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1. Introduction and Problem Statement
We consider

with viscosity ν > 0. The Clay Millennium Problem asks whether, for any smooth divergence- free u0 ∈ H1(R3) ∩ L2(R3), there 
exists a unique global smooth solution.

Earlier dyadic–conic programs assumed global Carleson control of symbol variation. We show that a restricted, NSE-native 
Carleson estimate suffices. This estimate is proved from NSE itself and only used at the active scale.

2. Preliminaries and Parameters

2.1. Standing Assumption (Good patch). On each parabolic cylinder Qr:

3. VACM Pseudo-Multipliers
3.1. Definition (VACM at scale j). For e = e(x, t, r) and αj = 2−σj define
 

3.2. Definition (Dyadic packet).       
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1 Introduction and Problem Statement




∂tu+ (u · ∇)u+∇p = ν∆u,

∇ · u = 0,

u(x, 0) = u0(x),

(x, t) ∈ R3 × [0,∞),
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with viscosity ν > 0. The Clay Millennium Problem asks whether, for any smooth divergence-
free u0 ∈ H1(R3) ∩ L2(R3), there exists a unique global smooth solution.

Earlier dyadic–conic programs assumed global Carleson control of symbol variation. We
show that a restricted, NSE-native Carleson estimate suffices. This estimate is proved from
NSE itself and only used at the active scale.

2 Preliminaries and Parameters

Let ω = ∇ × u, S = 1
2(∇u + (∇u)⊤), and S̃r = er

2∆S. Eigenvalues λ1 ≥ λ2 ≥ λ3, gap
gapr = λ1 − λ2. For dyadic j ∈ Z: heat scale rj = 2−j , aperture αj = 2−σj , gap threshold
γj = 2−ηj .

Standing Assumption 2.1 (Good patch). On each parabolic cylinder Qr:

(i)
∫
− Qr |ω|2 ≤ ε20;

(ii) gaprj ≥ γjr
−1
j on the active set.

3 VACM Pseudo-Multipliers

Definition 3.1 (VACM at scale j). For e = e(x, t, r) and αj = 2−σj define

me,j(x, t; ξ) = ψ(2−j |ξ|)χ
((ξ/|ξ|) · e(x, t, 2−j)

αj

)
, Pe,j = Op(me,j).

Definition 3.2 (Dyadic packet). Uj := Pe,j∆ju, Ej := ∥Uj∥22, and F(t) =
∑

j 2
3
2
j∥Uj(t)∥2 ∼

∥ω(t)∥B0
∞,1

.

4 Restricted Carleson Estimate (RCNSE)

Lemma 4.1 (Spectral projector calculus). If A(x) is C1 symmetric with simple top eigenvalue,
projector P1(x) satisfies ∥∇xP1∥ ≤ C∥∇xA∥/gap(A).

Lemma 4.2 (RCNSE). On Gj = {(x, t, r) : gapr ≥ γjr
−1},

|∇xe| ≤ Cγ−1
j r−1∥∇xS̃r∥.

Consequently, for all cubes Q,

1

|Q|

∫∫

Tj(Q)

|∇xe|2

r
dx dt dr ≤ Cγ−2

j r−2
j

∫
−

Q̃×Ij
|ω|2 dx dt,

with Tj(Q) = Q× [12rj , 2rj ].

Proof. Apply Lemma 4.1 with A = S̃r, use Calderón–Zygmund for ∇S and heat smoothing,
then integrate on the tent.

5 VACM Stability and Commutators

Lemma 5.1 (Symbol derivatives). On any slab where RCNSE holds with parameter ε0,

sup
x

∥∂β
xme,j∥S0

ξ
≤ C

|β|∑
k=1

α−k
j εk0, |β| ≤ 2.
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Proof. Test NSE against Uj, use commutator bounds, Bony decomposition for bilinear term (high×low fully, high×high via 
vector-valued Coifman–Meyer). Sum with weights           to obtain the inequality. Φ collects L1 contributions from commutators, 
off-diagonal and bad cones.

7. Main Continuation Theorem
7.1. Theorem (Smooth continuation). Let 			                 divergence-free. Then the solution u of NSE satisfies

Proof. From Theorem 6.2 and conic Bernstein estimate 		      Grönwall yields F(t) ∞ <and integrability of  
Beale–Kato–Majda implies smooth continuation.

