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Abstract

Explicit details are presented for calculation of A'B, AA*AB and AA*B where Amxn is any nonzero matrix, A* is the Moore-
Penrose pseudoinverse of A and B is any matrix of appropriate dimensions, where the quantities in question are found using
only the storage originally allocated to the matrices A and B (together with some simple one dimensional indexing arrays).

Keywords: Nonzero Matrix, A+B, A+AB, AA+B

1. Introduction

The calculations to be presented depend on the following theorem, which guarantees a specific rank decomposition
of any nonzero m x n matrix. The proof of the theorem is given with minor modifications in Appendix A, as is a
statement of the algorithm that produces the factorization of the theorem. The algorithm is typical of so-called
compact schemes, in that the entries of the factors are stored by modifying those of 4 in place. This in turn gives rise
to the schemes of this paper, which are achieved by further in-place modifications of the original matrix.

Theorem 1.1. [1] Let Amxn be a nonzero matrix of rank r. Then there are a permutation matrix Pmxm, a lower
trapezoidal matrix Lmx-of rank r and an upper echelon matrix Urnof rank r such that PA = LU.

The factorization of the theorem has numerous applications in the case that A has reduced rank. The compact
scheme discussed here for A*A is used extensively in the computations for [2]. The factorization itself can be used for
the construction of constraints that define the image of a polyhedron under a linear transformation, also in [2]. The
schemes we will detail involve further in-place (post factorization) preparation of the matrix A based on the fact that
A*=Ur(UU*)-1(L*L)-1L*P, as is easily shown using properties of the pseudoinverse.

The methods to be shown are based on modifications of the matrix R which we define as the upper left r x r
submatrix of PA, and the submatrix of A corresponding to R. The diagonal of R consists of the pivot elements of the
factor L. In the following we use the usual LDL*variant of the Cholesky decomposition of a Hermitian positive
definite matrix, expressed as such to avoid confusion with the factor L of the LU factorization. Sufficient detail is
given for all of these schemes below that it is straightforward to convert any of them to a computer program.

1.1 A*B

We first give the details for the calculation of A*B as outlined in [1] which will then be applied to the other two cases.
We assume that the matrix A has been factored according to Algorithm A.1 and that the integer arrays p and y
produced in the factorization have been retained. Here we assume that B is any m x p matrix.

Step 1. The process of calculating A*B will overwrite portions of the factored form of 4, so it is first necessary to
calculate C = L*PB. This is straightforward with, fori=0,..,r- 1and ¢ =0,...p - 1,

m—1 m—1
Ciqg= Z Ly,iBpy.q = Z ApkmeM (1.1)
k=0 k=i

However, it is clear that these results can be stored column by column back into a set of r rows of each column of B.
Therefore, rather than introducing a new matrix C, we shall overwrite the appropriate entries of B with the following
assignments. Set

m—1
Bpiq Z Apy i Boya (1.2)
k=i
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fori=0,.,r—1and q = 0,..,p — 1. It is evident that entries to be overwritten are not needed in subsequent sums in
(1.2) provided the given order is followed. The entries B, ~ will now contain L*PB.

Step 2. Compute and store the lower triangular part of L*L into A. Explicitly, the first r rows of L comprise an r x r
lower triangular matrix in PA, namely the lower triangular part of R. We overwrite this matrix with the lower
triangular part of L*L by making the assignments

m—1

Apj i Z Apr A (1.3)

k=j

forj=4i..,r—-1fori=0,..,r - 1. Note that these assignments do not disturb the contents of U as stored in PA.

Step 3. Calculate D = (L*L)-1C. This is done by solving the system
L'Ly' =y

for each column y' of D from each column y of C. Specifically, this step is application of the following algorithm. Again,
rather than introducing a new matrix D, we overwrite the appropriate entries of B. This is an LDL*decomposition
(consisting of (1.4), (1.5), and (1.6)) followed by forward substitution (1.7), application of the diagonal (1.8), and
back substitution (1.9), which we state explicitly in terms of the factored contents of PA. Specifically, we find the
LDL*factorization of L*L from its lower triangular part, storing the factor L in the lower triangular r x r part of R with
the diagonal D overwriting the pivot elements of L, since the diagonal elements of L have the value 1 and can be
defined implicitly.

