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Abstract

A one-dimensional model to determine the laminar ow of a fluid in a porous channel with wall suction or injection is proposed.
The approach is based on the integration of the Naiver-Stokes equations using the analytical solutions for the two-dimensional
local velocity and pressure fields obtained from the asymptotic developments at low filtration Reynolds number proposed
by Berman and Yuan and Finkelstein [1,2]. It is noticeable that the resulting one-dimensional model preserves the whole ow
properties, in particular the inertial terms which can affect the wall suction conditions. The model is validated in the case
of a single porous channel of rectangular or circular cross-section with uniform or variable wall suction. Then the model is
applied to a two-dimensional multi-channel system which consists of a great number of adjacent entrance and exit channels
connected by a filter porous medium. All existing models aren’t analytical, and need to use complex numerous calculations.
The present model is a first an attempt to reduce the problem to a simple analytical scheme based on Berman Similarity and
perturbation series solution method that allows it to be used by general engineers not using complex mathematical methods.
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1. Introduction

Numerous filtration systems consist of parallel porous
channel bundles, i.e., multi-channel systems. Membrane
modules used in microfiltration and ultrafiltration are
typically multi-channel systems Flat-plate membrane
modules, which are the earliest configurations developed for
commercial applications, use multiple at sheet membranes
in a sandwich arrangement consisting of the support plate,
the membrane and the channel spacer [3,4]. The hollow
fiber modules consist of an array of narrow-bore fibers
with a dense skin layer at the lumen side of the fiber and a
macro-porous matrix for rigidity. The multi-channel tubular
devices are made of individual porous tubes, which support
the membranes, placed inside a sleeve to form a single tube
cartridge. The pleated filters are also multi-channel filtration
systems developed to arrange large plane filtration area on
relatively small base areas [3,4].

All the models discussed above for laminar ow in a porous
channel with suction apply to multi-channel systems if
there is no coupling between the individual channels. This
statement is incorrect if there is coupling. At this stage,
some refinements are required to include the coupling in the
models. The problem can be considered as coupling of two
separate problems:

e laminar flow in a porous channel with wall suction.

e laminar flow in a porous channel with wall injection.

In addition, the common porous wall of the two channels
is shared with specific porous media characteristics. Thus,
a number of models were developed to investigate fluid
ow in a unit element of a multi-channel filtration system
which consists of two coupled channels [5-7]. However,
these models still fail in the case of multi-channel systems
with spatial heterogeneities such as spatial distribution of
entrance ow rates, spatial distribution of channel width, or
unexpected plugging of some entrance channels for instance.
In this latter case, the flow should be modeled for the entire
system to account for the complex geometry and boundary
conditions. Moreover, all existing models aren’t analytical,
and need to use complex numerous calculations. So, it is a
first an attempt to reduce the problem to a simple analytical
scheme that allows it to be used by general engineers not
using complex mathematical methods.

1.1. Description of the Model

This study will focus on 2-D fluid flow through channels, where
the plane boundary between two chambers is permeable
with uniform suction/injection. The main assumption is that
the both chambers are completely identical with the only
difference that the porous wall is the injection boundary for
the first chamber, and for the second one it is the boundary of
suction. So, we may consider the flow in the right chamber at
the scheme shown at the Fig. 1; it is shown at the Fig. 2. The
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left chamber has a similar view with the same coordinate
system where in the both cases, for the both chambers, the
y-axis is directed towards the porous wall. Thus, the both
flows are considered in independent coordinate systems,
and they are connected only by a common porous boundary.

Note, that the channel of the left camber may have another
width h = hz. The channel widths h = hl, h2 are assumed to be
constants. As shown in the problem geometry below, u and v
are the velocity components which are the functions of x and
Y, 1 is the dynamic viscosity. For the model problem under
investigation, we make the following additional assumptions:
e Formulate a mathematical model which determines the
nature or behavior of the steady laminar flow in the channel
with one porous wall.

e The fluid is viscous and incompressible.

¢ A two-dimensional flow scenario is considered.

e The flow is driven by combined action of wall suction/
injection and pressure gradient.

« A steady state flow situation is considered.
Under the above assumptions, the model equations of
motion above reduce to:

ou Ov
+_

e =0,
ox Oy

2 2
y Mo LOP  pou Ou (1.1)
Ox Oy pox plox? o
ov ov 1oP u(ov o
u—+v—=———+52 + .
ox oy pox  plox? oy’

The boundary conditions may be written in the form

(1.22)
(1.2b)
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Figure 1: The Total Scheme
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Figure 2: Identical Scheme for the Both, Left and Right Chambers

The initial velocity +V at the porous wall (+1 is for injection, and -1 is for suction), at y=h, may be found from,

p_kar

oP| kAP _kP-P
moyl, wmo6 u o6

(1.3)

b

where k [m?] is the coefficient of permeability, and 6 is the width of porous wall. We then write the equations of motion in a
dimensionless form, starting by scaling the variables as follows:
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) h ="y, @)V =@’ V), Pl (@ | h)y=P", (1.4a)
o/ ox =>hto/ ox’, 8/ y =>h9/ dy’. (1.4b)

The quantities denoted by an asterisk are in non-dimensional form. Substituting the non-dimensional quantities (as shown
in (1.4a) - (1.4b) above) in the equations of motion (1.1) it will change them to:

ou” '
ct—==0
ox Oy
) . .
V- u*ﬁu* i Gu* _ 1 o [P ,uV ,uV S (1.5)
h Ox oy ,0 hox™\ h ph2
2 * * *
re u” 6‘}* +v*aL =—l 6* P +iV2v*.
h Ox oy P hox h ph’
Dividing through by >/ & and follow to Re = ”"TV is the Reynolds number Re we obtain
au* N (?V* _0,
ox 0Oy
Lout . 6u 2
u —+v = +—V (1.6)
. ()
u*a—v*+v*8v = ( )+—V2*
Ox
where p* = P"/ Re. Dimensionless form for boundary conditions is form
'l =0, v, =4I, (1.7a)
ly =1 ly =1
Uiy = 0, v b 0, (1.7b)

Next, we will omit the asterisks (*) at the superscripts; here +1 is for injection, and -1 - for suction.

