atomic 
principle [2]. The assumption of this principle is that an elementary particle does not have internal excited states in the 
sense that any interaction, if it does not annihilate the particle, does not modify its internal structure. If an inertial observer 
describes the initial state of the elementary particle in the Lagrangian description through a set of variables x ≡ (x1, . . . , 
xn) and the dynamics changes this state to another y ≡ (y1, . . . , yn), if the internal structure has not been modified, then it 
is possible to find another inertial observer who describes this new state of the particle with exactly the same values of 
the variables as of the previous state. This means that there must exist a Poincaré transformation g, between both inertial 
observers, in such a way that the above values are transformed into each other:

y = g ∗ x,                                     x = g−1 ∗ y.

This relation must be valid for any pair of states of any elementary particle. The Atomic Principle restricts the classical 
boundary variables manifold of the variational description of an elementary particle, to span a homogeneous space of the 
Poincaré group [1]. The largest homogeneous space of a Lie group is the group itself, and the possible different homogeneous 
spaces of the Poincar´e group will supply different models of elementary particles. The point particle is the simplest of these 
possible models.

3.1. The Boundary Variables
If t and r are the time and position coordinates of a space-time event for the inertial observer O, and t′ and r′ are the time and 
position of the same event for any arbitrary inertial observer O′, they are related by the Poincaré transformation:

xµ′ = Λ  xν + aµ,             xµ′ ≡ (ct′, r′),             xµ ≡ (ct, r), aµ ≡ (cb, d),

and Λ = L(v)R(α) is a general Lorentz transformation, as a composition of a rotation R(α), followed by a boost or pure Lorentz 
transformation L(v). The three vector α that defines the rotation matrix can be the vector α = αn, where n is a unit vector 
along the rotation axis and α the rotated angle around this direction, so that any rotation is finally described in terms of three 
angles, α and the zenithal θ and azimuthal ϕ that describe the unit vector n.

 A Lorentz transformation of velocity v, is given by the 4 × 4 matrix
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most by the ten variables xi ≡ (t, r, u, α), that are interpreted as the time t, the position of a single point r, the velocity of this 
point u, and finally the orientation α ∈ SO(3), of a comoving Cartesian frame attached to the point r. The same variables, with 
different values, for the final point xf of the variational evolution. If we restrict ourselves to a system where the initial state is 
given by the variables xi ≡ (t, r), which span a homogeneous space of the Poincaré group, we are describing another model of 
elementary particle: the spinless point particle. It is in terms of the extra variables (u, α), that we will be able to describe the 
spin structure. We shall call kinematical variables to the boundary variables (t, r, u, α). Elementary particles are localized 
by a single point, and they move and rotate.

What we see is that we have three different manifolds spanned by the variables (t, r, u, α), provided the variable u < c, u = c 
or u > c. Among the models of spinning particles this formalism predicts, the only one that satisfies Dirac’s equation when 
quantized [3], is that model in which the point r, is moving at the speed of light. Since the Lagrangian also depends on the 
next order time derivative of the above boundary variables, the Lagrangian must depend on the acceleration of the point a, 
and on the angular velocity ω. The point r, satisfies therefore a system of fourth-order differential equations and, being the 
only point where the external fields will be defined, we interpret the point r, as the location of the center of charge (CC) of 
the particle. 

4. Homogeneity of the Lagrangian
The most general Lagrangian for describing a mechanical system with boundary variables x will be an explicit function of 
these variables and their next order time derivative L(x, dx/dt). The usual way to state the variation of the action is to define 
the action functional

for any arbitrary path x(t) in X space between the fixed initial and final states x(t1) and x(t2), respectively. But time is a relative 
observable to some particular observer. To produce a formalism independent of the observer let us assume that the evolution 
can be described in terms of some arbitrary evolution parameter τ, the same for all inertial observers. Then we assume that 
all variables are continuous and differentiable functions of this parameter x(τ). The action functional is now written as

and inside the function L, the derivatives dx/dt are replaced by x/t, where the dot represents the derivative with respect to 
the evolution parameter τ . The function L depends on the x variables and on the quotients of x/t, so that it is a homogeneous 
function pf zero-th degree of all x.The function L = Lt˙ is thus a homogeneous function of Lagrangian as a sum of as many 
terms as kinematical variables. Euler’s theorem on homogeneous functions F, of n-th degree gives

The most general Lagrangian with boundary variables x ≡ (t, r, u, α) ∈ X, will be an explicit function of these variables and 
their next order time derivative. The Lagrangian will be a function L(x, dx/dt) ≡ L(t, r, u, a, ω), where the velocity u = dr/dt, 
the acceleration a = du/dt and the dependence on α and dα/dt is through the definition of the angular velocity ω which is 
a function of α and linear in dα/dt.

For the function L, homogeneous of the x of degree n = 1, we get

Explicitly we shall write the most general Lagrangian in the form:

where							       The last term, because ω is a linear function of α, can be replaced 
by W · ω, where Wi = ∂L/∂ωi. When selecting some particular observer, the Lagrangian is written in a time evolution 
description and will be L = L/t˙, or to consider that τ = t, so that

L = T + R · u + U · a + W · ω,

 

the time and position of the origin of O, measured by O′, when the clock of O marks 
zero. The velocity v is the velocity of the origin of O as measured by O′. Finally R(α) 
is the rotation O′ has to perform to its own Cartesian frame to obtain the Cartesian 
frame of O before the Lorentz boost L(v). The variables (b, d, v, α) of a Poincar´e 
group element is the way the observer O′ describes any other observer O. This is the 
maximal set of variables we can use to describe the boundary variables of any 
elementary particle. We do not make any assumption about the size or shape of the 
particle. 

Then the initial state of an elementary particle is characterized at most by the ten 
variables xi ≡ (t, r, u, α), that are interpreted as the time t, the position of a single point 
r, the velocity of this point u, and finally the orientation α ∈ SO(3), of a comoving 
Cartesian frame attached to the point r. The same variables, with different values, 
for the final point xf of the variational evolution. If we restrict ourselves to a system 
where the initial state is given by the variables xi ≡ (t, r), which span a homogeneous 
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5. Constants of the Motion
The kinematical variables which define the boundary variables of the variational description of an elementary particle are 
(t, r, u, α). The generalized coordinates are thus the same variables with the time variable excluded. Therefore there will 
be a canonical conjugate momentum of each of the variables r, u and α. The conjugate momenta will be: The conjugate 
momentum of r variables is the vector pr = ∂L/∂u − d(∂L/∂a)/dt = R − dU/dt. The conjugate momentum of u variables is the 
vector pu = ∂L/∂a = U, and finally the conjugate momentum of α variables is the vector pα = ∂L/∂ω = W. The Hamiltonian of 
this particle is

If under some one-dimensional infinitesimal transformation of infinitesimal parameter δg, of a symmetry group that leave 
invariant the dynamical equations, the kinematical variables transform as:
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inertial observers O and O′, at any τ, is

‡ We represent 3D vector observables in boldface. Expressions like a = ∂L/∂b, have to be interpreted throughout this work 
as ai = ∂L/∂bi, i = 1, 2, 3.
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The quotient r/t = dr/dt = u and r′/t′ = dr′/dt′ = u′ is the velocity of the point and 
it transforms among inertial observers: 
 

 
 

From this we get 

 
so that if u < c, u′ < c, if u > c, u′ > c, and if u = c, u′ = c. We have shown in [3] that the 
system with u = c satisfies Dirac equation when quantized. The point r is moving at 
the speed c for all inertial observers. It is this constraint we shall use in this article. 
Since the acceleration a = du/dt = u /t, if we call R(a) = R(α)a and R(u) = R(α)u , 
it transforms under the Poincar é group as: 
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If under some one-dimensional infinitesimal transformation of infinitesimal parameter 
δg, of a symmetry group that leave invariant the dynamical equations, the kinematical 
variables transform as: 

 

where the Mi(x) are functions of the kinematical variables, the corresponding Noether 
constant of the motion is: 

N = HM0 − pr · Mr − pu · Mu − pα · Mα. 

If the particle is free, the Lagrangian L0, will be invariant under all transformations 
of the Poincar é group. If we analyze the constants of the motion under infinitesimal 
time translation, space translation, Lorentz boost and rotation, respectively, we find the 
following constants of the motion to which we give the names indicated below [1] 

 
The temporal momentum is the energy or Hamiltonian H, and S = u × U + W 
represents the angular momentum of the particle with respect to the point r, because 
J is the angular momentum of the particle with respect to the origin of the observer 
frame. S is the spin of the system with respect to the point r. 
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and the functions T0, R0, U0 and W0, are still unknown functions of (u, a, ω).  
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If the particle is free, the Lagrangian L0, will be invariant under all transformations of the Poincaré group. If we analyze the 
constants of the motion under infinitesimal time translation, space translation, Lorentz boost and rotation, respectively, we 
find the following constants of the motion to which we give the names indicated below [1]

The temporal momentum is the energy or Hamiltonian H, and S = u × U + W represents the angular momentum of the 
particle with respect to the point r, because j is the angular momentum of the particle with respect to the origin of the 
observer frame. S is the spin of the system with respect to the point r.
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and the linear momentum is written in terms of the velocity of the point q. Since the invariant and constant of the motion 
H2 − c2P2 = m2c4 defines the mass of the particle, using the above expression of P we obtain that H and P take the following 
form in terms of the constant velocity v of the point q:

The point q represents the location of the center of mass (CM) of the particle and it is a different point than the point r. The 
energy and linear momentum take the same expressions like the point particle in terms of the CM velocity. When we shall 
analyze the interaction of the particle, the interaction Lagrangian will be defined at the point r, so that we consider that this 
point represents the location of the center of charge (CC).

If we make the cross product with u of the expression (12) we get

u(u · S) − c2S = H(r − q) × u.

As we shall see in (20) the velocity u and S are orthogonal vectors and we obtain the explicit expression of the spin with 
respect to the CC
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the interaction of the particle, the interaction Lagrangian will be defined at the point r, 
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inertial frame, can be written in two different ways as: 

J = S + r × P = SCM + q × P . (17) 
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the same dynamical equation as Dirac’s spin operator in the quantum case. Its time 
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The total angular momentum j of the particle with respect to the origin of any arbitrary inertial frame, can be written in two 
different ways as:
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and represents the acceleration of the CC in terms of the position and velocity of both points.
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We must remark that in the quantum Dirac’s analysis, the only variable that defines the position of the electron r, is contained 
in Dirac’s spinor ψ(t, r), it is moving at the speed c and it is also the point where the external electromagnetic field Aµ(t, r) is 
defined. Clearly, the spin with respect to the CC, S, represents the classical equivalent of Dirac’s spin operator.

6.1. Dynamical Equation in The Center of Mass Frame
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where we see that the spin S is orthogonal to the velocity and acceleration of r. From 
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definition of the position of the CM: 
 

 
If we take r to the left hand side and produce the squared of this expression we get: 
 

      because c2 − v · u > 0. Therefore, equation (21) can be rewritten as 

and represents the acceleration of the CC in terms of the position and velocity of both 
points. 

The expressions of the center of mass q and of the spins S and SCM , have been 
obtained without the explicit knowledge of the free Lagrangian L0, in terms of the 
positions and velocities of both points, the CC and the CM. 

