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Abstract
In this paper, the mean variance portfolio with multiscale stochastic volatility using the wavelet risk premium was considered. 
A seemingly wavelet function which was used to investigate the multiscale stochastic volatility (MSSV) used in stock price model 
was derived. Two types of volatility, namely; a fast -moving one and a slowly-moving one were considered using the stochastic 
dynamic programming principle and Hamilton-Jacobi-Bellman equation approach. The optimal investment strategy, the value 
function was obtained. 

Keywords:  Mean-variance Portfolio Selection, Multiscale Stochastic Volatility, Stochastic Control, Probability, Wavelets

Journal of 
Theoretical Physics & Mathematics Research

B O Osu1, C Olunkwa1, M E Egwe2* amd F N Chuku1

1Department of Mathematics, Abia State University. 
Uturu, Nigeria

2Department of Mathematics, University of Ibadan. 
Ibadan, Nigeria.

Multiscale Stochastic Volatility Problem with Wavelet Risk Premium

Accepted:  2026  Mar 23Received:  2026 Mar 02 Published:  2026 Apr 02

Research Article ISSN: 3065-8802

Corresponding Author: M E Egwe, Department of Mathematics, 
University of Ibadan. Ibadan, Nigeria.

1. Introduction
Wavelet method, as a time-frequency analysis method has been applied in various fields to analyze a wide range of signals 
covering all aspect of life. It had capacity to provide both time and frequency domains information, wavelet analysis is mainly 
for time-frequency analysis of signals, signal compression, signal denoising, singularity analysis and features extraction. 
Wavelet analysis is very useful for analyzing physiological systems because, as opposed to most classical signal analysis 
approaches, it provides the means to detect and analyze non stationarity in signals. Wavelet methods have been successfully 
used for solving option pricing problems, see e.g. [4, 5, 6, 12]. Also the mean variance portfolio selection problem with 
multiscale stochastic volatility was also proposed [2]. The presence of volatility factors is well documented in the literature 
using underlying returns data (see [1,3,7, 8,9,11,13,14,]. Mean-variance theory is an important model of investments based 
on decision theory. It is the simplest model of investments that is sufficiently rich to be directly useful in applied problems. 
In this paper we focus on analyzing the mean variance portfolio with multiscale stochastic volatility using the wavelet risk 
premium.

1.1. Model Formulation
The classical Black Scholes model based on Ito’s process for derivative or (spot asset) prices S follows a geometric Brownian 
Motion, and is given by the Stochastic differential equation (SDE):
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In finance, the Black Scholes Partial differential equation (BSPDE)
model can be written in the form:

∂V

∂t
+

1

2
σ2S2∂

2V

∂S2 + rS
∂V

∂S
− rV = 0, (2.1.2)

using the boundary conditions for

W (x , τ) :

W0 (xτ ) = W (xτ , 0) = eαxτV (xτ , 0)

(e(α+1)xτ − eαxτ )+ =
(
eβxτ − eαxτ

)
+ (2.1.3)

In [18] approach we eliminate S and S2 terms in equation (2.1.2),
and have the following equation after transformations.

−∂U

∂τ
+ (K − 1)

∂U

∂x
+

∂2U

∂x2
−KU = 0, (2.1.4)

where

K =
2τ

σ2
, (2.1.5)

given the boundary condition: V(ST , T ) = (ST −K)+.
Let

U(x, τ) =
1

K
V (S, t) =

1

K
V

(
Kex, T − 2τ

σ2

)
(2.1.6)
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− αW (x, τ)
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. (2.1.13)

The solution of equation (2.1.13) is by the method of variation (see
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1.2. Formulation of Wavelet Function as Risk Premium and Investment Strategy
Lemma 2.1. Let xk be a Gaussian centred process with stationary increment and the the wavelet risk premium., π(t) denote 
the amount invested in the (zero) bond at time t and W(t) be a one dimensional standard Brownian motion and 

Formulation of Wavelet Function As Risk Premium
And Investment Strategy

Lemma 2.1. Let xk be a Gaussian centred process with stationary
increment and the the wavelet risk premium., π(t) denote the amount
invested in the (zero) bond at time t and W (t) be a one dimensional
standard Brownian motion and W its Fourier transform, σ is the
stochastic volatility with σ > 0 then the Wavelet function and the
investment strategy are respectively;