1.2. Stream Function
We can define the stream function i for two-dimensional flow by expressing the flow velocity as

u=wv,0)=Vxy, 2.1

where 1=(0,0,1). In Cartesian coordinate system this is equivalent to

Vo, % 2.2)

Then, the continuity equation is satisfied identically.

Qu Ou_Of0w), 0f W] oo X, 0 2.3)
ox 0oy Oox\ oy ay ox ox 0Oy
The total derivative is
dy =Vax + Vay = —vx +udy | 2.4)
ox oy
Whereby y(x,y) is a constant along the streamline, then dy=0. Hence, the equation (2.4) may be rewritten as
e = & . 2.5)
u v

This is the equation which we use to determine a streamline. Streamlines are therefore lines of constant and they cannot
cross each other except at stagnant points.

Moreover, we can define a stream function by modifying the Navier-Stokes equations. This can be easily done by differentiating
the x -momentum equation of the system (1.1) with respect to y and the y -momentum equation (1.1) with respect to x and
then subtract, so as to eliminate the pressure term. The resulting equation becomes:
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oy 0 ,_, oy 0 ,_, 1 4
L (V) - = — (V) ——(V'y) = 0, 2.6
& ax( ¥) ox o ) Re( ) (2.6)

where V* is the 2-D bi-harmonic operator. The associated boundary conditions are

(i) Ony =0
a_u_g(a_wj_w @_3(_%j__62w
Tvlay ) 9’ o ax| ax ) o
ooyl & o el A ! (2.7)
0 174 ’ 0 4 ’
2 T T 2 :l//x -0 =0
oy -0 7= Ox -0 V=
(i))Ony =1:
u| = y/y’ = 0, v| = w! = *1, (+1) is for injection, and (—1) — for suction. (2.7b)
= = = V=

1.3. Berman Similarity

Consider the Berman problem [8 - 9] where a two-dimensional flow in a channel is considered and x € (—0,%), y €(0,h).
For an incompressible steady-state flow, we consider a stream function in terms (2.2). Using Jacobian determinant, our
motion expression (2.6) written in terms of stream function may be rewritten as,

0 2 0 o2
—(V —(V
) [ VY o o ava .1
VY] =V vy - L Vi) =—(Vy). @28
o(x,y) v oy dy Ox ox Oy Re
Ox oy
Suppose 2=V? i, equation (2.8 becomes)
Ay _ 1 vy 2.9)
dx,y) Re

where Q=V? 1 is the velocity. We seek for similarity solution of the form 1)=xf(n), where x,y are all dimensionless, and y=n.
Then,

y. =1, v, =xf, v, =X
Applying this to equation (2.8) it yields
74 m o -1 pIV
ff'm _ﬁ(wm =Re" f 7 (2.10)

with boundary conditions

() At =0
v, =0 = f0=0 | =v| =0=f0=0=0 @l

(i) At 7 = 1
v, =0 = rm=0yl| = === (2.11b)

dueto v =xf(m), v, =f(m), v, =xf, v, =xf, .
As a result we obtain the boundary value problem
Re(ff" - ™ =f", (2.12a)
f(0)=0, f(0)=0, f(D==1, f'(1)=0. (2.12b)

1.4. Pressure Gradient

In many fluid flow problems, we consider the speed of the flow at any point to be proportional to the change of pressure per
unit length and this is what we call the pressure gradient. This implies that the flow is always in the direction of decreasing
pressure. An adverse pressure gradient occurs when the static pressure increases in the direction of the flow. Mathematically
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dp
this is expressed as dP/dx > 0. The pressure gradient is said to be favorable to the flow when —- < 0. Since the fluid in the
inner part of the boundary layer is relatively slower, it is more greatly affected by the increasing pressure gradient. For a
large enough pressure increase, this fluid may slow to zero velocity or even become reversed. When flow reversal occurs, the

flow is said to be separated from the surface.

Pressure gradient is one of the factors that influence a flow immensely and the shear stress caused by viscosity has a retarding
effect upon the flow. This effect can however be overcome if there is a negative pressure gradient offered to the flow. A
negative pressure gradient is termed a favorable pressure gradient since it enables the flow. A positive pressure gradient has
the opposite effect and is termed the Adverse Pressure Gradient.

From the second equation of the system equation (1.2), we have

P ua—u-i-va—u—ivzu. 3.
Ox Ox dy Re

Substituting
s, =) =) =5 v =) =) =l
Vi =ul +ul =), + (), =(&f)), =xy)
gives
12 " "m
—~@p/ ax)Re:x[Re(fq —ffw)—fm]. (3.3)
Let us assume —re %’ =xA with A to be the pressure gradient constant. So, equation (3.3) has a view,
4= Re(f”'z _fj‘{?;;i) _f';:;ﬂ : (3.4)
Remember, that p = P / Re, one obtains —% =xA / Re, and finding A we will find %
and so
P(x)=P,—1A(x) =P, —3A(x, ./ h)’ =P —AP. (3.5)

The most researches try to resolve the equation (3.4) with the boundary conditions (2.12b). Nevertheless, attempts to solve
this problem, in contrast with solution of the classical Berman problem with initial boundary conditions, directly applying
the perturbation method, do not lead to success since the boundary value problem turns out to be incorrect [8,9]. The reason
is that symmetrical problem is connected with the flow between the both porous walls when we have a deal with initial
boundary conditions. Note, that numerous attempts to solve this boundary value problem by reducing it to the classical
Berman problem using the method presented by Terrill and improved by Cox turns out to be a rather complicated matter
[9-13].