8. Special Regimes
8.1. 2D NSE
Here ω is scalar and S determined by ω via a Calderón–Zygmund operator. The VACM collapses to standard Littlewood–Paley, 

4. Restricted Carleson Estimate (RCNSE)
4.1. Lemma (Spectral projector calculus). If A(x) is C1 symmetric with simple top eigenvalue, projector P1(x) satisfies ∇xP1 ≤ C   
∇xA /gap(A).

4.2. Lemma (RCNSE).        
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Proof. Apply Lemma 4.1 with A = Sr, use Calderón–Zygmund for ∇S and heat smoothing, then integrate on the tent.

5. VACM Stability and Commutators
5.1. Lemma (Symbol derivatives). On any slab where RCNSE holds with parameter ε0,
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Proof. Test NSE against Uj , use commutator bounds, Bony decomposition for bilinear term
(high×low fully, high×high via vector-valued Coifman–Meyer). Sum with weights 2

3
2
j to obtain

the inequality. Φ collects L1 contributions from commutators, off-diagonal and bad cones.

7 Main Continuation Theorem

Theorem 7.1 (Smooth continuation). Let u0 ∈ H1(R3) ∩ L2(R3), divergence-free. Then the
solution u of NSE satisfies ∫ T

0
∥ω(t)∥L∞dt < ∞

and extends smoothly beyond T . Thus u ∈ C∞(R3 × [0,∞)).

Proof. From Theorem 6.2 and conic Bernstein estimate ∥ω∥L∞ ≲ F(t), Grönwall yields F(t) <
∞ and integrability of ∥ω∥L∞ . Beale–Kato–Majda implies smooth continuation.

8 Special Regimes

8.1 2D NSE

Here ω is scalar and S determined by ω via a Calderón–Zygmund operator. The VACM collapses
to standard Littlewood–Paley, commutators vanish, and the inequality reduces to the classical
L2 energy bound.

8.2 Axisymmetric No-Swirl

For axisymmetric no-swirl data, ω aligns with a principal direction, improving the spectral gap
and reducing commutators.
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1

2
ν22jEj .

Theorem 6.2 (CLI inequality). On good slabs, there exists K(j, j′) with
∑

j′ K(j, j′) ≲ 1 such
that

∥Pe,j(u · ∇u)∥L2 ≤ C
∑
j′

K(j, j′)2
3
2
(j−j′)+∥Uj′∥L2 ,

and
d

dt
F(t) + c

∑
j

22j∥Uj∥2L2 ≤ CΦ(t)F(t), Φ ∈ L1(0, T ).

Proof. Test NSE against Uj , use commutator bounds, Bony decomposition for bilinear term
(high×low fully, high×high via vector-valued Coifman–Meyer). Sum with weights 2

3
2
j to obtain

the inequality. Φ collects L1 contributions from commutators, off-diagonal and bad cones.

7 Main Continuation Theorem

Theorem 7.1 (Smooth continuation). Let u0 ∈ H1(R3) ∩ L2(R3), divergence-free. Then the
solution u of NSE satisfies ∫ T

0
∥ω(t)∥L∞dt < ∞

and extends smoothly beyond T . Thus u ∈ C∞(R3 × [0,∞)).

Proof. From Theorem 6.2 and conic Bernstein estimate ∥ω∥L∞ ≲ F(t), Grönwall yields F(t) <
∞ and integrability of ∥ω∥L∞ . Beale–Kato–Majda implies smooth continuation.

8 Special Regimes

8.1 2D NSE

Here ω is scalar and S determined by ω via a Calderón–Zygmund operator. The VACM collapses
to standard Littlewood–Paley, commutators vanish, and the inequality reduces to the classical
L2 energy bound.

8.2 Axisymmetric No-Swirl

For axisymmetric no-swirl data, ω aligns with a principal direction, improving the spectral gap
and reducing commutators.

3

5.2. Theorem (Pseudo-commutator bounds). There is C independent of j such that

6.2. Theorem (CLI inequality). On good slabs, there exists 				          such that

6. Scale-wise Absorption and Lyapunov Inequality
6.1. Corollary (Diffusion absorption). 
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commutators vanish, and the inequality reduces to the classical L2 energy bound.

8.2. Axisymmetric No-Swirl
For axisymmetric no-swirl data, ω aligns with a principal direction, improving the spectral gap and reducing commutators 
[1-8].

References
1.	 Beale, J. T., Kato, T., & Majda, A. (1984). Remarks on the breakdown of smooth solutions for the 3-D Euler equations. 