We must remark that in the quantum Dirac’s analysis, the only variable that defines 
the position of the electron r, is contained in Dirac’s spinor ψ(t, r), it is moving at the 
speed c and it is also the point where the external electromagnetic field Aµ(t, r) is 
defined. Clearly, the spin with respect to the CC, S, represents the classical equivalent 
of Dirac’s spin operator. 

 
6.1. Dynamical equation in the center of mass frame 

The center of mass frame is defined as that frame where P = 0 and q = 0, and the CM 
is at rest v = 0, and located at the origin. From (18) we see that S is a constant vector 
in this frame. The equation (15) written in the center of mass frame looks 
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speed c and it is also the point where the external electromagnetic field Aµ(t, r) is 
defined. Clearly, the spin with respect to the CC, S, represents the classical equivalent 
of Dirac’s spin operator. 

 
6.1. Dynamical equation in the center of mass frame 

The center of mass frame is defined as that frame where P = 0 and q = 0, and the CM 
is at rest v = 0, and located at the origin. From (18) we see that S is a constant vector 
in this frame. The equation (15) written in the center of mass frame looks 

S = −mr × u. (23) 

 

Figure 1: This model represents the circular motion, at the speed of light, of the center of charge of the Dirac particle 
in the center of mass frame, as described by the dynamical equation (23). The center of mass is always a different 
point than the center of charge. The spin S has the opposite direction to the angular velocity in this frame ω. The 
trajectory is flat and the angular velocity has no component along the velocity u. In general, for an arbitrary inertial 
observer the spin S and the angular velocity ω are not collinear vectors. The angular velocity has another component 
along the velocity ωu which produces the torsion of the CC motion, and which vanishes if the CC trajectory is flat. 
When we quantize this model the parameter S = ℏ/2. The radius of this motion is R0 = ℏ/2mc, and the angular velocity 
is ω0 = 2mc2/ℏ in this frame. If the CM is moving this internal frequency decreases. The moving clock goes slowly.

It represents the dynamical equation of the point r of the free particle in the center of mass frame. If we take the time 
derivative of this expression, we get r × a = 0 and, the vector r is collinear with the acceleration a. The acceleration is 
orthogonal to the velocity u and thus r · u = d(r2/2)/dt = 0, r is constant and the motion of point r describes a circle of radius 
R0 at the speed c, orthogonal to the constant spin direction. The solution of this equation is depicted in the figure 1. We have 
also depicted de angular velocity ω0 of the comoving frame attached to the point r. The spin S and the angular velocity in this 
frame ω0, have opposite directions. The constant parameter S = mcR0.

6.2. The Angular Velocity
The angular velocity corresponds to the rotation of the comoving Cartesian frame linked to the point r. But this frame 
is completely arbitrary. Once the CC is moving, its dynamics defines the acceleration a, orthogonal to the velocity u, and 
therefore these two orthogonal vectors with the vector u × a define an orthogonal comoving frame (the Frenet-Serret frame). 
Since u is a vector of constant absolute value, its time derivative the acceleration a, is orthogonal to it and it can be written as

a = ω × u.

The cross product of this expression with u gives:

a × u = u(ω · u) − c2ω.

The first term is the component of the angular velocity along the velocity u, ωu times c2, so that ω − ωu = ωp = (u × a)/c2. Then 
the perpendicular component of the angular velocity ωp to the plane defined by the vectors u and a, can be expressed as

 
Figure 1. This model represents the circular motion, at the speed of light, of the 
center of charge of the Dirac particle in the center of mass frame, as described by the 
dynamical equation (23). The center of mass is always a different point than the center 
of charge. The spin S has the opposite direction to the angular velocity in this frame 
ω. The trajectory is flat and the angular velocity has no component along the velocity 
u. In general, for an arbitrary inertial observer the spin S and the angular velocity 
ω are not collinear vectors. The angular velocity has another component along the 
velocity ωu which produces the torsion of the CC motion, and which vanishes if the 
CC trajectory is flat. When we quantize this model the parameter S = ℏ/2. The radius 

of this motion is R0 = ℏ/2mc, and the angular velocity is ω0 = 2mc2/ℏ in this frame. If 
the CM is moving this internal frequency decreases. The moving clock goes slowly. 

 
It represents the dynamical equation of the point r of the free particle in the center of 
mass frame. If we take the time derivative of this expression, we get r × a = 0 and, 
the vector r is collinear with the acceleration a. The acceleration is orthogonal to the 
velocity u and thus r · u = d(r2/2)/dt = 0, r is constant and the motion of point r 
describes a circle of radius R0 at the speed c, orthogonal to the constant spin direction. 
The solution of this equation is depicted in the figure 1. We have also depicted de 
angular velocity ω0 of the comoving frame attached to the point r. The spin S and 
the angular velocity in this frame ω0, have opposite directions. The constant parameter 
S = mcR0. 

 
6.2. The angular velocity 

The angular velocity corresponds to the rotation of the comoving Cartesian frame linked 
to the point r. But this frame is completely arbitrary. Once the CC is moving, its 
dynamics defines the acceleration a, orthogonal to the velocity u, and therefore these 
two orthogonal vectors with the vector u × a define an orthogonal comoving frame (the 
Frenet-Serret frame). Since u is a vector of constant absolute value, its time derivative 
the acceleration a, is orthogonal to it and it can be written as 

a = ω × u. 

The cross product of this expression with u gives: 

a × u = u(ω · u) − c2ω. 
The first term is the component of the angular velocity along the velocity u, ωu times 
c2, so that ω − ωu = ωp = (u × a)/c2. Then the perpendicular component of the 
angular velocity ωp to the plane defined by the vectors u and a, can be expressed as 

 
This perpendicular component has the opposite direction than the CC spin (20). In 
general the CM spin and the CC spin are not along the angular velocity ω. This 
perpendicular component is responsible for the curvature of the trajectory, while the ωu 
is related to the torsion of the trajectory. In the center of mass frame, the trajectory of 

This perpendicular component has the opposite direction than the CC spin (20). In general the CM spin and the CC spin are 
not along the angular velocity ω. This perpendicular component is responsible for the curvature of the trajectory, while the 
ωu is related to the torsion of the trajectory. In the center of mass frame, the trajectory of the point r is flat, there is no torsion 
and thus ωu = 0.

The component ωu produces the torsion of the trajectory and depends on the third orden derivative of the vector r. This 
component of the angular velocity is

The evolution of the angular velocity is completely determined by the motion of the CC. The evolution of the CC determines 
both the trajectories of the CC and CM and the rotation of the body frame (Frenet-Serret frame) attached to the point r.

We can find an alternative expression for the angular velocity ωu if we use the dynamical equation (22). Taking the next order 
time derivative, we have:
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The term in squared brackets in (25) 
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and since from (22) a ≃ (q − r), the last term in this expression is 

c2 v u 

(q − r)2 (a × (v − u)) · u. 

Similarly the term 

(a × (v − u)) · u = ((v − u) × u) · a = (v × u) · a = (u × a) · v. 

Collecting terms, instead of the expression (25) we obtain  

 
 
If the CM velocity v = 0, or along to the zitterbewegung plane, ωp · v = 0 and thus ωu = 
0, the CC trajectory is a flat curve and there is no torsion. If ωp and v form an angle α < 
π/2, ωu has the direction of u and the opposite direction if α > π/2. 

In the figure 2 we represent the motion of the free Dirac particle when integrating 
the dynamical equations with a Mathematica notebook [4]. 

 

 

 
Figure 2. Free motion of the Dirac particle with a constant CM velocity vz = 0.12 
along OZ axis, and the CM spin orientation is θ = 30◦ and ϕ = 65◦. We see the zitter 
motion of the CC (blue) and the CM trajectory (dotted red). Attached to these points 
it is drawn the comoving cartesian frames. It is also depicted the center of mass spin 
SCM (red) and the center of charge spin S (blue). On the right picture both spins are 
depicted to see that the SCM is conserved but S is not, as given in (18) because the spin 
dynamics dS/dt = p × u, is orthogonal to the constant linear momentum along the 
velocity v, and precesses around SCM . 
The two components of the angular velocity ωp and ωu (magenta), are also drawn. 
The component ωu has the opposite direction to the velocity of the CC u, because the 
angle α between the vector ωp and the velocity v is α > π/2, formula (24). If α < π/2, 
ωu is in the same direction than the CC velocity u (see figure 3). This component of 
the angular velocity is different from zero to produce the torsion of the CC trajectory 
and vanishes when this trajectory is flat. 
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Figure 2: Free motion of the Dirac particle with a constant CM velocity vz = 0.12 along OZ axis, and the CM spin 
orientation is θ = 30O and ϕ = 65O. We see the zitter motion of the CC (blue) and the CM trajectory (dotted red). 
Attached to these points it is drawn the comoving cartesian frames. It is also depicted the center of mass spin 
SCM (red) and the center of charge spin S (blue). On the right picture both spins are depicted to see that the SCM is 
conserved but S is not, as given in (18) because the spin dynamics dS/dt = p × u, is orthogonal to the constant linear 
momentum along the velocity v, and precesses around SCM. 

The two components of the angular velocity ωp and ωu (magenta), are also drawn. The component ωu has the opposite 
direction to the velocity of the CC u, because the angle α between the vector ωp and the velocity v is α > π/2, formula (24). If 
α < π/2, ωu is in the same direction than the CC velocity u (see figure 3). This component of the angular velocity is different 
from zero to produce the torsion of the CC trajectory and vanishes when this trajectory is flat.
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Figure 3. Free motion of the Dirac particle with a constant CM velocity vz = 0.14 
along OZ axis, and the CM spin orientation is θ = 170◦ and ϕ = 270◦. We see the zitter 
motion of the CC (blue) and the CM trajectory (dotted red). On the right picture both 
spins are depicted to see that the SCM is conserved but S is not, as given in (18) because 
the spin dynamics dS/dt = p × u, is orthogonal to the constant linear momentum along 
the velocity v, and precesses around SCM . 
The two components of the angular velocity ωp and ωu (magenta), are also drawn. 
The component ωu has in this case the same direction than the velocity of the CC 
u, because the angle α between the vector ωp and the velocity v, formula (24), is 
α < π/2. 

 
 

6.3. Dirac Hamiltonian 

If we take the scalar product of the expression (19) with the velocity u we get 

 

The last term is in fact −S · ωp > 0, according to (20) and (24). The spin is orthogonal 
to the velocity u, and therefore to ωu, and this term can be rewritten as −S · ω > 0. 
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orientation is θ = 170O and ϕ = 270O. We see the zitter motion of the CC (blue) and the CM trajectory (dotted red). On 
the right picture both spins are depicted to see that the SCM is conserved but S is not, as given in (18) because the spin 
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The two components of the angular velocity ωp and ωu (magenta), are also drawn. The component ωu has in this case the 
same direction than the velocity of the CC u, because the angle α between the vector ωp and the velocity v, formula (24), is α 
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6.3. Dirac Hamiltonian
If we take the scalar product of the expression (19) with the velocity u we get

The last term is in fact −S · ωp > 0, according to (20) and (24). The spin is orthogonal to the velocity u, and therefore to ωu, and 
this term can be rewritten as −S · ω > 0. The energy contains two terms: the first term, proportional to the linear momentum, 
represents the translational energy, while the second, proportional to the spin and angular velocity and to the motion of the 
CC (zitterbewegung), and independent of the CM velocity, represents the rotational energy Hrot which is positive definite, 
because the spin S has the opposite direction to the angular velocity ωp, and never vanishes. If we introduce in (27) the 
expressions of P in (14) and S in (15),

we get H = γ(v)mc2. It is this linear expression (27) in terms of H and P, which represents the classical equivalent of Dirac’s 
Hamiltonian [3].