Algorithm HFS. Let A be the result of the factorization of Algorithm A.1 and let p and y be the integer arrays of length
at least m and n respectively also resulting from the factorization. Assume that the r x r lower triangular part of R has
been overwritten by the lower triangular part T of an r x r Hermitian positive definite matrix H (e.g., as in Step 2).

for 0<i<r {
for 0<k<i {
Api i = Apii = Api v Aps v A (1.4)
}
for i+1<j<r {
for 0<k<i {
Apj iy Apj v — Apjo Api v Api (1.5)
}
Apj i  Apjvi/Api v (1.6)

for 0<¢g<p {
for 0<i<r {
for 0<k<i {

Bp,.q < Boig — Apivi Bora (1.7)
}
}
for 0<i<r {
By,.q < Bpia/Api (1.8)
}

for r>i>0 {
for r>k>i {

Bpia < Bpiqa — Appvi Bora (1.9)
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Step 4. Compute and store the lower triangular part of UU*into A, again overwriting the upper left rxr lower
triangular matrix in PA . We overwrite this matrix with the lower triangular part of UU* by making the assignments

A ifj>i

Apimi = 000 N Ay Ak (1.10)
1 if j=1 o,

forj=4,...,r—1fori=0,...,r —1.

Step 5. Calculate F = (UU*)~'D by again applying Algorithm HFS, where of course F now consists of the entries B,
fori=0,.,r-1and g=0,.,p - 1.

Step 6. Complete the calculation of A*B = G = U'F with the assignments

r—1 1 if 1= Yk
Gig =) Bpa§ Appi i i > (1.11)
k=0 0 if i < v

fori=0,...,n—1land ¢g=0,...,p— 1.

Calculation of the remaining quantities is for each split into two phases, namely preparation of the matrix A and then
application of the result to the data B.

1.2 A*AB

For this calculation we again assume that the matrix A has been factored according to Algorithm A.1 and that the
integer arrays p and y produced in the factorization have been retained. Here we assume that B is any nxp matrix.
Steps 1 and 2 prepare the contents of 4, the results of which are reusable with arbitrary B. Step 3 is application of
A*Ato B.

Step 1. Preparation of A is continued from an initial LU factorization by first replacing the upper left r x r lower
triangular matrix of PA with the lower triangular part of UU*as in (1.10).

Step 2. Compute the LDL*decomposition of UU* by applying only the factorization (1.4), (1.5), and (1.6) of Algorithm
HFS. The calculation of A*AB does not require retention of L of the factorization, so the scheme is free to overwrite
that portion of the factored form of A.

Step 3. Use the following algorithm to apply A*A to arbitrary data B. Simply put, this computes U*(UU*)-1UB.

Algorithm A*AB. Let A be the result of the factorization of Algorithm A.1 and let p and y be the integer arrays of length
at least m and n respectively also resulting from the factorization. Assume that the upper left r x r lower triangular part
of R has been overwritten by the lower triangular r x r factor T of the of the LDL* factored form of UU* and let B be an
arbitrary n x p matrix. First calculate C = UB as follows in (1.12), then apply forward substitution (1.13), application
of the diagonal (1.14) and back substitution (1.15) to obtain D = (UU*)-1C, and finally A*AB = G = U*D (1.16).