The solution of the boundary value problem (2.12a) - (2.12b), as it will be shown below, using the well-known perturbation
method, does not require significant difficulties.

1.5. Perturbation Series Solution Method
The flow of an incompressible Newtonian fluid through a rectangular micro tube is considered, with x -axis being in the axial
direction as shown in the problem geometry.

By seeking similarity solution of the form 1 = xVf{n) and n = y/h we have shown that the Navier-Stokes equations can be
reduced to (compare with (2.12)):

7 +Re(ff" - ff" =0, (4.1a)
F(0) =0, f1(0) =0, (1) =1, /(1) =0. (4.1b)

Equation (4.1a) can be solved by perturbation series method, by seeking the solution in the form of power series in Re. That
is,

1) = ifk(n)Rek . 42)

For small (let say for the first two terms), the higher powers of Re such as will also give us Re?, Re?,..., Re",... very small values
of Re, therefore, they can be neglected or approximated to zero. Hence, equation (4.2) above reduces to:
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f) =f, +f -Re+f,-Re’+0 (Re?), 4.3)

which implies that those which are in higher powers or Re are negligible. Introducing (4.2) into (4.1a), equating the
coefficients at the same Reynolds numbers degrees, and after neglecting the terms with powersn = 3,

£+ 1" Re+ £ Re*+ Re(f, + f, Re)(f"+ f"Re) —
—Re(fy +f/Re)(f;+ f[Re) = £, + " Re+ Re(f, [~ fof)
FRE [ S =G+ 10 ] = 0
we obtain
£ =0
SN+ L= 0, (4.4)
B+ U= A+ L= 1) =0,
1.5.1. Zeroth Order Equation

When we substitute solution (4.3) in equation (4.1a) and collecting the coefficients of like powers of Re, it will reduce to the
zeroth and first order equations of the form:

=0, (4.52)
with the boundary conditions
/00, £5(0) =0, fi(1) = £1, fi(1) =0, (4.5b)

where the upper and bottom signs “+” or “+”, there and bellow, correspond to the both cases, “injection” (upper signs) and
“suction” (bottom signs), accordingly. Integrating the equation (4.5a) gives

fom= C, fo” =Cn+C,
Jo= %Con2 +Cn+C,, (4.6)
fi=<C’ +3C7° +C,n +C,
Using the boundary conditions (4.5a) give algebraic equations for C_0,C_1,C_2,C_3, which define coefficients of integration

£(00=0 = C,=0
f0)=0 = C,=0

; ] 4.7)
(=%l = C +,C +C,+C, =1
fiy=0 = JC,+C, +C,=0.
Asaresult C ) =F12, C, =46, C, =C, =0, and hence,
fy=FQp* =31, [y =F6(r ~n), S, =F62n-1), f =F12. (4.8)
Note, that f; = -2n*+ 3n* is for injection, and f, = 2n*- 3n*is for suction.
1.5.2. First Order Equation
The solution f, may be found from the problem (4.4b) - (4.5b),
f;IV +f0f0m_f0,f;)”: 0
£,(0) = £10) = £,(1) = /(1) = 0.
Substitution f, from (4.8) gives,
TS =y =F2n* =37°)(F12) = 36(7" —=mQ2n — 1) =
=1202n° = 3n°) = 36Q2n° =31’ +1) =
=241’ - 36077 — 7217 + 108" — 365 = —12(4n° — 617" + 377).
Hence,
f7 = =S 1 = 120407 =617 +31p),, (4.92)
£(0) = £1(0) = £,(D) = f{(1) = 0. (4.9b)

Integration the equation (4.9) gives,
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fr=120" =2m + 27y +C,
=10y -1t + i)+ +C,
/i 7 —5n" +57 o1 +C
Sl = 12(%776 —%775 +é774)+%C0772 +Cn+C,,
f= lZ(ﬁ?f _%776 +T10775) +éco773 +%C1772 +Cn+Cy,

(4.10)

Using the boundary conditions from (4.9a) gives algebraic equations for C, C,, C?, C,, which define coefficients of integration

[0)=0 = C, =0, f(0)=0 = C,=0,

(4.11)
f()=0 = Mic +lc, =0, f(h=0 = 1+!C,+C, =0.
Hence, 180C +C, 70,C +2C,
As aresult we obtain C | = —?? = —%, C, = —%+% = 744;';885 = %,and S0
_ 2 7 1.6 3.5 1577 1861 2
fl /A /A T/ 37877 5T (4.12)

1.5.3. Second Order Equation
The solution f, may be found from the problem (4.4b) - (4.5b),

R IR 1= 0
fQ(O) =£,(0) = f£,(1) = £](1) = 0.