The rotational energy Hrot = H − P · u, so that the ratio to the total energy is

so that at low CM velocity the energy is basically rotational, while at high v velocity v · u ≃ v2, and behaves like Hrot/H ≈ 
1/γ(v)2, and translation energy dominates.

In the Lagrangian description we started with a mechanical system of 6 degrees of freedom. Three represent the position of a 
point r, and another three α ∈ SO(3), that describe the orientation of a comoving frame attached to the point r. The dynamics 
has established a constraint such that the degrees of freedom α can be selected to be the Frenet-Serret frame of the motion 
of r, that satisfies a system of fourth-order differential equations. This point and their derivatives, completely determine the 
definition of any other observable, including the rotation of the comoving frame. The particle description has been reduced 
to the evolution of a single point, the center of charge. Although the formalism is based on the existence of a Lagrangian, 
all the above expressions of the different observables H, P , q, S, ω = ωp + ωu and SCM, for the free Dirac particle, have been 
obtained without the explicit knowledge of the free Lagrangian, by using Noether’s theorem, and they are written in terms 
of the position of the center of charge, and their time derivatives.
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Although the formalism is based on the existence of a Lagrangian, all the above 
expressions of the different observables H, P , q, S, ω = ωp + ωu and SCM , for the free 
Dirac particle, have been obtained without the explicit knowledge of the free Lagrangian, 
by using Noether’s theorem, and they are written in terms of the position of the center 
of charge, and their time derivatives. 

 
6.4. Quantization in the CM frame 

The mechanical system depicted in the figure 1, once the spin direction is fixed along the 
OZ axis, represents a three degree of freedom system: Two are the x and y coordinates 
of the point r on the XOY plane and the third is the phase of the comoving frame 
attached to the point r. But this phase is the same as the phase of the circular motion 
of constant radius R0. This means that once the coordinate x is given, the coordinate 
y is determined, so that we are left with a mechanical system of just one-degree of 
freedom: the Cartesian coordinate x. This coordinate x describes a harmonic motion of 
angular frequency ω0 in this frame. The energy of the particle at rest v = 0, is H0 = mc2 
and according to (27) because P = 0, takes the constant value H0 = −S · ω = Sω0. 
According to the Atomic Principle this elementary particle has no excited states and 
therefore this motion represents a harmonic motion in its ground state. The quantized 
energy of this harmonic motion ground state is ℏω0/2. The value of the spin in the 
center of mass frame is S = ℏ/2. This particle is a fermion. The angular velocity 
is thus ω0 = 2mc2/ℏ, and this object has an internal frequency ν0 = 2mc2/h, twice 
the frequency postulated by de Broglie. A classical Dirac particle always has a unique 
internal frequency associated to its internal motion. In the CM frame the Dirac particle 
is reduced to a one-dimensional harmonic oscillator. If the particle moves v ̸= 0, the 
frequency decreases as ν(v) = ν0/γ(v). The local clock is going at a slower rate when 
moving [3]. See more details concerning time dilation in Section 9. 
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6.4. Quantization in the CM Frame
The mechanical system depicted in the figure 1, once the spin direction is fixed along the OZ axis, represents a three degree 
of freedom system: Two are the x and y coordinates of the point r on the XOY plane and the third is the phase of the comoving 
frame attached to the point r. But this phase is the same as the phase of the circular motion of constant radius R0. This means 
that once the coordinate x is given, the coordinate y is determined, so that we are left with a mechanical system of just one-
degree of freedom: the Cartesian coordinate x. This coordinate x describes a harmonic motion of angular frequency ω0 in 
this frame. The energy of the particle at rest v = 0, is H0 = mc2 and according to (27) because P = 0, takes the constant value 
H0 = −S · ω = Sω0. According to the Atomic Principle this elementary particle has no excited states and therefore this motion 
represents a harmonic motion in its ground state. The quantized energy of this harmonic motion ground state is ℏω0/2. The 
value of the spin in the center of mass frame is S = ℏ/2. This particle is a fermion. The angular velocity is thus ω0 = 2mc2/ℏ, 
and this object has an internal frequency ν0 = 2mc2/h, twice the frequency postulated by de Broglie. A classical Dirac particle 
always has a unique internal frequency associated to its internal motion. In the CM frame the Dirac particle is reduced to a 
one-dimensional harmonic oscillator. If the particle moves v≠0, the frequency decreases as ν(v) = ν0/γ(v). The local clock is 
going at a slower rate when moving [3]. See more details concerning time dilation in Section 9.

7. The Interaction Lagrangian
Although we do not know the free Lagrangian L0, it will depend of the two invariant parameters m and S = ℏ/2. Let us assume 
that the general Lagrangian under an interaction is L. Then the Lagrangians in the τ evolution description L and L0 are 
homogeneous functions of first degree in terms of the derivatives of the boundary variables x. Therefore L − L0 = LI is also 
a homogeneous function of the x. This function LI can also be expanded in the way (4) where we include some interacting 
intensity factor e, the interacting charge of the particle:

where 						             are functions of the variables x and  ˙. The general form of the 
Lagrangian L of an interacting particle is written as L = L0 + LI, the sum of the free Lagrangian L0, plus the Lagrangian LI, 
which we call the interaction Lagrangian. The free Lagrangian is a function of the invariant parameters m and S = ℏ/2, while 
the interaction Lagrangian will depend on the interacting parameter e of the particle, that does not appear in the free L0. We 
shall see in Section 8.1 that LI will be independent of the acceleration a of the CC and of the angular velocity ω and will be a 
function of only t, r and u.
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The 10 Noether constants of the motion (8-11) define two four-momenta. In terms of the constants of the motion (8) and (9), 
the energy-momentum four vector

˜ 

˜ ˜ ˜ ˜ 

    

 
7. The interaction Lagrangian 

 
Although we do not know the free Lagrangian L0, it will depend of the two invariant 
parameters m and S = ℏ/2. Let us assume that the general Lagrangian under an 
interaction is L. Then the Lagrangians in the τ evolution description L̃ and L̃ 0  are 
homogeneous functions of first degree in terms of the derivatives of the boundary 
variables x. Therefore L̃ − L̃ 0  = L̃ I  is also a homogeneous function of the x .  This 

function L̃ I  can also be expanded in the way (4) where we include some interacting 
intensity factor e, the interacting charge of the particle: 

LI = e A0t + A · r + C · u + D · ω , 

where eA0 = ∂LI/∂t, eAi = ∂LI/∂ri, eCi = ∂LI/∂u i, and eDi = ∂LI/∂ωi, are functions 
of the variables x and x .  The general form of the Lagrangian L of an interacting particle 
is written as L = L0 + LI, the sum of the free Lagrangian L0, plus the Lagrangian LI, 
which we call the interaction Lagrangian. The free Lagrangian is a function of the 
invariant parameters m and S = ℏ/2, while the interaction Lagrangian will depend on 
the interacting parameter e of the particle, that does not appear in the free L0. We 
shall see in Section 8.1 that LI will be independent of the acceleration a of the CC and 
of the angular velocity ω and will be a function of only t, r and u. 
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They are orthogonal to each other wµpµ = 0. The generalized angular momentum tensor 
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which contains two parts: the space-time part 
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of this are: 
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8. Poincaré invariant magnitudes 

 
The 10 Noether constants of the motion (8-11) define two four-momenta. In terms of 
the constants of the motion (8) and (9), the energy-momentum four vector 

pµ ≡ (H/c, P ), (28) 

and the Pauli-Lubanski four-momentum wµ defined as 

 
They are orthogonal to each other wµpµ = 0. The generalized angular momentum tensor 
Jµν is the antisymmetric tensor 

Jµν = xνpµ − xµpν + Sµν = −Jνµ, 

which contains two parts: the space-time part 

Lµν = xνpµ − xµpν = −Lνµ, 

which is not invariant under space-time translations, and the space-time translation 
invariant Sµν = −Sνµ, related to the CC spin of the system. The essential components 
of this are: 

 which is not invariant under space-time translations, and the space-time translation invariant Sµν = −Sνµ, related to the CC spin 
of the system. The essential components of this are:

In matrix form

2 

ν 

In matrix form 
 

 
With this identification J0i = −J0i = cKi and Jij = − 1 ϵijkJk, where K and J are given in (10) 
and (11), respectively. The time and space components of the wµ are expressed in terms of all 
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four-vector is written only in terms of the energy H, the linear momentum P and the 
CM spin SCM . 
Under a general Lorentz transformation x′µ = Λµxν, they transform as 

The Poincaré invariant magnitudes 

pµpµ = m2c2, wµwµ = −m2c2S2, 

define the mass of the particle m and the absolute value of the spin in the center of 
mass frame S. In the free case they are also constants of the motion and therefore the 
corresponding constants take the same value in every inertial reference frame. They 
are the intrinsic properties of the elementary particle. Under any interaction, with 
the analysis that follows 8.1 and 8.2 about the invariance of the spin and mass, these 
two intrinsic properties m and S are also invariant under any interaction if P 
represents the mechanical linear momentum pm = γ(v)mv and H the mechanical energy 
Hm = γ(v)mc2. 

 
8.1. Invariance of the spin 

According to the Atomic Principle the interaction cannot modify the intrinsic 
parameters of the particle m and S. We must remark that the definition of the spin S 
= u × U + W cannot be modified by the interaction so that the functions U and W , 
which come from the dependence of L0 of the acceleration and angular velocity, 
respectively, have to remain the same. The expression of the interaction Lagrangian 
LI has to be independent of the acceleration and angular velocity. Therefore the most 
general interaction Lagrangian in the time evolution description is 
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the variables (t, r, u), but independent of a and ω. If we restrict these functions 
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where the mechanical energy Hm = γ(v)mc2 and the mechanical linear momentum Pm = γ(v)mv are obtained from the free 
Lagrangian L0. When the particle interacts it is described by the Lagrangian L = L0 + LI . The total energy H and total linear 
momentum of the particle P under interaction will be defined by the same expressions (8) and (9), respectively. If we write 
the interaction Lagrangian in the form

according to the invariance of the spin A0 and A are independent of the acceleration and angular velocity variables a and ω, 
respectively. If we also assume that they are independent of the velocity variables u, like in the case of the electromagnetic 
interaction, from L= L0 + LI , we obtain
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constants of the motion and therefore the corresponding constants take the same value in every inertial reference frame. 
They are the intrinsic properties of the elementary particle. Under any interaction, with the analysis that follows 8.1 and 8.2 
about the invariance of the spin and mass, these two intrinsic properties m and S are also invariant under any interaction if 
P represents the mechanical linear momentum pm = γ(v)mv and H the mechanical energy Hm = γ(v)mc2.