Again rather than introducing new matrices C and D, we overwrite the appropriate elements of B.

for 0<g<p {
for 0<i<r {

n—1
By,.q < By g + Z Ap;.iBiq (1.12)
Jj=vi+1
}
for 0<i<r {
i—1
Byig <= Brig — ZAPm’YkB’YkﬂI (1.13)
k=0
}
for 0<i<r {
Bui.q < Bryia/Api v (1.14)
}
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for r>1>0 {

r—1
By.q < Byjq — Z Apy i By (1.15)
k=i+1
}
for 0<i<n {
r—1 1 lfl = Yk
Gig < Y By Appi ifi >y (1.16)
k=0 0 if i <

1.3 AA*B

We again assume that the matrix A has been factored according to Algorithm A.1 and that the integer arrays p and y
produced in the factorization have been retained. Here we assume that B is any m x p matrix. Steps 1-3 below
prepare the contents of 4, and again the results are reusable with arbitrary B. Step 4 is the application of AA*to B.
First, note that

AAT = P*L(L*L)"'L*P (1.17)

and furthermore that (1.17) remains true if L is replaced by LQ where Q is any r x r invertible matrix. For the current
application we will in particular take Q to be the diagonal of reciprocals of the pivot elements of L, namely the
diagonal matrix with entries {1 /A, fori=0,.,r-1.

Step 1. Preparation of 4 is continued from an initial LU factorization by first replacing L with LQ in PA as follows.

for 0<i<r {
for i+1<k<m {
Appvi < Apyvi [ Api v (1.18)

}

Step 2. We will henceforth assume that L refers to the result of the replacements (1.18). Since we now can assume
that the pivot elements of L (diagonal of R) all have the value 1, we can define these implicitly and are free to
overwrite them, and thus to overwrite the upper triangular part of R without disturbing the contents of L. To this end
we replace the upper triangular part of R with the upper triangular part of L*L as follows. Though this is stored as an
upper triangular matrix, it can be treated as a lower triangular matrix for further applications, as explained below.

for 0<i<r {
for i <j<r {

m—1
APiv"/j A Z Alpk;’n"zl;kﬂj (1'19)
k=j
}
}
where we define
Appng ifk>q

Al by =41 ifk=gq (1.20)

0 ifk<gq
fork=0,....m=1land ¢=0,...,7— 1.

Step 3. The last step of preparation of A is to factor the matrix stored in Step 2 as though it is lower triangular and
storing the transpose of the lower triangular factor into the upper triangular part of R as follows.

for 0<i<r {
for 0<k<i {
AP;,,%‘, — APi»"/i - Apk,’YiAPkwq‘, Aﬂkﬁm (1'21)
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}
for i+1<j<r {
for 0<k<i
APi:'Yj — APia')‘j - APka'Yj Aﬂk:'}’i APka’Yk (1'22)

}
APiv"/j A APi»’Yj /APiw’Yi

}

Step 4. Use the following algorithm to apply AA* to arbitrary data B. This computes P*L(L*L)"'L*PB, where L is the
result of the replacements (1.18).

Algorithm AA*B. Let A be the result of the factorization of Algorithm A.1 and let p and y be the integer arrays of length
at least m and n respectively also resulting from the factorization. Assume that the r x r upper triangular part of R has
been overwritten by the upper triangular r x r factor T from (1.21), (1.22) of the of the LDL* factored form of L*L and let
B be an arbitrary m x p matrix.

First calculate C = L*PB as follows in (1.23), then apply forward substitution (1.24), application of the diagonal (1.25)
and back substitution (1.26) to obtain D = (L*L)-1C, and finally AA*B = G = P*LD (1.27). Again, we merely update the
elements of B rather than introducing new matrices € and D.

for 0<¢g<p {
for 0<i<r {

m—1
Bpi.q < Bpi.gt+ Z Apyvi Boy.a (1.23)
k=i+1
}
for 0<i<r {
i—1
Bpi.q < Bpig — ZAka"/iBkaq (1.24)
k=0
}
for 0<i<r {
Bpia < Bpia/Api i (1.25)
}
for r>i>0 {
r—1
Bpi.q < Bpi.q — Z Api 1 Boya (1.26)
k=i+1
}
for 0<i<m {
1 Apiryy, Hfi>k
Gpig < Y _Boall ifi=k (1.27)
k=0

0 ifi <k

2. Example
We end this discussion by giving a simple example. Computations were done in double precision, with the results
displayed here to 5 places. Starting with the rank 4 matrix