Substitution £, from (4.8) and f, from (4.12) gives,

f]_fm fJ‘ |: 77 —77 + 77 )— 135778777 + 138165177 :| |:§(1077 2077 +1577 )_ ]577j|
1577 3722 1577 3722
_|:*(*77 _77 +*77 ) 12(,77 35 77:|'|:7(2775_577 +577 )= = T :| (4.13a)

_ 264 132 306 1212 10103 1577 14888
_(175 17577 35 ’7 10 77 + 189 77 + 3155 ’7 21 77 + 105 77 +

2486929 _ 2934797 13853284
+ 7938 77 6615 ?7 99225 ?7)’

RIT=F=F2| 5 G =+ 3 =5+ Sr |+
+6(n° — 1) |:§(2’75 — 5t 457 - 1;7 n+ 3371252 { 777 + -2 Sn%) + 1158797 n 3371252 n ]+
6

1577 2 _ 3722
315

(772—77)[2(277 =5t +50°)-2g 3371252]} ( -8n° +In’ —6n* + 27

(4.13b)
Follow to
Z 27 L6 3 s 15773 18612 P_2p6 65 34 15T 0 3T
fl_fn R/ T/ 37877 357> fl_§77 R/ A 12677 315 70 (4.14)
"=2n —6nt+on’ —-Sln+ 02, f'=12n" =24’ + 18> - 57,
and (4.8) we obtain for injection:
m 1o " 264 132 306 460 7 161543
flfl _fl»fl +f}f fof _(17577 17577 577 - 1077 6377 3155 77 - (4.152)
_ 15067 05 18868 4 | 2486929 03 3928307 2 | 20887864 :
105 77 105 '7 7938 6615 77 99225 )
and for suction:
m " " 264 132 09 _ 306 8 1268 141337
}f f}f +f}f0 fof _(17577 17577 35 77 10 77 EE 77 T 355 77 - (4.15b)
703 U084 | 2486929 )3 1941287 2 6818704 ). :
10577 105 77 7938 77 6615 o335 1

Hence, we have the next two boundary value problem for the both cases, injection and suction, accordingly

fIV _ 48 11_@ 10+Q 9_& 8_@ 7+161543 6_15067n5+18868 4+

2175 175 35 10 63 | 3155 105 105 7 (4.16a)
2486929 33928307 ) 20887864

7938 g 6615 g 99225
IV 48 11 264 10 132 306 1268
fz - ﬁn ﬁn 35 77 10 77 63 77
2486929 3 1941287 .2 , 6818704

+ 7938 m - 6615 n + 99225 -

>

141337 6 11108

__ 703
77 105 77 105 77

(4.16b)
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with the boundary conditions (4.9b).

Integrations the equations (4.16a) and (4.16b) for injection and suction, correspondingly, give,

v 48 264 10, 132 153 460 161543 15067 18868
fz - 17577 s 35 77 5 77 63 77 3155 105 77 105 ’7 +
4 2486929 3 3928307 2 20887864
7938 6615 99225 n,
m_ 24 11 66 101 8 161543 15067 18868
fz 17577 Wn +ﬁ77 ?77 +ﬁ77 22085 77 T630 77 525 77 +
2486929 4 3928307 10443932 2
31752 19845 77 99225 77 +C
161543 15067 9434

n_ 4 13 12 101
fz 2275 n ﬁn + ﬁn 50 77 RTEN 1134 77 176680 77 4410 77 1575 77 +

2486929 5 3928307 __4 | 10443932
+ 158760 79380 297675 ’7 +Co’7 +C
f' 2 2 1 161543 15067 9434
2 7 15925 n 2275 n 350 n 550 77 11340 77 1590120 77 35280 77 11025 '7
2486929 6 _ 3928307 2610983
952560 396900 77 297675 77 + 7C077 +C 77 +C 2°
10103 15067 4717

) 15 13
fz = 20625 11 15925 77 Tl 6600 77 * 5470 77 L+ 15901200 77 317520 77 * Zio0 77 +

2486929 7 2934797 _ 6 3463321
- n + n’ +gC077 +5C177 +Cn+C;

6667920 2381400 1488375
(4.18a)
f21V _ %7711 _%nm 13352 n 123 7 128 7 1413? n %775 111(1)28 i
248692 1941287 18704
+ 78963989 - 966158 o+ 62922 n-
S'= i = gsn' + %U‘O — A ST e s
— l?iéi? n 3333222 m+C,
4 2 I i 20191 4
f2” = ﬁnls - ﬁn + ﬁn - 577)7710 131374 n 22220 n 474:)130 777 f:is n+
B O,
L INE L LM LA = L LSt
sszsan 11 lffé«ff(f 7 s 71+ 2 Cr +C 4G,
fz = ﬁnls - m” 45%77 - %7712 + 1541710 771 223:2(1)0 n 317705320 779 424717070 n
o~ e+ s+ sCol + 20 +Cn+C,
(4.18b)
Using the boundary conditions from (4.17) we obtain algebraic equations for C, C,, C,, C,,
f2(0)=():>C3:O; fz'(0)=0:>C2:0,
for injection :
2 I i 101 101 i 471
LD =0 = s~ ot s 1240740 15900102300 - 3157056270 %070 +
2486929 2934797 | 3463321
6667920 _ 2381400 T 1488375 | 6 C ts C +C, +C, =0,
SC, +3C, = —%, (4.17a)
A =0 = o= e+ 350~ 50+ 1m0 + w0 ~ 30 + s
P S e 10 i€, =0
1 428661712
;G +C =- 215220;662(6)3'
for suction :
fz(l) =0 = ﬁ - ﬁ + ﬁ - % 1211710 - 22(7)12(1)0 - 317705320 + % +
o e, 10,10 4 C, =0
I I 27442 I
§Cot:C =- 15704166650966;400070 ’ (4.17b)
2 I 17 317 20191 703 | 5554

' _ 2
f2(1)—0 = 15925 2275 © 350 550 11340 227160 35280 = 11025

2486929 1941287 852338
+ 952560 396900 + 297675 ta C +C +C 0

1 209955868999
ECO +C1 T 214880866200 °
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After trivial calculations we obtain