8.1. Invariance of the Spin
According to the Atomic Principle the interaction cannot modify the intrinsic parameters of the particle m and S. We must 
remark that the definition of the spin S = u × U + W cannot be modified by the interaction so that the functions U and W, 
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This classical analysis suggests that from the classical point of view more classical 
interactions can be described, provided we select the functions A0 and A, as functions 
also of the variables u. This kind of analysis is still to be done. In the analysis of the 
Poincar é invariant interaction between two Dirac particles [5] the interacting term we 
found is not a linear function of the velocities of the two particles, and represents a 
non-electromagnetic interaction. It is a synchronous action at a distance and Poincar é 
invariant interaction, with velocity dependent terms. 
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P under interaction will be defined by the same expressions (8) and (9), respectively. If we 
write the interaction Lagrangian in the form 

LI = −eA0t + eA · r, 

according to the invariance of the spin A0 and A are independent of the acceleration 
and angular velocity variables a and ω, respectively. If we also assume that they are 
independent of the velocity variables u, like in the case of the electromagnetic 
interaction, from L̃ = L̃ 0  + L̃ I  , we obtain 

 

and eA0 could be interpreted as the transfer of energy and eA as the transfer of linear 
momentum by the electromagnetic interaction. 

This implies that H and P and the A0 and A are not independent and satisfy the 
invariance of the mass equation: 

The functions A0 and A are not uniquely defined.  
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This implies that H and P and the A0 and A are not independent and satisfy the invariance of the mass equation:

Let λ(t, r) be an arbitrary differentiable function of t and r. If we replace

so that the total Lagrangian changes with a total τ −derivative, and the dynamical equations remain invariant. The 
interpretation of these functions eA0 and eA, which are not uniquely defined, as the energy and linear momentum transfer 
is doubtful.

8.3. Spin Transformation
If we call wµ(0) ≡ (0, mcSCM (0)) and wµ(v) ≡ (γ(v)mv · SCM (v), γ(v)mcSCM (v)) to the Pauli-Lubanski four-vectors for the 
particle with the CM at rest and the CM moving at the velocity v, respectively, the transformation wµ(v) = Λ(v)µwν(0) implies 
that

which represents how the CM spin transforms between the center of mass observer and an inertial or laboratory observer 
who sees the CM moving at the speed v.
The invariant property

and the relation between the absolute values of the spins in two different frames is:

where ϕ is the angle between the CM velocity v and the direction of the spin SCM (v). In general v and ϕ, if the particle is not 
free, are functions of time in that frame, so that the absolute value of the spin is not a constant of the motion.

The representation of this function is depicted in the figure 4. The absolute value

˜ 

electromagnetic interaction and −A0 and A are, respectively, the scalar and vector 
potential of the electromagnetic field, e is the electric charge of the particle and the 
interaction Lagrangian is a linear function of the velocity of the CC. 

This classical analysis suggests that from the classical point of view more classical 
interactions can be described, provided we select the functions A0 and A, as functions 
also of the variables u. This kind of analysis is still to be done. In the analysis of the 
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Figure 4. Variation of the absolute value of the CM spin of (34) with the velocity of 
the CM and orientation ϕ between the velocity v and the center of mass spin SCM (v). 

 
of the spin SCM (v) is almost constant of value 1/2 at low velocities but decreases at 
high velocity. If v and SCM (v) are parallel or antiparallel vectors there is no change in 
the value of the spin SCM (v) = SCM (0) = 1/2. If v and SCM are orthogonal, ϕ = π/2, 
cos(ϕ) = 0, and thus SCM (v) = 1/2γ(v) and decreases with γ(v). In the limit when v 
→ c, SCM (v) → 0. 

If we send the particle from the center of mass frame with a velocity orthogonal to 
the spin, the transformed spin is also orthogonal to the velocity and of value 1/2γ(v). If 
we send the particle in the direction of the spin, the spin remains parallel or antiparallel 
to the velocity and the absolute value of the spin 1/2 does not change. Except in the 
exceptional case that v and SCM are parallel vectors the value of the spin, for an inertial 
observer who sees the particle at very high velocity, vanishes and the influence of the 
spin at high energy physics is almost irrelevant. 

 
9. Interaction of a Dirac particle with an electromagnetic field 

 
The Lagrangian of a Dirac particle in an external electromagnetic field is: 

L = L0(u, a, ω) + Lem(t, r, u), Lem = −eA0(t, r) + eu · A(t, r) 

where L0 is the unknown free Lagrangian, e is the electric charge of the particle and A0 
and A, are, respectively, the external scalar and vector potentials defined at the CC of 
the particle and u is the CC velocity [6]. 

The free Lagrangian L0(u, a, ω), is translation invariant and therefore it is a 
function of the velocity, acceleration of the CC, and of the angular velocity. The fourth-
order Euler-Lagrange equations of the position variables are 

Figure 4: Variation of the absolute value of the CM spin of (34) with the velocity of the CM and orientation ϕ between 
the velocity v and the center of mass spin SCM (v).
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and the term between the squared brackets is R − dU /dt, and represents the mechanical linear momentum of the particle pm 
= γ(v)mv, written in terms of the CM velocity. This equation is

dpm/dt = e (E + u × B)

where E = −∇A0 −∂A/∂t, and B = ∇×A, are, respectively, the electric and magnetic external fields. The CM position q, is defined 
as q = r − S × u/Hm, in terms of the spin S and of the mechanical energy Hm = γ(v)mc2, magnitudes which are not modified by 
the interaction, thus expression (21) or its equivalent expression (22) still holds.

If we express the mechanical linear momentum pm = γ(v)mdq/dt, we finally find the relativistic differential
equations for the CC and CM positions of the Dirac particle in the presence of an external electromagnetic field E(t, r) and B(t, 
r). The fields are defined at the CC position r, in any arbitrary inertial reference frame [6]:

with the constraint |u| = c and |v| < c.

Equation (36) is equation (22). Taking the second order derivative of q in (21) and replacing it by (35) we recover the fourth-
order system of differential equations for the CC position r, which is where the external fields E(t, r) and B(t, r), are defined 
[6]. The γ(v) factor in (35) prevents that the velocity v reaches the speed of light, since the acceleration of the CM goes to zero 
when v increases. An electron accelerated at the Tevatron to an energy of 1 TeV acquires a CM velocity v/c = 0.999 999 999 
999 8694 (twelve nines!) γ(v) = 1.58 · 106, and therefore at high energy it behaves as a free particle. Since at any time v < c, the 
factor in (36) c2 − v · u > 0, forbids that the acceleration a of the CC vanishes. The differential equation (36) is not singular and 
thus being the acceleration a orthogonal to u guarantees that always u = c. It represents a kind of a relativistic generalization 
of a central or harmonic motion of point r around a fixed-point q. In these dynamical equations it is not considered the 
possible radiation- reaction term due to the emission of radiation of an accelerated charged particle. This anlysis is left to a 
future paper. Although this formalism is not written in covariant form in terms of four-vectors, it is nevertheless an invariant 
formalism in the sense that the expressions of the dynamical equations and of the different observables are written in the 
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and the term between the squared brackets is R − dU /dt, and represents the mechanical 
linear momentum of the particle pm = γ(v)mv, written in terms of the CM velocity. 
This equation is 

dpm/dt= e (E + u × B)  

 
where E = −∇A0 −∂A/∂t, and B = ∇×A, are, respectively, the electric and magnetic external 
fields. The CM position q, is defined as q = r − S × u/Hm, in terms of the spin S and of the 
mechanical energy Hm = γ(v)mc2, magnitudes which are not modified by the interaction, thus 
expression (21) or its equivalent expression (22) still holds. 

If we express the mechanical linear momentum pm = γ(v)mdq/dt, we finally find 

the relativistic differential equations for the CC and CM positions of the Dirac particle 
in the presence of an external electromagnetic field E(t, r) and B(t, r). The fields are 
defined at the CC position r, in any arbitrary inertial reference frame [6]: 
 
with the constraint |u| = c and |v| < c. 

Equation (36) is equation (22). Taking the second order derivative of q in (21) and 
replacing it by (35) we recover [6] the fourth-order system of differential equations for 
the CC position r, which is where the external fields E(t, r) and B(t, r), are defined. 
The γ(v) factor in (35) prevents that the velocity v reaches the speed of light, since the 
acceleration of the CM goes to zero when v increases. An electron accelerated at the 
Tevatron to an energy of 1 TeV acquires a CM velocity v/c = 0.999 999 999 999 8694 
(twelve nines!) γ(v) = 1.58 · 106, and therefore at high energy it behaves as a free 

particle. Since at any time v < c, the factor in (36) c2 − v · u > 0, forbids that the 

acceleration a of the CC vanishes. The differential equation (36) is not singular and thus 
being the acceleration a orthogonal to u guarantees that always u = c. It represents a 
kind of a relativistic generalization of a central or harmonic motion of point r around a 
fixed point q. In these dynamical equations it is not considered the possible radiation- 
reaction term due to the emission of radiation of an accelerated charged particle. This 
anlysis is left to a future paper. 

Although this formalism is not written in covariant form in terms of four-vectors, it 
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Figure 6: Free motion of the Dirac particle with the CM spin along the OY axis and the CM velocity v ≡ vy = 0.3. The 
transversal velocity of the CC is u⊥ =                 and the time of a turn is T (v) = γ(v)T0, where T0 is the time of a turn when 
the CM is at rest. The local clock is going at a slower rate when moving.

same form in each inertial reference frame, where the time variable is the time coordinate in that frame.

9.1. Zitterbewegung
It was called by Schroedinger zitterbewegung to the trembling and high frequency motion of the electron. In this model it 
corresponds to the motion with torsion of the CC of the Dirac particle. Because the CM q is defined in terms of the CC by the 
expression (21) then the trembling motion of the CC produces a small deviation of the CM trajectory without torsion in the 
free case, to a trajectory with some torsion under interaction, as depicted in the figure 5, where we integrate the dynamical 
equations in a uniform magnetic field. We see that the CM trajectory has a small oscillation of the same frequency as the zitter 
motion of the CC, which implies a very small torsion of the CM trajectory. In the free case the trajectory of the CC is similar 
to this one but the trajectory of the CM is a straight line. In this example the CM spin has the orientation θ = 30◦, ϕ = 60◦.