A5z7 =

N N
— N O N
N = W Ut W
SO T TN
= W w Ut
= NN N
N SO
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we find its LU factorization according to Algorithm A.1, with

7 0 0 0

1 6.14286 0 0

L=11 1.14286 2.23256 0

1 1.14286 2.23256 2

7 =5 2.23256 2

and
1 0.85714 0.71429 0.57143 0.42857 0.28571 0.14286
U= 0 1 0.04651 1.04651 0.09302 1.09302 0.13953
0 0 1 1 1.10417 0.20833 0.31250
0 0 0 0 1 2 3

with row permutation (0, 1, 2, 3,4) = (1, 3, 2, 0, 4). Applying the scheme of 1.1, we compute A*B with B as the identity matrix
Il which gives
[—0.02388 0.08326 —0.15 0.01719 0.04219]
—0.01071 0.06071 —0.10 0.05833 —0.00833
—0.03192 0.00379 0.15 —0.04323 0.01510
AT = [-0.01875 —0.01875 0.20 —0.00208 —0.03542
0.00379 —0.03192 0.15 —0.04323 0.01510
0.06071 —0.01071 —-0.10 0.05833 —0.00833
| 0.08326 —0.02388 —0.15 0.01719 0.04219

We next apply the scheme 1.2, computing A*AA*taking B = A*and then scheme 1.3, computing AA*A taking B = A (the
original A). The maximum difference between entries of A and AA*A and between entries of A*and A*AA*is found to
be less than 2.7e-15. The results are identical whether using the fine, coarse or simple (with € = 1.0e-12) methods
from Appendix A.

A LU Factorization

The proof of Theorem 1.1 depends on a pair of lemmas that concern the construction of P, L and U in Algorithm A.1.
The array p will contain the permutation information, so that (PA);;= A, For the following we note that the changes
to A (the assignments (A3), (A6)) take place only once for any position.

Algorithm A.1. Let p and y be integer arrays of length at least m and n respectively, and let D be a real array of length
m. Let r and p be integers and setr < 0 and p < 0. For 0 < i <m set p;«< i and Di< ||A;.ll where |||l is a norm on the rows
of A. Let R be an array of integers of length at least n.

for 0</t<n { (A1)
set C+0
for r<i<m { (A2)
if D,, >0 {
Apit = Apje — Z Api i Ap (A3)
0<k<r

it C<|Apel/Dp; set C=[Apel/Dp;, p=i

}
}
if C>0 { (A4)
set yr <L, pp > pr
for 1+1<j<n { (A5)
Apr i (Apj — Z Apr i Apiod) [Apr e (A6)
0<k<r
}
set r+<r4+1
}
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set Re<+r—1 (AT)
}
We define L and U in terms of the eventual value of 4 in Algorithm A.1 by
1 if g =
Upa =19 4ppq ifa>n (A8)
0 if g <p

forp=0,..r—1and ¢=0,...,n—1 and

A if p >
Lpq= P 1 p=4 (A9)
0 ifp<gq

forp=0,..m-1and q =0,..,r — 1. These definitions are assumed to apply as soon as the assignments in (A3) and (A6)
have taken place for the relevant entries of A.

Theorem 1.1 is established by examination of the algorithm and applying the following two lemmas. We assume the
usual convention that vacuous sums are zero. By observation, the algorithm will proceed through the outer loop
(A1), terminating after at most n steps. The vector R of the algorithm is a construct for use only in the lemmas, and
can be omitted from implementations.