For injection : For suction :
1 1 2550499316977 1 1 2744265969017
C +.C =-22""_" _C +_C =-—_">""_
1671295626000 60 2 1 15041660634000 (4 18)
1 428661712069 1 210050322127 :
5C0 +C1 == 214880866200 ECO +C1 == 214880866200
CZ:C3=0 C2=C3=O
and the coefficients C ,C ,C,,C, for the both cases are reduced at the table,
For injection : For suction :
3975666965189 9208378891896
C =4222% (O =220
0 626735859750 0 2506943439000 (4 19)
C _ 38857161713549 C S 6464112922879 .
1 7520830317000 1 7520830317000
C2:C3:O C2:C3:0
for injection :
_ 2 1 14 1 13 17 12 101 11 10103 10 15067
f; - 79625 77 15925 77 4550 77 6600 77 124740 77 15901200 317520 77 + (4203)
4717 2486929 2934797 3463321 3975666965189 3 38857161713549 _ 2,
44100 77 + 6667920 77 2381400 77 + 1488375 77 + 3760415158500 15041660634000 2
for suction :
_ 2 15 1 14 1 13 17 12 317 20191 703 9
fé - 238875 77 15925 77 + 4550 77 6600 77 124740 77 2271600 77 317520 77 + (420b)
2777 2486929 1941287 852338 5 _ 1534729815316 __3 6464112922879 2
44100 77 6667920 77 2381400 77 1488375 2506943439000 15041660634000

Finally, our main results can be reduced by few simple analytical expressions to obtain # and v
taking into account the relationships (1.4) between dimensional and dimensionless quantities,

u' =0y oy =@/ Wf(n), v =—(0y [ dx)=~f(n),

u=uV =V -(x/ h)f(n, v =vV =V -f(n);

f=f, +f Retf, -Re+O0dRe’), f = fI+f -Re+ [, -Re’+OdRe’)

dueto y(x,n) =x/(n).
Forinjection: n =y / h with & = h, and

_ 3 2 r_ 2
Jo==2n" +3n°, f, =-6(n"-n), (4.21a)
_ 2.7 1.6 3 1577 1861 P2 1577 42
fl_fn 57 +E77 37877 31577’ 175 577 T3 77 12577 S5
_ 2 15 1 14 101 10103 15067 4717
fz = o535 11 1035 /1 + 4550 77 ~ 6600 77 + 124740 77 L+ 15901200 77 317520 77 + 34100 77 +
4 2486920 7 2934797 4 3463321 5 | 3975666965189 3 3857161713549 2
6667920 2381400 77 1488375 3760415158500 15041660634000 ’
r_ 2 14 112 17 101 161543 15067 9434
fz = 15025 11 2275 77 P+ ﬁn 550 77 11340 77 "+ 1590120 77 35280 77 + 11025 77 +
2486929 6 3928307 4 2610983 14 3975666965189 )2 38857161713549
952560 396900 77 297675 1253471719500 7520830317000 1

Forsuction: n =y / h with & =h_, and
fo=20 =30, f) =6(n" — ),

_ 2 7 _ 1 6 3 1577 1861 r_ 2.6 _ 6 5 3 1577 3722
fi=wn =0+ - mﬂ 315'7: —47 37 +f77 126'7 S5
_ 2 _ 317 20191 703 2777 8
A - 238875 77 15925 77 4550 77 6600 77 + 124740 77 2271600 77 317520 77 + 44100 77 + (421b)
+ 2486929 _ 7 1941287 852338 5 _ 1534729815316 __ 3 6464112922879 2
6667920 2381400 77 1488375 2506943439000 15041660634000 2

' 2 14 12 17 11 317 20191 703 5554
fz T 15925 n 2275 77 + ﬁ n 550 n 11340 77 227160 77 T 35280 77 11025 77 +
2486929 6 1941287 5 852338 4 4604189445948 2 6464112922879
952560 396900 297675 2506943439000 7520830317000 '/

1.6. Common Algorithm

Follow our scheme (Fig. 1) we have two chambers with the initial pressures P, and P, with P, > P,. Hence, calculation formulas
(4.21) are valid for the both champers with may be different values h = h, and h,. Moreover, for the right chamber, the porous
wall is the injection boundary, and for the left chamber the porous wall is the suction boundary.
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. . . k AP .
Firstly, we should find the pressure drop AP = P, - P, and the boundary velocity at the porous wall V' = w5 » following

(1.3). There should be used dimensional values P,, P,.

¢ The second step, using this value V we can calculate the Reynolds number Re and the function f with all its derivatives
under formulas (4.21).

e The third step is to find new AP from (3.5),

_ 1 2 _ 2 _ "N _ gm
AP—E(é/h)A,A—Re(f” ﬁ‘m]) fmm
calculated using the expressions for
f=f,+Ref +Re’f,, f'=f+Ref +Re’f],
" " " 2 " " " " 2 "
S"=f"+Re f'+Re"- T f" =f"+Re f"+Re" f]

defined by the formulas (4.8), (4.12). and (4.18a). Note, that to find AP it is necessary to obtain f,.f,, ,.£;, f\» o S f fnf o f
Sors oo /14 £ not only as it was necessary for u and v, see (4.21)

(5.1)

For injection the coefficients C, C, taken from the left-hand side column of the table (4.19) to find the corresponding terms
under the expressions,

fo =0’ =30), £ = =600 =), Sy =60 - 1), f, =
Po 26 6,5 34 1577 2 32

f /N 2/ S/ 12677 1571
" 1577 3722

12 5 4
I/ -6 +677 & T 5
"=12n* = 24n’ + 187" - U7

1 63
_ 2 15 1 14 1 13 10103 10 _ 15067 4717
fz = 39625 11 15025 '/ 5507 oo 77 + 124740 77 + 15901200 T 317520 77 + 44100 77 +
2486929 2934797 3463321 5 3975666965189 3  38857161713549 2
6667920 2381400 77 1488375 37604I5158500 15041660634000 4 (5 .2a)
r_2 14 12 17 11 101 161543 15067 9434
fz 15925 n 2275 77 + ﬁn ﬁn 11340 77 + 1590120 77 T 35280 ’7 11025 77 +
2486929 3928307 2610983 3975666965189 _ 38857161713549
952560 77 396900 77 297675 77 1253471719500 77 7520830317000 .,
" 12 101 161543 15067 9434
fz 2275 77 ﬁn + ﬁn 077 + 1134 77 + 17668077 4410 77 1575 77 +
2486929 3928307 10443932 3975666965189 _ 38857161713549
158760 79380 77 297675 77 626735859750 7520830317000 ’
m_ 4 12 24 101 161543 15067 18868
fz_ﬁn Wn +ﬁ77 577 +12677 2208577 7630 77 + 525 77 +
2486929 3928307 10443932 3975666965189
31752 ’7 19845 77 99225 77 626735859750 °