9.2. Time Dilation
The time T0 of the motion of the CC when the CM is at rest during a zitter turn is T0 = 2πR0/c. When the particle is moving 
with a velocity v along the spin direction, like in the figure 6 the velocity of the CC u has a longitudinal component u = v and 
a transversal component 
Now the time taken during a turn is T (v) = 2πR0/u⊥ = γ(v)T0. What we measure is that the local clock of the moving particle 
is going at a slower rate when moving. It takes more time to complete a cycle. This time dilation is independent of the relative 
orientation between the CM spin and the initial CM velocity and it is the same as the time dilation between the laboratory 
observer and the inertial observer at rest with the CM of the particle. As we shall see in Section 10, in natural units R0 = 1/2 
and c = 1 and the time of a turn is T0 = π in the center of mass frame and T (v) = γ(v)π for an arbitrary observer who sees the 
CM moving at the speed v.
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Figure 5. Motion of the Dirac particle in a uniform magnetic field Bz. The initial 
velocity along OX axis is vx = 0.05, in natural units. We see the zitter motion of the 
CC (blue) and the cyclotron motion of the CM (red) which is almost a circle with a 
small oscillation of the same frequency as the CC motion, during a time of flight of 
around five turns of the CC. The CM velocity |v| is not a constant. It is also depicted 
the CM spin with orientation θ = 30◦, ϕ = 60◦, at different CM points. The red spin is 
the last value of the spin at the end of the integration time. In natural units the time 
of a turn is π for the particle at rest and πγ(v) for a moving Dirac particle. The center 
of mass spin precesses backwards with Larmor frequency, although the trajectory of 
the CM is a kind of a curly circle. 
In the right figure we see the free motion of the particle, the zitteberwegung of the 
trajectory of the CC while the trajectory of the CM is a straight line with no zitter. 
It is also shown the projection of the CM trajectory and the SCM projection on the XOY 
plane that remains constant. 
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9.3. Magnetic moment µCM of the Dirac particle 

For the Dirac particle of electric charge e, the relationship between its magnetic moment 
with respect to the CM and the spin with respect to the CM [7] should include the factor 
g = 2, the gyromagnetic ratio, and will be 
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9.3. Magnetic Moment µCM of the Dirac Particle
For the Dirac particle of electric charge e, the relationship between its magnetic moment with respect to the CM and the spin 
with respect to the CM [7] should include the factor g = 2, the gyromagnetic ratio, and will be

We take, for the Dirac particle, as the exact relationship between the instantaneous magnetic moment and the spin with 
respect to the center of mass, the above definition (37) as predicted by Dirac equation. The γ(v) factor implies that the 
magnetic moment of the Dirac particle decreases at very high energy.

Using the expression of SCM in (16) the appropriate definition of the instantaneous magnetic moment with respect to the 
center of mass of the Dirac particle, in terms of the classical variables which describe its motion, will be:

µCM = −e(r − q) × (u − v).                                                   (38)

The absolute value in the center of mass frame is

called Bohr’s magneton. This value is also the average value of the magnetic moment during a complete turn of the CC around 
the CM.

9.4. Electric Dipole Moment dCM of The Dirac Particle
The electric dipole moment of a point charge e located at the point r, with respect to the CM q is:

dCM = e(r − q).                                                                            (39)

In chapter 6 of [1] it is shown that the above classical definition of electric dipole moment (39) leads, when quantizing this 
model, to Dirac’s electric dipole moment operator. It is also shown in that chapter that the absolute value of this dipole gives 
rise to Darwin’s term of Dirac’s Hamiltonian −dCM · E(t, r).

The absolute value of the electric dipole moment in the center of mass frame is d = eR0. However the average value of the 
electric dipole moment during a complete turn of the CC around the CM is zero.

As predicted by Dirac’s theory in the quantum analysis, the classical Dirac particle has also both electric dipole moment and 
magnetic dipole moment of value in natural units of 1/2, as we shall see below.

9.5. Experimental Measurement of µCM and dCM
As analyzed in the work one thing is the theoretical prediction of the expressions of µCM and dCM and another is the experimental 
measurement [7]. To measure we have to interact with the particle and this modifies the motion of both points r and q and 
the velocities u and v. If the measurement implies some average value of both magnitudes during a long period of time, we 
expect that the value of µ will be Bohr’s magneton and the value of d is eR0 in the center of mass frame. But the experimental 
measurement is not done in the center of mass frame because the interaction modifies the CM velocity. We are going to see in 
figure 7 that the separation between r and q depends on the relative orientation α between the CM velocity v and the CM spin 
SCM , so that |r − q| is in the range [1/2 − (v/2) sin α, 1/2 + (v/2) sin α] in natural units, and this separation is changing with 
the dynamics. Similarly, the term |u − v| is not constant along the trajectory, so that all factors which define both momenta 
are changing. In the mentioned article, it is analyzed the average value of the above expressions during a finite number of 
internal turns of the motion of the CC around the CM for a Dirac particle in a Penning trap, to obtain a numerical average [7]. 
We obtain that µ ≤ µB and that d ≥ eR0.

10. Natural Units
The system of differential equations (35) and (36) can be rewritten in terms of dimensionless variables, once the expressions 
of the fields are known. If we replace u = cu, v = cv, r = 2R0r, q = 2R0q and t = τ0t, where R0 = ℏ/2mc, is the separation between 
the CC and CM of the Dirac particle at rest and τ0 = 2R0/c, the equation (36) becomes
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therefore the natural unit of mass is that unit where the mass of the electron is 1. The energy of the particle is expressed 
in terms of the center of mass velocity as H(v) = γ(v)mc2 which in natural units for the electron H(v) = γ(v). The linear 
momentum is expressed as p(v) = γ(v)v. The value of the spin in the center of mass frame S = ℏ/2 = 1/2 in natural units. The 
general expressions of both spins for the electron in natural units are

where the variables r, q, u and v are expressed in natural units. In general, the absolute value of both spins will be a function 
of the center of mass velocity v, S(v) and SCM (v), with the values at rest S(0) = SCM (0) = 1/2, as described in Section 8.3

From the electromagnetic point of view, we need a natural unit for the electric charge. The usual assumption is to define the 
electric charge of the electron through the fine structure constant and this defines the permittivity of the vacuum ϵ0,

the coefficients cancel and the equation remains of the same form as in (36) in terms of dimensionless variables and c = 1. 
For the other equation we need the explicit form of the fields. We shall analyze this in different examples.

We have defined two natural units: the speed of light c and the natural unit of length 2R0 = ℏ/mc, where R0 represents the 
separation between the CC and the CM. This defines a natural unit of time τ0 = 2R0/c, as the time taken by a light ray to cover 
the distance 2R0. The time of a complete trajectory of the CC around the CM at the center of mass frame is π. All boundary 
variables are dimensionless.

From the mechanical point of view we need an extra natural unit of mass. The usual assumption is to define as the natural 
unit of action such that Planck’s constant ℏ = 1. In this way since
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constant along the trajectory, so that all factors which define both momenta are 
changing. In the mentioned article [7], it is analyzed the average value of the above 
expressions during a finite number of internal turns of the motion of the CC around 
the CM for a Dirac particle in a Penning trap, to obtain a numerical average. We 
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value of both spins will be a function of the center of mass velocity v, S(v) and SCM (v), 
with the values at rest S(0) = SCM (0) = 1/2, as described in Section 8.3 

From the electromagnetic point of view, we need a natural unit for the electric 
charge. The usual assumption is to define the electric charge of the electron through 
the fine structure constant and this defines the permittivity of the vacuum ϵ0, 

The electron (and positron) has as intrinsic parameters m = 1, S = 1/2 and e = ±1. 
What we have is to translate the international system of units to this natural system 

of units. The relationship for the fundamental units of mass [M], length [L], time [T] 
and electric charge [Q] is: 

The electric field in the International System of units is expressed in V/m. According 
to the equivalence among units 

1 V/m = 1 m Kg s−2 C−1, 1 V/m = 7.55676 · 10−19 n.u. (40) 

The magnetic field is expressed in Teslas. Since 

1 T = 1 Kg s−1 C−1, 1 T = 2.26546 · 10−10 n.u. (41) 
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fundamental units of mass [M], length [L], time [T] and electric charge [Q] is:

The electric field in the International System of units is expressed in V/m. According to the equivalence among units

10.1. Boundary Conditions
To integrate the fourth-order system of differential equations of the point r(t) we need to supply the 12 values of r(0), r(1(0), 
r(2)(0) and r(3)(0), of the initial values of the point and their derivatives up to the third order. Nevertheless, since the velocity u 
≡ r(1) is of constant value u = c and it is orthogonal to the acceleration u · a = r(1) · r(2) = 0, we are left with only 10 independent 
boundary conditions.
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To integrate the system of differential equations (35) and (36), we have to establish the appropriate boundary conditions for 
the positions and velocities of both points, the CC and the CM of each particle. These 12 boundary values for the variables 
r(0), u(0), q(0) and v(0), are finally to be expressed in terms of 10 essential parameters. These 10 essential parameters are 
those parameters that define the relationship between the center of mass observer of the particle and any arbitrary inertial 
observer or laboratory observer who sees the CM of the particle moving at the speed v.
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Figure 8. Initial position of the CM when the velocity of the CM v and the spin 
direction form an angle α. It is perpendicular to the vectors v and u∗ × r∗, of distance 
to the center O − CM = (v/2) sin α, in natural units, and is independent of the initial 
position and velocity of the CC. In general, the separation between both centers CC 
and CM, is in the interval |r − q| ∈ [1/2 − (v/2) sin α, 1/2 + (v/2) sin α], in natural 
units, so that this separation is not a constant of the motion. 
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and v0 = v. What we have left is q0, the initial position of the CM in this reference 
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frame at any time is given in (21) 
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Figure 8: Initial position of the CM when the velocity of the CM v and the spin direction form an angle α. It is 
perpendicular to the vectors v and u∗ × r∗, of distance to the center O − CM = (v/2) sin α, in natural units, and is 
independent of the initial position and velocity of the CC. In general, the separation between both centers CC and 
CM, is in the interval |r − q| ∈ [1/2 − (v/2) sin α, 1/2 + (v/2) sin α], in natural units, so that this separation is not a 
constant of the motion.
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With these values we have the initial boundary conditions for the variables r0, u0 and v0 = v. What we have left is q0, the initial 
position of the CM in this reference frame.

The definition of the center of mass position of the Dirac particle in any reference frame at any time is given in (21)

in terms of the position, velocity and acceleration of the CC in this reference frame and of the velocity of the CM, all these 
variables defined at the initial time t0 = 0.

Since ao∗ =-4ro
∗, taking the squared of (48) we get

and if we substitute for a0 the expression (48), where a∗
0 = −4r∗

0, if we use (46) the initial position (49) of the CM, q0, is
0 0 

0 

0 0 

0 0 

 
then the initial value of the CM q0, in the laboratory frame is: 
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of the velocity of the CM, all these variables defined at the initial time t0 = 0. 
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From (47) the term 

and if we substitute for a0 the expression (48), where a∗ = −4r∗, if we use (46) the initial 
position (49) of the CM, q0, is 

q0 = v × (u∗ × r∗) − bv + d. (50) 

As a summary, the boundary conditions at t0 = 0, in the laboratory frame, are: 

 

These boundary conditions are expressed in terms of 10 essential parameters: the space 
and time parameters d and b that define the initial location of the CC and CM and the 
initial instant of the integration, respectively. The three parameters v that define the 
initial velocity of the CM and finally the three angles ψ, the initial phase of the CC, 
and θ and ϕ that define the initial orientation of the spin in the center of mass frame. 