Lemma A.1. [1] Let £, be the smallest value of € for which (A4) of Algorithm A.1 is satisfied. Then for each £, £ < £ < n, we have
0Os<R,<mandy,,<?. Foranysuchtlet£'=¢+1.IfR,=R, theny,, <{"andifR,<R,thenR,=R,+ 1 and yR, = ¢’ Furthermore
either yR , < £, in which case we have

(PA)ie=(LU); (A10)
fori=Re+1,...,m—1, oryr, = £ and we have

(PA);e=(LU); . (Al1)
fori=Re,....m—1 and

(PA)i; = (LU)i,; (A12)

fori=Ryandj=4+1,...,n—1. In any case,
(PA)i; = (LU)i; (A13)
fori=0,....m—1andj=0,...,60— 1.
We give a slightly modified proof of the following.
Lemma A.2. [1] For each £ = 0,..,n - 1 we have
(PA)ig = (LU)ig (AL4)
fori=0,....m—1and q=0,...,0. If ¢ > £y of Lemma A.1 then
(PA)y; = (LU), (AL5)

forp=0,...,Rpandj=4¢,...,n—1.

Proof. We have (A14) for £ < ¢ by Lemma A.1, so suppose ¢ > £ . Then R, < £ and yR, < ¢, also by Lemma A.1 and its
proof. Suppose the present lemma is true for some £ > 0 and let £'= ¢ + 1.IfR,= R, then yR,, < £'. By the previous lemma,

(PA),, = (LU),, fori=R,+1,...,m - 1. By assumption we have (PA)p = (LU) forp 0,...,R,andj=4¢,. -1, which

shows that (PA) o (LU)L forl 0,...,R, thus (PA),, = (LU),  fori=0,...,m - 1 and (PA) = (LU) forp 0 ..,R, which

is the induction hypothesis for £".

On the other hand if R, <R, then R, = R, +1 and yR,, = £’. Then (PA),, = =(LU),, fori= coom=1. Again by assumption

we have (PA)W = (LU) forp 0,....R, and] 4. -1, which shows that (PA) > (LU) fori= - 1 thus (PA4)
=(LU),, fori= m 1. We have (PA) = (LU) forp 0,....,R,andj=4¢,...,n-1 by assumptlon and (PA) = (LU)

forp R and] {”+ 1,...,n-1by Lemma Al, and forj=+¢’ by Choosmg i= R above so that (PA) = (LU) for p=0,
R, and] .. .,n-1. ThlS satisfies the inductive hypothesis. Now for £, (A11) and (A12) hold and we note that
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Rey = 0. Then (A14) is true for g = £, and we have (A14) for g < £, by (A13), so (A14) holds fori=0,...,m-1and q =0,
..., By (A12) we have (A15) for j > ¢ . By (A11) we have (A15) for j = £. This instance completes the induction and
proof of Lemma A.2.

Proof of Theorem 1.1 By Lemma A.2 it is clear that PA = LU. That L is lower trapezoidal (that is, a truncated lower
triangular matrix) and U is upper echelon and that both have rank r follows by construction.

Note on machine arithmetic. Applications of the factorization will depend on use of machine numbers and in practice
this means that the comparison (A4) can be misleading in the sense that a very small floating point number may
either represent a value that is supposed to be zero or a nonzero value that just happens to be small. The value of C
in the algorithm is the maximum of the nonzero values |4 /D . if there is one, or is zero if not. Therefore, it is
desirable to have a scheme for deciding which of these quantities is nonzero as opposed to being an artifact of
machine arithmetic that appears nonzero. A number of methods can be used to separate these possibilities, one of
which might be to simply find C as the maximum of the required machine values and to then stipulate that C > ¢ (for
some well-chosen €) should be interpreted as that (A4) is in fact satisfied. This will be referred to as the simple
method, and we will now discuss some adaptations of that approach. According to the results of [3], any order of
evaluation of inner products returns a machine number © such that

o —a"y| < nulz| ]yl (A16)

where x and y are vectors of length n and u is the machine unit.
Using (A16) it is easy to show that if v, is the machine-computed value of |x|T|y|, and if

nu

o] > Va (A17)

1—nu
then the exact arithmetic value of x”y is nonzero (where we assume that nu < 1). It should be noted that if (A16) is
true, it is also true replacing n by K where K is the number of pairs (x;yi) for which both components are nonzero,
provided that the computation of ¥ ignores pairs for which one component is zero (that is, the floating point
representation of zero), so that (A16) and (A17) will at least sometimes be overestimates. In any case, for machine
computations we find C by considering values of |4,,,I/D, that are actually nonzero by using (A18), since by (A17)
the exact arithmetic value of the right side of the assignment (A3) is nonzero if