For suction we can simultaneously use the expressions (4.8), (4.12), and (4.18b) with the
coefficients C,C, taken from the right hand side column of the table (4.19) to find the

corresponding terms f,, 1, f,. /o> f5 fos Jor Sis S forSin ;' under the expressions,

fi=Qn’ =3, f =6’ —n), f, =6@2n-1), f, =12,
r 2 6 3 1577 3722
f1:§776_§’75+*77 12677 5571

"_ 1577 3722
+ +
1 —6n" + 6’ =+ 55 (5.2b)
m 1577 .
f'= 1277 —24n° + 187’ -
_ 20191 703 .9 2777
fz = 2355 11 15925 77 ass0 11 o600 11 + 124740 77 ~ 2271600 77 350 1 44100 77 +
2486929 7 1941287 6 852338 5 1534729815316 3 6464112922879 2
6667920 2381400 1488375 2506943439000 15041660634000 '/
P2 14 2 13 112 20191 703 8 5554
fz = 1505 17 3375 11 + A 77 11340 77 227160 77 “asm0 7 11025 77 +
2486929 6 _ 1941287 5 | 852338 _4 4604189445948 2 | 6464112922879
952560 396900 297675 2506943439000 7520830317000 ’
n_ 4 13 2 12 6 11 17 10 317 20191 703 4 5554
fz T 2275 n 175 n-+ ﬁ n 50 n 1134 77 T 2:40 77 i 77 1575 77 (5 Zb)
4 2480929 5 1941287 4 3409352 3 9208378891896, 6464112922879 '
158760 79380 ’7 297675 2506943439000 n 7520830317000 ’
L3 20191 703 11108

24 9
_ﬁﬂ ﬁn +ﬁn ?77 12677 315577 63077 525 77 +
2486929 4 1941287 3 | 3409352 2 9208378891896
31752 19845 99225 2506943439000

Substituting 7 =1 in (5.2a) — (5.2b) one obtains for injection,
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L=l fl =0 f =-6 f"=-12;

f':i—ﬁ i—ﬂ ﬁ: ”:E—ﬂ ﬁ:ﬂ f’”: —lsl:ﬂ‘
1 5 5 2 126 315 > 71 5 63 315 3157 /1 63 63
f — i _ ; ; _ L 101 10103 _ 15067 ﬂ 2486929 _ 2934797
2 79625 15925 4550 6600 124740 15901200 317520 44100 6667920 2381400
+ 3463321 + 3975666965189 _ 38857161713549 O
1488375 3760415158500 15041660634000 ’
f( — i _ i L _ i & 161543 _ ﬁ ﬁ 2486929 _ 3928307 2610983
2 15925 2275 350 550 11340 1590120 35280 11025 952560 396900 297675 (5 3 a)
+ 3975666965189 _ 38857161713549 — O
1253471719500 7520830317000 ’
f!/z i _ £ L _ ll ﬂ 161543 _ ﬂ & 2486929 _ 3928307 10443932
2 2275 175 175 50 1134 176680 4410 1575 158760 79380 297675
3975666965189 _ 38857161713549 5 4838552565389 _ 42442704150389
+ 626735859750 7520830317000 7520830317000 7520830317000 °
fm: i _ ﬁ ﬁ _ E ﬂ 161543 m @ 2486929 3928307 10443932 +
2 175 175 175 5 126 22085 630 525 31752 19845 99225
+ 3975666965189 2443762716071 __ 22499310228071
626735859750 2506943439000 2506943439000 °

and for suction,

fo=-1 f' =0 f"=6 f"=12;

r_ 2 6,3 1577 , 3722 _ 12 1577 , 3722 _ 3407 m_ 1577 _ 1199
fi_g §+§ +315_ f 3 3+315_315’f 6 =&
f _ 2 17 317 20191 703 2777 | 2486929 1941237

2 7 238875 15925 ' 4550 6600 | 124740 2271600 317520 @ 44100 ' 6667920 2381400

852338 1534729815316 6464112922879

+ 1488375 2506943439000 + 5041660634000 0,
' 2 2 1 17 317 20191 703 5554 2486929 1941287 | 852338
fz = 5955 w7 T30 550 T a0 mmieo  35mw0 | oiioss T osaseo  3ocoo0 | 297675
(5.3b)
4604189445948 " 6464112922879 0
2506943439000 7520830317000 =~ °
f”_ 4 2 6 17 317 20191 703 5554 | 2486929 1941287 | 3409352
2 7 2275 175 ' 175 50 © 1134 25240 4410 = 1575 158760 79380 297675
9208378891896 , 6464112922879 _ ~ 2856702157061 __ 17898362791061
2506943439000 7520830317000 - 7520830317000 7520830317000 °
m_ 4 24 66 17, 317 20191 703 | 11108 , 2486929 1941287 , 3409352
fz 7 ﬁ+ﬁ ?+ﬁ 3155 @+ 525 + 31752 19845 + 99225
9208378891896 __ 174644137273 __ 20230191649273
2506943439000 835647813000 835647813000