In general, the initial position of the CM for the laboratory observer, given in (53), 
is contained in the zitterbewegung plane (with d = 0 = b), is independent of the initial 
position of the CC, r∗, and is depicted in the figure 8. The distance to the center is 

(v/2) sin α. If v is perpendicular to the ziterbewegung plane, v · r∗ = v · u∗ = 0, and 

the CM is at the center of the circle and becomes equidistant of the trajectory of the 
CC. If v, has a different orientation, because R0 = 1/2, the separation between both 

0 0 

0 

0 0 

0 0 

 
then the initial value of the CM q0, in the laboratory frame is: 

 
in terms of the position, velocity and acceleration of the CC in this reference frame and 
of the velocity of the CM, all these variables defined at the initial time t0 = 0. 
 

Since ao∗ =-4ro∗, taking the squared of (48) we get 
 

 
From (47) the term 

and if we substitute for a0 the expression (48), where a∗ = −4r∗, if we use (46) the initial 
position (49) of the CM, q0, is 

q0 = v × (u∗ × r∗) − bv + d. (50) 

As a summary, the boundary conditions at t0 = 0, in the laboratory frame, are: 

 

These boundary conditions are expressed in terms of 10 essential parameters: the space 
and time parameters d and b that define the initial location of the CC and CM and the 
initial instant of the integration, respectively. The three parameters v that define the 
initial velocity of the CM and finally the three angles ψ, the initial phase of the CC, 
and θ and ϕ that define the initial orientation of the spin in the center of mass frame. 

In general, the initial position of the CM for the laboratory observer, given in (53), 
is contained in the zitterbewegung plane (with d = 0 = b), is independent of the initial 
position of the CC, r∗, and is depicted in the figure 8. The distance to the center is 

(v/2) sin α. If v is perpendicular to the ziterbewegung plane, v · r∗ = v · u∗ = 0, and 

the CM is at the center of the circle and becomes equidistant of the trajectory of the 
CC. If v, has a different orientation, because R0 = 1/2, the separation between both 

0 0 

0 

0 0 

0 0 

 
then the initial value of the CM q0, in the laboratory frame is: 

 
in terms of the position, velocity and acceleration of the CC in this reference frame and 
of the velocity of the CM, all these variables defined at the initial time t0 = 0. 
 

Since ao∗ =-4ro∗, taking the squared of (48) we get 
 

 
From (47) the term 

and if we substitute for a0 the expression (48), where a∗ = −4r∗, if we use (46) the initial 
position (49) of the CM, q0, is 

q0 = v × (u∗ × r∗) − bv + d. (50) 

As a summary, the boundary conditions at t0 = 0, in the laboratory frame, are: 

 

These boundary conditions are expressed in terms of 10 essential parameters: the space 
and time parameters d and b that define the initial location of the CC and CM and the 
initial instant of the integration, respectively. The three parameters v that define the 
initial velocity of the CM and finally the three angles ψ, the initial phase of the CC, 
and θ and ϕ that define the initial orientation of the spin in the center of mass frame. 

In general, the initial position of the CM for the laboratory observer, given in (53), 
is contained in the zitterbewegung plane (with d = 0 = b), is independent of the initial 
position of the CC, r∗, and is depicted in the figure 8. The distance to the center is 

(v/2) sin α. If v is perpendicular to the ziterbewegung plane, v · r∗ = v · u∗ = 0, and 

the CM is at the center of the circle and becomes equidistant of the trajectory of the 
CC. If v, has a different orientation, because R0 = 1/2, the separation between both 

These boundary conditions are expressed in terms of 10 essential parameters: the space and time parameters d and b that 
define the initial location of the CC and CM and the initial instant of the integration, respectively. The three parameters v that 
define the initial velocity of the CM and finally the three angles ψ, the initial phase of the CC, and θ and ϕ that define the initial 
orientation of the spin in the center of mass frame.

In general, the initial position of the CM for the laboratory observer, given in (53), is contained in the zitterbewegung plane 
(with d = 0 = b), is independent of the initial position of the CC, r∗, and is depicted in the figure 8. The distance to the center 
is (v/2) sin α. If v is perpendicular to the ziterbewegung plane, v · r∗

0 = v · u∗
0 = 0, and the CM is at the center of the circle and 

becomes equidistant of the trajectory of the CC. If v, has a different orientation, because R0 = 1/2, the separation between 
both centers CC and CM, |r − q| ∈ [1/2 − (v/2) sin α, 1/2 + (v/2) sin α], in natural units, is not a constant of the motion.

We must remark that the CC r0 is the Poincaré transformed of the point r∗
0, but q0 is not the Poincaré transformed of the CM 

q∗
0 in O∗. It is the CM of the particle in the laboratory frame O, at the same time t0 than r0, while r∗

0 and q∗
0 are considered 

simultaneous in the frame O∗. Simultaneous events in one frame are not simultaneous in another. The point q0 represents the 
location of the CM of the particle simultaneous with r0, at the laboratory observer.

11. Dirac Particle in A Uniform Electric Field
The dynamical equation (35) in natural units and in the presence of a uniform electric field along OX axis E = Eex is 
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The dynamical equation (35) in natural units and in the presence of a uniform electric 
field along OX axis E = Eex is 

 

If E is expressed in V/m, we have to use the conversion factor (40) and thus the 
parameter AE is dimensionless. With a field of intensity 1 V/m the factor a = AE = 
A · 1 = 3.77838 · 10−19 in natural units. 

In natural units, the system of differential equations is transformed into the system of first 
order 

 

This last equation written by components 

 

where the value of E is the intensity of the electric field in V/m. 

 
12. Dirac particle in an oscillating electric field 

 
If in the above analysis we replace E by a function E(t) = E cos(ωt + ϕ) we analyze the 
interaction of the Dirac particle with an oscillating electric field of angular frequency ω 
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q0 is not the Poincar é transformed of the CM q∗ in O∗. It is the CM of the particle in 
the laboratory frame O, at the same time t0 than r0, while r∗ and q∗ are considered 
simultaneous in the frame O∗. Simultaneous events in one frame are not simultaneous 
in another. The point q0 represents the location of the CM of the particle simultaneous 
with r0, at the laboratory observer. 

11. Dirac particle in a uniform electric field 
 

The dynamical equation (35) in natural units and in the presence of a uniform electric 
field along OX axis E = Eex is 

 

If E is expressed in V/m, we have to use the conversion factor (40) and thus the 
parameter AE is dimensionless. With a field of intensity 1 V/m the factor a = AE = 
A · 1 = 3.77838 · 10−19 in natural units. 

In natural units, the system of differential equations is transformed into the system of first 
order 

 

This last equation written by components 

 

where the value of E is the intensity of the electric field in V/m. 

 
12. Dirac particle in an oscillating electric field 

 
If in the above analysis we replace E by a function E(t) = E cos(ωt + ϕ) we analyze the 
interaction of the Dirac particle with an oscillating electric field of angular frequency ω 

0 

0 

0 0 

centers CC and CM, |r − q| ∈ [1/2 − (v/2) sin α, 1/2 + (v/2) sin α], in natural units, is 

not a constant of the motion. 
We must remark that the CC r0 is the Poincar é transformed of the point r∗, but  

q0 is not the Poincar é transformed of the CM q∗ in O∗. It is the CM of the particle in 
the laboratory frame O, at the same time t0 than r0, while r∗ and q∗ are considered 
simultaneous in the frame O∗. Simultaneous events in one frame are not simultaneous 
in another. The point q0 represents the location of the CM of the particle simultaneous 
with r0, at the laboratory observer. 

11. Dirac particle in a uniform electric field 
 

The dynamical equation (35) in natural units and in the presence of a uniform electric 
field along OX axis E = Eex is 

 

If E is expressed in V/m, we have to use the conversion factor (40) and thus the 
parameter AE is dimensionless. With a field of intensity 1 V/m the factor a = AE = 
A · 1 = 3.77838 · 10−19 in natural units. 

In natural units, the system of differential equations is transformed into the system of first 
order 

 

This last equation written by components 

 

where the value of E is the intensity of the electric field in V/m. 
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12. Dirac Particle in An Oscillating Electric Field
If in the above analysis we replace E by a function E(t) = E cos(ωt + ϕ) we analyze the interaction of the Dirac particle with 
an oscillating electric field of angular frequency ω and initial phase ϕ. The time has to be replaced by the dimensionless time 
so that the above field is
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above field is 

 
With ω = ϕ = 0, we obtain the previous example. The Mathematica notebook [8] 
produces the integration of both examples and the three components of the electric field 
can be selected. To obtain how the electric field affects to the CC and CM motion 
when we describe the particle in natural units, we have to use very high electric fields 
and a small value for the dimensionless parameter ω/ω0 in units of ω0, because the 
integration time corresponds to a value of π during a turn of the CC around the CM. If 
the oscillating external electric field is of a Gigahertz frequency 109s−1 the parameter 

ω/ω0 ≃ 10−12. For this value, the electric field during few turns of the CC, can be 

considered as a constant electric field and no visual effect can be appreciated. To 
appreciate the influence of the electric field at this scale we have to take a value of the 
parameter ω/ω0 greater than this value. 

In the figure 9 we represent the evolution of the Dirac particle in a uniform electric 
field E = −Eex of very high intensity to see in the same picture the zitter motion and 
how the external field bends the trajectory of the CM. The intensity of the electric field 
of this numerical integration is E = 3 · 1015V/m and the parameter aE = 1.133 · 10−3. 

 

 
Figure 9. Motion of the Dirac particle in a uniform electric field along the negative 
direction of the OX axis. We see the zitter motion of the CC (blue) and the motion of 
the CM (red). It is also depicted the CM spin, at different CM points, which forms an 
angle of 45◦ with the direction of the initial CM velocity, of value vy = 0.1 in natural 
units. The interaction parameter aE = 1.133 · 10−3. The red spin is the last value 
of the spin at the end of the integration time. We also show the projection of the CM 
trajectory on the XOY plane and the projection of the CM spin, which at this low 
velocity and according to (4) remains almost constant. The spin of value 1/2 in natural 
units has been rescaled in the picture. 
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Figure 9: Motion of the Dirac particle in a uniform electric field along the negative direction of the OX axis. We see 
the zitter motion of the CC (blue) and the motion of the CM (red). It is also depicted the CM spin, at different CM 
points, which forms an angle of 45◦ with the direction of the initial CM velocity, of value vy = 0.1 in natural units. The 
interaction parameter aE = 1.133 · 10−3. The red spin is the last value of the spin at the end of the integration time. 
We also show the projection of the CM trajectory on the XOY plane and the projection of the CM spin, which at this 
low velocity and according to (4) remains almost constant. The spin of value 1/2 in natural units has been rescaled 
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In the figure 10 we represent the integration in an oscillating electric field of the same intensity and with a value of ω/ω0 = 
0.015.

13. Dirac particle in a uniform and oscillating magnetic field
We are going to describe the motion of the Dirac particle, with the mass and charge of an electron, in a uniform magnetic 
field. To draw in the same figure the cyclotron motion of the center of mass, that has a radius of order of 10−6m in a magnetic 
field of 5 Teslas, and the zitterbewegung motion of the CC around the CM of much smaller radius R0 ≃ 10−13m, we have to 
consider a high velocity electron and a very large magnetic field, to appreciate both trajectories in this figure.
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Figure 10. Motion of the Dirac particle in an oscillating electric field along the 
direction of the OX axis of the same intensity as in the previous picture. We see 
the zitter motion of the CC (blue) and the motion of the CM (red). It is also depicted 
the CM spin, at different CM points, which forms an angle of 45◦ with the direction of 
the initial CM velocity, of value vy = 0.02 in natural units. The natural frequency of 
the external field ω = 0.03. The integration time corresponds to a value of around 280 
units, approximately to 90 turns of the zitter motion. We also show the projection of 
the CM trajectory on the XOY plane and the projection of the CM spin. 