Communications in Mathematical Physics, 94(1), 61-66.
2.	 Fefferman, C. L. (2006). Existence and smoothness of the Navier-Stokes equation. The millennium prize problems, 

57(67), 22.
3.	 Stein, E. M., & Murphy, T. S. (1993). Harmonic analysis: real-variable methods, orthogonality, and oscillatory integrals 

(Vol. 3). Princeton University Press.
4.	 Coifman, R. (1978). Au dela des opérateurs pseudo-différentiels. Astérisque, 57.
5.	 Lemarié-Rieusset, P. G. (2002). Recent developments in the Navier-Stokes problem.
6.	 Kozono, H., & Taniuchi, Y. (2000). Limiting Case of the Sobolev Inequality in BMO,¶ with Application to the Euler 

Equations. Communications in Mathematical Physics, 214(1), 191-200.
7.	 Bahouri, H. (2011). Fourier analysis and nonlinear partial differential equations. Springer.
8.	 Grafakos, L. (2008). Classical fourier analysis (Vol. 2). New York: Springer.

https://projecteuclid.org/journals/communications-in-mathematical-physics/volume-94/issue-1/Remarks-on-the-breakdown-of-smooth-solutions-for-the-3/cmp/1103941230.pdf
https://projecteuclid.org/journals/communications-in-mathematical-physics/volume-94/issue-1/Remarks-on-the-breakdown-of-smooth-solutions-for-the-3/cmp/1103941230.pdf
https://projecteuclid.org/journals/communications-in-mathematical-physics/volume-94/issue-1/Remarks-on-the-breakdown-of-smooth-solutions-for-the-3/cmp/1103941230.pdf
https://projecteuclid.org/journals/communications-in-mathematical-physics/volume-94/issue-1/Remarks-on-the-breakdown-of-smooth-solutions-for-the-3/cmp/1103941230.pdf
https://books.google.co.in/books?hl=en&lr=&id=516YDwAAQBAJ&oi=fnd&pg=PR11&dq=3.%09E.+M.+Stein,+Harmonic+Analysis:+Real-Variable+Methods,+Orthogonality,+and+Oscillatory+Integrals,+Princeton+Univ.+Press,+1993.&ots=SHZMlNgT7r&sig=JhisITB3fndRYTKnKnni_tE9q7w&redir_esc=y#v=onepage&q=3.%09E.%20M.%20Stein%2C%20Harmonic%20Analysis%3A%20Real-Variable%20Methods%2C%20Orthogonality%2C%20and%20Oscillatory%20Integrals%2C%20Princeton%20Univ.%20Press%2C%201993.&f=false
https://books.google.co.in/books?hl=en&lr=&id=516YDwAAQBAJ&oi=fnd&pg=PR11&dq=3.%09E.+M.+Stein,+Harmonic+Analysis:+Real-Variable+Methods,+Orthogonality,+and+Oscillatory+Integrals,+Princeton+Univ.+Press,+1993.&ots=SHZMlNgT7r&sig=JhisITB3fndRYTKnKnni_tE9q7w&redir_esc=y#v=onepage&q=3.%09E.%20M.%20Stein%2C%20Harmonic%20Analysis%3A%20Real-Variable%20Methods%2C%20Orthogonality%2C%20and%20Oscillatory%20Integrals%2C%20Princeton%20Univ.%20Press%2C%201993.&f=false
https://cir.nii.ac.jp/crid/1572261549644241792
https://books.google.co.in/books?hl=en&lr=&id=Rjn1NqO959sC&oi=fnd&pg=PA1&dq=5.%09P.+G.+Lemari%C3%A9-Rieusset,+Recent+Developments+in+the+Navier%E2%80%93Stokes+Problem,+CRC+Press,+2002.&ots=EkQridbxMp&sig=mQt95qGpcJvp8OCjXKHYqK4F_xQ&redir_esc=y#v=onepage&q=5.%09P.%20G.%20Lemari%C3%A9-Rieusset%2C%20Recent%20Developments%20in%20the%20Navier%E2%80%93Stokes%20Problem%2C%20CRC%20Press%2C%202002.&f=false
https://link.springer.com/article/10.1007/s002200000267
https://link.springer.com/article/10.1007/s002200000267
https://link.springer.com/book/10.1007/978-3-642-16830-7
http://ir.mksu.ac.ke/bitstream/handle/123456780/6029/10.1007_978-1-4939-1194-3.pdf