[Apiel > SE) ([ Aprel + D 1Al Ay el) (A18)
0<k<r

where we define ¢(a) = au/(1 - au) and where K is determined in the process of evaluating the right side of (A18) as
the count of nonzero terms in the sum, plus 1if 4,, , # 0. The value to the left of the inequality in (A18) is after the
assignment (A3) (i.e., the computed value), values to the right of the inequality are values before the assignment and
all expressions in (A18) represent machine-computed values. Inequality (A18) applies for real computations. If x and
y are complex, it suffices to consider the real and imaginary parts of x*y separately. Let xpand x;represent the vectors
of real and imaginary parts of x and define yrand y;similarly.

Then Rz*y = ahyr+21 yr = (zr,21)” (yr, yr) where if g, b are vectors of length n, (a, b) represents the vector of length 2n
consisting of the entries of a followed by the entries of b. It follows that if  is the machine value of x*y then

IR — 2"y)| < 2nu(lzrl, |z (lyrl, lyr]) (A19)

from (A16) with similar results for imaginary parts. Letting 7, and 7; represent the machine computed values of
(1x&L 1) (el i) and (|xz] |x:0) (Wil Lyr]) respectively, we have similarly to (A17) that if either

|RD| > ¢p(2n)or  or |SD| > ¢(2n)vr (A20)

thenz*y # 0. The alternatives (A20) can be used to produce a pair of inequalities similar to (A18) for the complex
case, namely

Rowel > 20 (Rputlt 3 1RpulRpputl + Tl Zopotl)
0<k<r

Zoi el > b2r(|Zp, el + Z |Rpi,k||ka,f| +1Z ikaRPle
0<k<r

(A21)

where ¢2-= ¢(2r + 1) and we define Rj= RAj;, and 1;= JA;. A variation of (A21) can also be applied that counts
nonzero terms in the sums. Application of (A18) or the variant (A21) (both of which will be called fine methods) will
introduce extra floating-point operations. One approach to reduce the number of operations is to define u as the
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initial maximum value of |4;| for i = 0,..,m - 1 and j = 0,..,n - 1 and pg, was M3x|RA;| and Max|JA;| respectively, and
to use (with x = min{m, n})

[Apiel > bk + 1) (1 + kp®) (A22)

or in the complex case

(RAp, ol >6(26 + 1) (g + ruk + £l

(A23)
S Ap; el >¢(26 + 1) (1 + 2601 11R)

calculating the value of ¢ only once in either case and updating and retaining the entire right hand sides of the
respective inequalities (A22) or (A23) only when g, g, or y;requires updating after (A3) or (A6). The inequalities
(A22) or (A23) will be called coarse methods because they are overestimates compared to (A18) and (A21).

The simple method is typically the fastest, but requires a judicious choice of €. Numerical experiments for real
arithmetic indicate that on a modern processor on average and independent of the size of the matrix A4, the fine
method takes about 1.1 times as long as the simple method and the coarse method is between the simple and fine
methods but very nearly equal to the simple method in execution time. Finally, it is possible for any of these methods
to be wrong (especially the simple with &€ > 0 or coarse methods, the fine method being somewhat more adaptive in
this situation) by not concluding that C > 0, if A has many elements that are very small (within a few orders of
magnitude of the machine unit) in absolute value. In that case, the algorithm will still produce a factorization, but the
rank will be too small and the difference between PA and LU will effectively be those small elements of A. Whether or
not this matters depends on the application. This situation might possibly be avoided by preparing A ahead of time
by scaling or another transformation. One can also do this deliberately, forcing the situation by using a constant
larger than the machine unit u in the above methods, in an attempt to filter ‘noise’ from A. At the other extreme, there
is the simple method with € = 0 i.e,, the original algorithm, which treats every value not equal to floating point zero as
nonzero [4].
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