 
 

Equation (35) with E = 0, in natural units becomes: 
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B = Bez, these equations become 

The system of dynamical equations is transformed into a system of first order 
differential equations: 

same intensity and with a value of ω/ω0 = 0.015. 

 
13. Dirac particle in a uniform and oscillating magnetic field 

We are going to describe the motion of the Dirac particle, with the mass and charge 
of an electron, in a uniform magnetic field. To draw in the same figure the cyclotron 
motion of the center of mass, that has a radius of order of 10−6m in a magnetic field of 5 
Teslas, and the zitterbewegung motion of the CC around the CM of much smaller radius 
R0 ≃ 10−13m, we have to consider a high velocity electron and a very large magnetic 
field, to appreciate both trajectories in this figure. 

 

 
 
 

Figure 10. Motion of the Dirac particle in an oscillating electric field along the 
direction of the OX axis of the same intensity as in the previous picture. We see 
the zitter motion of the CC (blue) and the motion of the CM (red). It is also depicted 
the CM spin, at different CM points, which forms an angle of 45◦ with the direction of 
the initial CM velocity, of value vy = 0.02 in natural units. The natural frequency of 
the external field ω = 0.03. The integration time corresponds to a value of around 280 
units, approximately to 90 turns of the zitter motion. We also show the projection of 
the CM trajectory on the XOY plane and the projection of the CM spin. 

 
 

Equation (35) with E = 0, in natural units becomes: 

with B in the international system of units. If the uniform magnetic field is along OZ axis,  

B = Bez, these equations become 

The system of dynamical equations is transformed into a system of first order 
differential equations: 

same intensity and with a value of ω/ω0 = 0.015. 

 
13. Dirac particle in a uniform and oscillating magnetic field 

We are going to describe the motion of the Dirac particle, with the mass and charge 
of an electron, in a uniform magnetic field. To draw in the same figure the cyclotron 
motion of the center of mass, that has a radius of order of 10−6m in a magnetic field of 5 
Teslas, and the zitterbewegung motion of the CC around the CM of much smaller radius 
R0 ≃ 10−13m, we have to consider a high velocity electron and a very large magnetic 
field, to appreciate both trajectories in this figure. 

 

 
 
 

Figure 10. Motion of the Dirac particle in an oscillating electric field along the 
direction of the OX axis of the same intensity as in the previous picture. We see 
the zitter motion of the CC (blue) and the motion of the CM (red). It is also depicted 
the CM spin, at different CM points, which forms an angle of 45◦ with the direction of 
the initial CM velocity, of value vy = 0.02 in natural units. The natural frequency of 
the external field ω = 0.03. The integration time corresponds to a value of around 280 
units, approximately to 90 turns of the zitter motion. We also show the projection of 
the CM trajectory on the XOY plane and the projection of the CM spin. 

 
 

Equation (35) with E = 0, in natural units becomes: 

with B in the international system of units. If the uniform magnetic field is along OZ axis,  

B = Bez, these equations become 

The system of dynamical equations is transformed into a system of first order 
differential equations: 

Figure 10: Motion of the Dirac particle in an oscillating electric field along the direction of the OX axis of the same 
intensity as in the previous picture. We see the zitter motion of the CC (blue) and the motion of the CM (red). It is 
also depicted the CM spin, at different CM points, which forms an angle of 45◦ with the direction of the initial CM 
velocity, of value vy = 0.02 in natural units. The natural frequency of the external field ω = 0.03. The integration 
time corresponds to a value of around 280 units, approximately to 90 turns of the zitter motion. We also show the 
projection of the CM trajectory on the XOY plane and the projection of the CM spin.

with B in the international system of units.   

The system of dynamical equations is transformed into a system of first order differential equations:

This last equation is explicitly written as: 

in natural units and the magnetic field is given in Teslas, so that the parameter KB is 
dimensionless. 

In the Mathematica notebook [8], we analyze different examples of the Dirac particle 
in a uniform magnetic field, with different values of the external magnetic field, initial 
velocity of the CM of the particle and different spin orientations. Some of the bookmarks 
of the notebook include the integration of the examples depicted in figure 11. 

In the figure 12 we integrate the Dirac particle in a uniform magnetic field along 
the OZ axis and in a uniform electric field along the negative direction of the OZ axis 
of intensities Bz = 2 · 108T, and Ez = 1014V/m, respectively.  The CM has a 
cyclotron motion, and the zitter modification is negligible. The electric field produces 
an acceleration to the positive direction of OZ axis. The CM spin precess backwards 
with Larmor angular velocity. 

In the figure 13 we analyze the motion of the Dirac particle in an oscillating mag- 
netic field along OZ axis of value Bz = 108T, and natural frequency ω/ω0 = 0.009. It is 
the same equation as above but if we replace in the differential equation the parameter 
B by B cos(ωt/ω0). It is also depicted the CM spin, at different CM points, which 
forms an angle of 45◦ with the direction of the initial CM velocity, of value vx = 0.12 in 

natural units. The figure on the right is the same computation with the same oscillating 
magnetic field of the same intensity, frequency ω/ω0 = 0.0056, v = 0.11 but through 
an angle of 85◦ with respect to the OZ axis. We see that the evolution of the spin is 

oscillating in a different direction when the curvature of the CM motion changes. 
 

The Mathematica notebook [8] has on the left panel the control of the boundary 
variables and also the possibility of auto-execute the computation by activating the 
corresponding button. In this case instead of depicting the whole solution, the program 
solves the dynamical equations in steps by dividing the integration time in short periods. 
When the program reaches the final integration time, the program stops and integrates 
the equations again. This produces a film-like picture of the evolution of the Dirac 

in natural units and the magnetic field is given in Teslas, so that the parameter KB is dimensionless.

In the Mathematica notebook, we analyze different examples of the Dirac particle in a uniform magnetic field, with different 
values of the external magnetic field, initial velocity of the CM of the particle and different spin orientations [8]. Some of the 
bookmarks of the notebook include the integration of the examples depicted in figure 11.
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In the figure 12 we integrate the Dirac particle in a uniform magnetic field along the OZ axis and in a uniform electric field 
along the negative direction of the OZ axis of intensities Bz = 2 · 108T, and Ez = 1014V/m, respectively. The CM has a cyclotron 
motion, and the zitter modification is negligible. The electric field produces an acceleration to the positive direction of OZ 
axis. The CM spin precess backwards with Larmor angular velocity. In the figure 13 we analyze the motion of the Dirac 
particle in an oscillating mag- netic field along OZ axis of value Bz = 108T, and natural frequency ω/ω0 = 0.009. It is the same 
equation as above but if we replace in the differential equation the parameter B by B cos(ωt/ω0). It is also depicted the CM 
spin, at different CM points, which forms an angle of 45o with the direction of the initial CM velocity, of value vx = 0.12 in 
natural units. The figure on the right is the same computation with the same oscillating magnetic field of the same intensity, 
frequency ω/ω0 = 0.0056, v = 0.11 but through an angle of 85o  with respect to the OZ axis. We see that the evolution of the 
spin is oscillating in a different direction when the curvature of the CM motion changes. The Mathematica notebook has on 
the left panel the control of the boundary variables and also the possibility of auto-execute the computation by activating the 
corresponding button [8]. In this case instead of depicting the whole solution, the program solves the dynamical equations 
in steps by dividing the integration time in short periods. When the program reaches the final integration time, the program 
stops and integrates the equations again. This produces a film-like picture of the evolution of the Dirac particle. All the 
figures of this work appear as bookmarks of the mentioned notebooks. In the figure 14 we describe the evolution of the Dirac 
particle in an oscillating electric and magnetic field Ex and Bz with an initial velocity forming an angle of 5o with the OY axis.

14. Conclusions 
 

The analytical description of the classical Dirac particle is determined by the evolution of 
a single point r, interpreted as the center of charge, that satisfies a system of ordinary 
fourth-order differential equations, in such a way that all observables can be defined 
in terms of this point and the subsequent time derivatives. This particle has two 
distinguished points, the center of mass q and the center of charge r, where the CC 

 
 

Figure 11. Different cyclotron motions of radii Rc = 5, 10, 20, 40, 200 and 800, with 
different values of the magnetic field and of the initial velocity of the CM. In all cases, 
except the last figure, the initial spin orientation is the same θ = 30◦, ϕ = 90◦, and 
always precesses backwards with Larmor’s angular velocity. In the first four figures the 
motion of the CC is also visible at this scale but for larger cyclotron radii the motion 
of the CC is indistinguishable from the CM motion. 
The first two figures of the third row show the two-turn cyclotron motion for two 
different radii with an initial component of the CM velocity along the magnetic field. 
After these two turns the CM spin returns to its initial orientation. The last figure 
in the third row is the same integration as the central figure but with a different 
orientation of the initial spin. After almost one turn the spin projection is opposite to 

Figure 11: Different cyclotron motions of radii Rc = 5, 10, 20, 40, 200 and 800, with different values of the magnetic 
field and of the initial velocity of the CM. In all cases, except the last figure, the initial spin orientation is the same θ 
= 30◦, ϕ = 90◦, and always precesses backwards with Larmor’s angular velocity. In the first four figures the motion 
of the CC is also visible at this scale but for larger cyclotron radii the motion of the CC is indistinguishable from the 
CM motion.
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The first two figures of the third row show the two-turn cyclotron motion for two different radii with an initial component 
of the CM velocity along the magnetic field. After these two turns the CM spin returns to its initial orientation. The last figure 
in the third row is the same integration as the central figure but with a different orientation of the initial spin. After almost 
one turn the spin projection is opposite to the initial spin projection which justifies that the spin precesses backwards with 
ωc/2. The interested reader can modify the fields, the boundary conditions, the spin orientations and rotate the 3D figures 
to better appreciate the zitterbewegung and the cyclotron motion. The zitter motion of the CM is not noticeable at this scale.

Figure 12: Motion of the Dirac particle in a uniform magnetic field along OZ axis and a uniform electric field along 
the negative direction of the OZ axis, Bz = 2 · 108T, Ez = 1014V/m. We see the zitter motion of the CC (blue) and the 
motion of the CM (red). It is also depicted the CM spin, at different CM points,with initial orientation of Φ = 30◦ and 
Φ = 0, with initial CM velocity, of value vx = 0.12 in natural units. We also show the projection of the CM trajectory 
on the XOY plane and the projection of the CM spin. The CM follows a cyclotron motion and is accelerated upwards.

the initial spin projection which justifies that the spin precesses backwards with ωc/2. 
The interested reader can modify the fields, the boundary conditions, the spin 
orientations and rotate the 3D figures to better appreciate the zitterbewegung and the 
cyclotron motion. The zitter motion of the CM is not noticeable at this scale, 
 

 
 

Figure 12. Motion of the Dirac particle in a uniform magnetic field along OZ axis 
and a uniform electric field along the negative direction of the OZ axis, Bz = 2 · 108T, 
Ez = 1014V/m. We see the zitter motion of the CC (blue) and the motion of the CM 
(red). It is also depicted the CM spin, at different CM points,with initial orientation 
of theta = 30◦ and Φ = 0, with initial CM velocity, of value vx = 0.12 in natural units. 
We also show the projection of the CM trajectory on the XOY plane and the projection 
of the CM spin. The CM follows a cyclotron motion and is accelerated upwards. 

 
velocity u is u = c and the CM velocity v satisfies v < c. The motion of the CC is, 
in general, a curve with torsion what is known in the literature as the zitterbewegung 
motion. These fourth-order differential equations for point r, can be decoupled into a 
system of second-order differential equations for the points r and q. 