As aresult we have for injection with Reynolds number Re = ph V' / u ,

f=1+0-Re+0-Re’=1, f'=0+0 -Ret+0-Re’ =0,

(5.4a)
_ 3407 42442704150389 2 m o 1199 22499310228071 2
f 6 + 315 R + 7520830317000 R f - 12 + 7R + 2506943439000 Re
and for suction, with the Reynolds number Re = ph V' / u
f=-1+0-Re+0-Re’=-1, f'=0+0-Re+0-Re* =0, (5.4b)
" _ 3407 17898362791061 2 II99 20230191649273 :
f - 6 T35 315 R + 7520830317000 R f 12 T R + 835647813000 Re
. .. . . h.V
Finally, we obtained formulas for APmjcctlon , for injection, with the Reynolds number Re, = it A
72 " "
4= Rel(f _fffm) _fmm =
_ 3407 _ 42442704150389 2 _ 1199 _ 22499310228071 2N\
Re (6 315 el 7520830317000 Re ) + (12 63 Rel 2506943439000 Rel) -
_ _ 1199 _ 3407 _ 22499310228071 2
=12+ 6Re Re 315 Re 2506943439000 Rel - (5.53,)
821 ]982166781271 2 821 49614092122271 2
=12-7- 19 2506943439000 R =12- 'R 1~ 2506943439000 12
_ _ 821 . _ 49614092122271 . 2
injection i(x / hl) (12 63 Rel 2506943439000 Rel )’
. . h.y
and AP, for suction, with the Reynolds number Re, = ey
2 " m
4= ReZ(f _ffmi) _f'ﬂm =
_ _12 + 6Re + 1% 1199 Re 4 3407 3407 Re 20230191649273 Re2 _
315 835647813000 2 (5 Sb)
_ 1577 20778825673 2 _ 1577 29268452280673 2 .
- 12 T Re + 35 835647813000 R 12 T Re 835647813000 R
_ 1577 29268452280673
suction i(x / hz) ( 12+ 5 R 2t “S3sea7si3000 R )

The last two expressions define the new pressures at the both chambers

Volume - 1 Issue - 2

Citation: Gaissinski, I. (2025). Exact Solution for Two-Dimensional Flow Through Channels with a Plane Permeable Boundary. J App/ Mech Rev Rep, 1(2), 1-16.
Page 11 of 16



https://www.wecmelive.com/


Journal of Applied Mechanics Reviews and Reports Copyright © Igor Gaissinski

M _ p© 1 _ p(
Pl - Pl - ‘APinjection 4 P P + | suction | ? (56)
and the new pressure drop AP'" = P — P!V and the new velocity V",
0 _ p© (0
AP =P = P)7,
1y _ (0) (0) —
AP - (Pl - ‘APinjection ) (P + | suction ) -
= AP(O) - 7(x / h )2 (‘A’F}injection suction ),
Y (5.7)
821 49614092122271 2 1577 29268452280673 2
APmJecuon =12 - 'Rel 5506943439000 -Re A})suction =-12+ 27 R + mR%,
m _ (I) _ O M —
Vil =k wAP, L 0)=(k/ ,u)-(,uV I h)(AP™/ 5) =
= (k/ h15) ‘V(O) |:AP(0) (x / h ) ( injection suction )j|
In the partial case, when the both channels have the same width, i.e. if 4 =h, =h then,
a _ 0 1 2 (84 2161606561 2
AP = AP — L (x / hY (% Re+ 209 Re?), 570
1 _ (0) 0) 1 84 2161606561 2 '
PO =k hE)-V AP < Lo/ b (% Rew oo Re?) |
In Section 5, all pressures are dimensionless, due to they were namely calculated this way. The only exception is the value
APW . used to calculate dimensional value V'; this pressure drop is designated as dimensional.

It can be watched that the value 4 and, consequently, AP and V, at each step, depend only on Reynolds number Re because
all terms fy, /> /> fo', S 1 fo’; 151 f’" S5 £ calculated using (5.3a) - (5.3b) are constants. Note, that the velocity is
defined by real value of the pressure drop AP, and consequently, by the both dimensional pressures P, P, to be found after
multiplying the corresponding values above (5.6) by the multipliers uV / h, and uV/h,, follow to the inverse dimensionless
transformation (1.4a), with the choice hr h2 in accordance with the considered chamber.

At the forth step we should compare our initial value of velocity V = (k/u)(P,- P,) / & calculated for initial pressure drop
with the velocity calculated for the new pressure drop found at the previous step. If [V - VO | / min(V®V, V@) < g, where € is
accuracy sufficient for the study, then the calculation by this algorithm can be considered complete. If not, then we need to
return to the 2" step with the new value V. there it is necessary to use dimensional pressures P, and P, using the transform
(1.4a).

Note, that for the forth step (d) it is more convenient to use dimensionless values of pressures P, and P, (see Eq. (1.4a))"
instead of dimensional velocity values V1 and V® due to the ratio

‘V“) A0

/ min {V“),V“”} <e (5.8)
is a dimensionless value and so the inequality (5.8) may be represented as?
’VU) o ‘(P(l) _/;.P(l)) v (P(O) hy P(O))
- 1 h 2 2

(U
_ 2 2
min( "y {(Pl(l) _%P2(1>) yo (P(o) ‘P;‘”)}
2

V(I)

<eg. (5.9

At the final fifth step, after satisfying inequality (5.9), the velocity field u = (u,v) for the both chambers can be calculated using
expressions (4.21a,b). The general block-scheme of the calculation algorithm is presented in the Appendix.

