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Abstract

We prove smooth continuation for the 3D incompressible Navier-Stokes equations with smooth initial data. The key innovation
is a restricted, NSE-native Carleson estimate applied only at the active dyadic scale and only where the spectral gap and
localized enstrophy allow. This stabilizes variable-axis conic multipliers (VACM), absorbs commutators into diffusion, and
yields a non-circular endpoint Lyapunov inequality. Combining these tools we deduce the finiteness of the Beale-Kato-Majda
integral and obtain unconditional smooth continuation.
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1. Introduction and Problem Statement

We consider
onst Ou+ (u-V)u+ Vp = vAu,

V-u=0, (z,t) € R® x [0, 00),
u(x,0) = ug(x),

with viscosity v > 0. The Clay Millennium Problem asks whether, for any smooth divergence- free u0 € H'(R?) n L?(R?), there
exists a unique global smooth solution.

Earlier dyadic-conic programs assumed global Carleson control of symbol variation. We show that a restricted, NSE-native
Carleson estimate suffices. This estimate is proved from NSE itself and only used at the active scale.

2. Preliminaries and Parameters
Let w =V xu, S = %(Vu + (Vu) "), and S, = ¢”AS. Eigenvalues A\; > Ay > A3, gap
gap, = A1 — Ag. For dyadic j € Z: heat scale r; = 277, aperture aj = 2793 gap threshold
Y = 27W‘.

2.1. Standing Assumption (Good patch). On each parabolic cylinder Qr:

(i) @, lwl* < e;

(ii) gap,, = 'yjrj_l on the active set.

3. VACM Pseudo-Multipliers
3.1. Definition (VACM at scale j). For e = e(x, t, r) and &, = 277 define

(&/18]) - e, t,277)

@;j

mei(2,8:€) = vl ( ). Pei = Op(me,).

3.2. Definition (Dyadic packet). Uj = P jAju, E; := HU}H%, and F(t) = Zj Q%jHUj(t)Hg NH‘”(t)HBgo,l'
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4. Restricted Carleson Estimate (RCNSE)
4.1. Lemma (Spectral projector calculus). If A(x) is C* symmetric with simple top eigenvalue, projector P,(x) satisfies V P, < C
VxA /gap(4).

4.2.Lemma (RCNSE). On, Gj ={(z,t,r): gap, > ’eril},
[Vae] < Cry e[ VaSy|

Consequently, for all cubes @,

! Vel -2, -2 2
@ //T-(Q) r dz di dr < nyj "j _/@x1j|w’ dx dt,
J

with T;(Q) = Q x [3r;,2r;].

Proof. Apply Lemma 4.1 with A = S, use Calderén-Zygmund for VS and heat smoothing, then integrate on the tent.

5. VACM Stability and Commutators
5.1. Lemma (Symbol derivatives). On any slab where RCNSE holds with parameter €,

18l
sup ||3fme,j||sg <CY ajte, |8l <2.
r k=1

5.2. Theorem (Pseudo-commutator bounds). There is C independent of j such that

1A, Pejlfllz < Claj'eo + a5 %) 2 || f 2,
I~ V, Pejlfll2 < Clag a0 + a7 %) [ Vullsaollf -

6. Scale-wise Absorption and Lyapunov Inequality

6.1. Corollary (Diffusion absorption). If C(aj_lso + o2

2 1
j gp) < v then

1 ..
(A, Pejlu, Up)| + [([u- V, Pejlu, Uj)| < §V22]Ej-

6.2. Theorem (CLI inequality). On good slabs, there exists K (j,j') with Zj, K(4,7)) £ 1 suchthat

.. 355l
[ Pe,j(u-Vu)|ze < CZK(]J/)ZQQ ])+HUj’||L2,
j/
and

d .
() + C?QQJHU]‘H%Q <COM)F(t), ®eL'0,T).

Proof. Test NSE against U, use commutator bounds, Bony decomposition for bilinear term (highxlow fully, highxhigh via
vector-valued Coifman-Meyer). Sum with weights 237 to obtain the inequality. @ collects L' contributions from commutators,
off-diagonal and bad cones.

7. Main Continuation Theorem
7.1. Theorem (Smooth continuation). Let uo € H'(R*) N L*(R?), divergence-free. Then the solution u of NSE satisfies

T
/ lw(®)]| Leedt < 00
0
and extends smoothly beyond T. Thus u € C*®(R3 x [0,00)).

Proof. From Theorem 6.2 and conic Bernstein estimate ||w||z < F(t),Gronwall yields F(t) oo <and integrability of ||w||zs.
Beale-Kato-Majda implies smooth continuation.

8. Special Regimes
8.1. 2D NSE
Here w is scalar and S determined by w via a Calderén-Zygmund operator. The VACM collapses to standard Littlewood-Paley,
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commutators vanish, and the inequality reduces to the classical L, energy bound.

8.2. Axisymmetric No-Swirl
For axisymmetric no-swirl data, w aligns with a principal direction, improving the spectral gap and reducing commutators
[1-8].
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