Because we have two distinguished points we have two different spin observables 
with respect to both points. The CC spin S, is the classical equivalent to the quantum 
mechanical Dirac spin operator, and it is not conserved even in the free motion. It 
evolves in a kind of precession around the CM spin SCM , such that its time derivative 
dS/dt = p × u, satisfies the same equation as Dirac’s spin operator in the quantum  
case, it is orthogonal to the CC velocity u and the linear momentum p. In this way 
the CM spin, that is conserved in the free motion, is like some average of the CC spin 
during one zitterbewegung turn of the motion of the CC. This internal motion has an 
internal frequency in the CM frame ν0 = 2mc2/h, that defines a natural unit of time. 
When the CM is moving the internal frequency decreases as ν(v) = ν0/γ(v). 

The linear momentum and energy are expressed in terms of the CM velocity like in 
the point particle case p = γ(v)mv and H = γ(v)mc2, respectively. The Hamiltonian 

 

 

Figure 13. Motion of the Dirac particle in an oscillating magnetic field along OZ axis 
Bz = 108T, and ω/ω0 = 0.0085. We see the zitter motion of the CC (blue) and the 
motion of the CM (red). It is also depicted the CM spin, at different CM points, 
oriented an angle of θ = 45◦, ϕ = 0 with the initial CM velocity, of value vx = 0.1 in 
natural units. We also show the projection of the CM trajectory on the XOY plane and 
the projection of the CM spin. The right picture is the numerical experiment with the 
same intensity of B, ω/ω0 = 0.0056, v = 0.11 but forming an angle of 85◦ with the OZ 
axis. 

 

 

 

 
Figure 14. Motion of the Dirac particle in an oscillating magnetic field along OZ axis 
Bz = 1.8 · 108T, an oscillating electric field along OX, Ex = 6 · 1014V/m and ω/ω0 
= 0.0056. We see the zitter motion of the CC (blue) and the motion of the CM (red). 
It is also depicted the CM spin, at different CM points, which forms an angle of 25◦ 
with the direction of the initial CM velocity, of value v = 0.11 in natural units oriented 
at 85◦ with respect to the OZ axis. We also show the projection of the CM trajectory 
on the XOY plane and the projection of the CM spin. 

Figure 13: Motion of the Dirac particle in an oscillating magnetic field along OZ axis Bz = 108T, and ω/ω0 = 0.0085. 
We see the zitter motion of the CC (blue) and the motion of the CM (red). It is also depicted the CM spin, at different 
CM points, oriented an angle of θ = 45◦, ϕ = 0 with the initial CM velocity, of value vx = 0.1 in natural units. We also 
show the projection of the CM trajectory on the XOY plane and the projection of the CM spin. The right picture is the 
numerical experiment with the same intensity of B, ω/ω0 = 0.0056, v = 0.11 but forming an angle of 85◦ with the 
OZ axis.
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Figure 14: Motion of the Dirac particle in an oscillating magnetic field along OZ axis Bz = 1.8 · 108T, an oscillating 
electric field along OX, Ex = 6 · 1014V/m and ω/ω0 = 0.0056. We see the zitter motion of the CC (blue) and the motion 
of the CM (red). It is also depicted the CM spin, at different CM points, which forms an angle of 25o with the direction 
of the initial CM velocity, of value v = 0.11 in natural units oriented at 85o with respect to the OZ axis. We also show 
the projection of the CM trajectory on the XOY plane and the projection of the CM spin.

14. Conclusions
The analytical description of the classical Dirac particle is determined by the evolution of a single point r, interpreted as the 
center of charge, that satisfies a system of ordinary fourth-order differential equations, in such a way that all observables can 
be defined in terms of this point and the subsequent time derivatives. This particle has two distinguished points, the center 
of mass q and the center of charge r, where the CC.

velocity u is u = c and the CM velocity v satisfies v < c. The motion of the CC is, in general, a curve with torsion what is known 
in the literature as the zitterbewegung motion. These fourth-order differential equations for point r, can be decoupled into a 
system of second-order differential equations for the points r and q.

Because we have two distinguished points we have two different spin observables with respect to both points. The CC spin S, 
is the classical equivalent to the quantum mechanical Dirac spin operator, and it is not conserved even in the free motion. It 
evolves in a kind of precession around the CM spin SCM , such that its time derivative dS/dt = p × u, satisfies the same equation 
as Dirac’s spin operator in the quantum case, it is orthogonal to the CC velocity u and the linear momentum p. In this way 
the CM spin, that is conserved in the free motion, is like some average of the CC spin during one zitterbewegung turn of the 
motion of the CC. This internal motion has an internal frequency in the CM frame ν0 = 2mc2/h, that defines a natural unit 
of time. When the CM is moving the internal frequency decreases as ν(v) = ν0/γ(v). The linear momentum and energy are 
expressed in terms of the CM velocity like in the point particle case p = γ(v)mv and H = γ(v)mc2, respectively. The Hamiltonian 
is the classical equivalent of Dirac’s Hamiltonian and is interpreted as the sum of the translation energy of the CM and the 
rotation energy, which never vanishes. The particle has an arbitrary mass m and arbitrary electric charge e. The classical spin 
can take any arbitrary value S, but when quantized the model the classical parameter S = ℏ/2. In Section 9 we have analyzed 
the local evolution of the spins and angular velocity observables in the free case, at this natural time scale. Two different 
motions have been described whether the CC trajectory is flat or it has torsion. If the CC trajectory is flat the angular velocity 
has a vanishing component ωu along the velocity of the CC u. Even when the CC trajectory is flat and the motion is free, the 
SCM is conserved but the CC spin S oscillates around SCM. This spin S is only conserved in the free case and for the center of 
mass observer where p = 0. The invariant properties of the Dirac particle are the absolute value of the two four-vectors pµ 
≡ (H/c, p) and the Pauli-Lubanski four-vector wµ ≡ (p · SCM , HSCM) expressed in terms of the energy H, linear momentum p 
and the CM spin SCM. These define pµpµ = m2c2 and wµwµ = −m2c2S(0)2, where S(0) = ℏ/2 is the absolute value of the spin in 
the center of mass frame. The intrinsic properties are m and S(0). From the transformation properties of the Pauli-Lubanski 
four-vector we have obtained how the spin transforms among inertial observers. The size of the spin in an inertial reference 
frame depends on the relative velocity between this frame and the center of mass frame of the Dirac particle and decreases 
at very high velocity.

The whole formalism can be described in dimensionless variables and natural units. The natural system of units proposed 
takes as fundamental units: the unit of length is twice the separation between the CC and the CM, 2R0. The unit of velocity is 
c = 1. The unit of time is τ0 = 2R0/c = 1. The unit of action is Planck’s constant ℏ = 1 which defines that the unit mass of the 
electron is m = 1. Finally the unit of electric charge is e = 1 which means that the permitivity of the vacuum 1/4πϵ0 = α, where 
α is the fine structure constant.

For the electron and positron, the intrinsic magnitudes are in natural units: mass m = 1, the separation between CC and CM 
R0 = 1/2, spin S = mR0c = 1/2, electric charge e = ±1, electric dipole moment d = eR0 = 1/2, and magnetic dipole moment µB = 
eℏ/2m = 1/2. The expressions in natural units of the energy H = γ(v), linear momentum p = γ(v)v, CC spin S = −γ(v)(r − q) × 
u, CM spin SCM = −γ(v)(r − q) × (u − v) and magnetic moment µCM = (r − q) × (u − v), with the opposite sign for the positron.
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We have explored the interaction of the spinning Dirac particle with uniform and oscillating electric and magnetic fields. We 
use the minimal coupling interaction and the classical parameters m and e, are those of the electron. The analysis is a kind of 
microscopic analysis at the scale of the separation between the CC and the CM.

The motion of the center of mass of the particle under these fields, seems to be the expected motion similar to the motion 
of the point particle with a slight zitter. The new feature has been to determine how the spin evolution is affected by the 
interaction. To depict in the same figure the global and the internal motion we have been concerned with the use of very high 
external fields. The numerical analysis has been performed with very high hypothetical fields that are difficult to produce at 
the laboratory. Since the dynamical equations are relativistically invariant, they can be solved for arbitrary high velocities. If 
we use laboratory fields we will not distinguish at that scale a difference between the CC and CM motions, like the graphics 
of figure 11, but we can always analyze the spin evolution.

The reason is the existence of two different scales: the scale of the separation between the CM an CC, of order of R0 ≈ 10−13m, 
to show the relative motion between these two points, and the macroscopic scale at the laboratory level. The other is the 
time scale. The CC is turning around the CM at the speed of light and in natural units the time taken during a turn is πγ(v) 
where v is the velocity of the CM q, and this period is of order of 10−21s, for low velocity Dirac particles and multiplied by the 
γ(v) factor for high energy particles.

The uniform and oscillating electric field seems not to affect the evolution of the CM spin SCM that remains almost constant 
during a few periods of the relative internal motion at the analyzed low velocity. The magnetic field produces the precession 
of the SCM with the Larmor angular velocity, and this spin precesses backwards, in the opposite direction to the angular 
velocity of the CM motion, such that when the CM has given two turns the spin comes back to its initial orientation. In the 
interaction with an oscillating magnetic field, each time the magnetic field reverses, the angular velocity of the CM reverses 
and also the Larmor angular velocity of the center of mass spin. Combinations of oscillating electric and magnetic fields 
produce the modification of the CM spin orientation, although in these examples the CM velocity is not high and the absolute 
value of the spin is not modified. The analysis of the interaction of the Dirac particle with an electromagnetic plane wave 
is left to a future paper. We have not explored the possible interaction of the Dirac particle with external fields where the 
scalar and vector functions A0 and A, respectively, could also be functions of the CC velocity u. This analysis would produce a 
classical non- electromagnetic interaction which to our knowledge has never been analyzed and deserves further research. 
The notebook can be executed in auto mode to obtain a film-like picture of the numerical integration in uniform or oscillating 
electric and magnetic fields [8]. For other kind of fields, you can modify the fields in the dynamical equations of the numerical 
code of the notebook at your will. The analytical expressions of the fields have to be written in natural units. This notebook 
contains as bookmarks all figures of this article. If the auto mode is suppressed all boundary conditions can be modified 
manually to obtain the different interaction scenarios of the classical Dirac particle in an external electromagnetic field.
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