1.7. Common Algorithm for Two Components Flows
Let us consider the case when the water vapor moves in the air co-flow when the vapor is a small component compared to
air flow, i.e. when M M ,where

vapor vapor

i =M. (M, M

vapor vapor

mo=1-ni (6.1)

vapor ) ’ Air vapor

and M M are the mass flow of the vapor and air, correspondingly. In any case the air flow is the main one and the

vapor vapor ?

steam moves due to the Stokes forces.

Recall that at the end of Section 1 we agreed that for simplicity, we omitted the asterisks (*) at the superscripts.
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Naturally, in the case ” <<, the horizontal component of the vapor phase velocity Y, coincides with the velocity of
air flow V,;, - Since both walls are impermeable for the air component, the air flow is a Poiseuille flow, with the parabolic
profile of the velocity v, -,

1 oP

=T (hy —yY). 6.1
Vi 2#ax(y ) (6.1

It can be seen that the velocity v, satisfy to the boundary conditions,v, ,~(0)=v (h) =0,and the maximal velocity value

poo o 12 0P (6.2)
" 8u ox

is reached in the center of the channel. Namely we should use the value

. . 1 oP 2
v=-m__J - -m, ——(hy-y’)=
vapor f(n) Air 2,U ax Y =y )

. . 1 AP _ ” " " 2
=-m, V- f)+m,, Z{T + [(f,] =) —f,i,,,,J}x(hy =)

(6.3)

instead of the value v =v'V = ¥ - f(y)presented in (4.21). The signs, “-” and “+*, correspond to the 1* (injection) and the 2"
(suction) channels, accordingly. The function f{n) and its derivatives may be found from (4.3) as follows,

JAK)) zfo(") +f1(”) -Re+f2(") -Ré’, (6.4)

where n is the order of the derivative order, and the coefficients /" (k = 0,1,2) are presented in (5.2a) and (5.2b) for the both
channels. Formula (6.3) is acceptable for common the case, i.e. when the vapor mass component 7, is not sufficiently low
compared to the air co-flow mass component.

For the case when the vapor is a small component compared to air flow, i.e. when n <<ni
-,V -f(1),in (6.2) and the pressure drop

we may neglect the first term,

Air?

S A (AR (6

in the second term due to the flow through a porous wall may be also neglected. Here, again, signs, “” and “ “, correspond to
the 1*t (injection) and the 2" (suction) channels, accordingly. As a result, one may use the simplified formula,

1 AP )
vy ——1x(hy —y°). 6.5
L (hy =y7) (6.5)
The author is grateful to V. Sherbaum for the proposed problem.

Appendix
Algorithm of the solution
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Input 5? h’i: hg, P;-:'a}:u and Pj-:ﬁ;.
with P > P Az

i
il 3

YES
If n=1
_F;. :-Ell}lj 1 NO 1
P =pY P’ =P 2 =8 gl | §)
) __|_ 1 P.yl = P.,. PEI = P—_‘ 'I (!I‘H, .-"'r hg]
n=—n 2 3
; |
3

=H£th02—”%Re_fﬂ%@ELRg)

inj ection 1 2506043430000 1
1-34 7 20065452250673 2 /
= =g+ A
Poiw =3/ h) ( 12+ RB+WREQ) o Rt
P;”'—P AP P"_P +|AP
ifjection |7 2

&P'-I'I — E,'I_l __PQJJ: -Il-'_'h .Il. AP 1) /|P _P |

|
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YES

Calculation of velocity field u = (u, v)
Using (4.21). the injection — right chamber
The suction — left chamber

u=(uv): u=uV="-(z/R)f(n), v=vV=-V-f(n); h=h and h,
Ff=f+7f Retf.-Re'+P(Re%), f'= f'+ f -Ret f. - Re™+ (?(Re¥).

For injection : 7=y /h
d :—Qr;r”+-'3rf. fu =—6(n —r]}
L=atl +ﬁ?f i

apaa

1381 ¥ oL BN ] 8 .5 oA 1677 2 ol
sl PR st i e i St Rt T )

L=l — sl +4=,-ﬂ P —awll trrf t serm lf.”fm?? +mll +
TATEGE ‘Ea.l.'“lT 48381 ABThAREBES 135 3355716171 8548
BEETEN H 2351400 Hﬂ + 145.-\1_'!? ’_'I;El-ﬂ ]7?0']}?5 o8 150416606 34000
E=gmm® =T *ml —m? tme? tuew? —ws? tms? t
T e e b e — o TT

Forsuction : 7=y / h,
ﬁ=2ﬁ—%? £, =8(n" —n).

1877 1961 ' 2 & 6 _5 B_4 Ie7T =2 L
-ﬁ=a-‘?? - }? +m?f_=r ‘? 2 1"? _ﬂ:E;} sl A= =m0t
o 15 _ . 81T 11 WIel _j0_ T8 @ ITTT .5
-f-:_ ‘&:J.u?? laG:EH +ﬁ}? _’TJ? +1_.14-:|}? -_‘f.'lﬁﬂtl}? %1E5€I}? -'_.1_11l11|:|}';r &
BEE LS 1841287 6 557835 158470816316 B 64841 17822578
M‘DII "? 51400 n 1423—5 H “uemmm:lu n TR0 SE06E1000 T,

. . o | o 87 10 _ o8l .8
f-:_ E “—H -l_Ta:lir-ir T?-? 11«1.*.|:|}'-ir £.‘115£IH ’lu_...ﬂr? +11J"’U +

2496079 6 1841787 557565 1 460419045845 0 B4A41178708TH

+ R o ‘?‘F tx oeTE /) TROEE 113000 TED5A0E1 7000

l

YES T

IF z < L

NO
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This procedure should be provided for all discrete length values x € [0, L] where L is the length of the chambers (see Fig. 1).
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