U (x, t) = xkWe
−σ
2

2
π2(t)t (2.1.14a)

and

π (t) =
kf

π(v2 − f 2k2
e−rt. (2.1.14b)

Proof:

The solution of (2.1.13) by method of variation of parameter given
as:

U(x, t) =
2u0

π

N∑
j=1

[(
(−1)j+1L+ 1

j

)
e−j2π2kt/l2

]
sin

jπk

L
. (2.1.15)

Using W (x , τ) = eαx+β2τ U(x, τ), (2.1.15) becomes

U (x, t) =
2u0

π

N∑
j=1

[(
(−1)j+1L+ 1

j

)
e

−σ
2

2
j2π2t/L

]
sin

jπx

L
e−αx−βτ ,

but r = αx− βτ

U (x, t) =
2u0

π

N∑
j=1

[(
(−1)j+1L+ 1

j

)
e

−σ
2

2
j2π2t/L

]
sin

jπx

L
e−rt

=
N∑
j=1

xk (j)w (j) e
−σ
2

2
j2π2t/L (2.1.16)

where

xk (j) = sin
jπx

L
e−rt (2.1.17)

xk (j) is called the Wavelet risk premium.

wk (j) =
2u0

π

[
(−1)j+1L+ 1

j

]
. (2.1.18)
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, (2.1.15) becomes

but r = αx − βτ

where

xk (j) is called the Wavelet risk premium.
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And Investment Strategy

Lemma 2.1. Let xk be a Gaussian centred process with stationary
increment and the the wavelet risk premium., π(t) denote the amount
invested in the (zero) bond at time t and W (t) be a one dimensional
standard Brownian motion and W its Fourier transform, σ is the
stochastic volatility with σ > 0 then the Wavelet function and the
investment strategy are respectively;
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2
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j2π2t/L (2.1.16)

where

xk (j) = sin
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e−rt (2.1.17)

xk (j) is called the Wavelet risk premium.
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Now u0 = π
2L

,implies L = π
2u0

, so that (2.1.16) becomes
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2
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which is equivalent to that in [17]. By Parserval’s theorem for wavelet
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For j = 1 = L, (2.1.20) becomes
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This equation is called the wavelet function. Furthermore for the
investment strategy one has (by 2.1.19),
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 �
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 (t) = θ (t)  − αr(t) is a stochastic process related to r (t) 
were a > 0, and θ is a deterministic and continuously differentiable function [5]. The other asset is a (zero) bond whose price 
process is modeled as 

0, and θ is a deterministic and continuously differentiable function
[5]. The other asset is a (zero) bond whose price process is modeled
as


dS (t) = S (t)
�

r (t) + sin jπx
L
e−rtµ (y (t) , z (t))


dt+ β (y (t) , z (t)) dW 0 (t)


,

dy (t) = 1
ξ
b(y (t) dt+ 1√

ξ
a (y (t)) dW 1 (t) ,

dz (t) = δc (z (t)) dt+
√
δ g (z (t)) dW 2 (t) ,

S (0) = s0 = 0, y (0) = y0 , z (0) = z0,

were two timescale factors is applied in our stochastic volatility,
which means we use σ (ytzt) instead of σ (t) .s0, y0 and z0 are respectively
the initial price and initial volatilities of the risky asset. µ (y (t) , z (t))
and β (y (t) , z (t)) are respectively the appreciation rate and volatility
rate of the risky assets price. As described in the research work by
[6], the dynamics of y(t) and z(t) respectively shows the fast and
slow variation of volatility with very small values of parameters ξ,
and δ. Besides, we assume that the process y(t) = y′(1/ξ) in
distribution where y′(t) is an ergodic diffusion process with unique
invariant distribution ϕ , independent of ξ . As described in [12],
we denote ⟨.⟩ as the invariant expectation with respect to ϕ.

⟨g⟩ =


g (y)ϕ (dy) .

The standard Brownian motion, w0(t) , w1(t) and w2(t) are correlated
with

Cov (w0(t), w1(t)) = ρ1, Cov(w0 , w2(t)) = ρ2 , Cov (w1(t), w2(t)) = ρ3 where

-1<ρ1<1 , -1<ρ2<1 , -1<ρ12<1 and 1+ 2ρ1ρ2ρ12-ρ
2
1 − ρ22 − ρ212 >

0,to ensure positive definiteness of the covariance matrix of the
three Brownian motions Let π(t) denote the amount invested in
the (zero) bond at time t, (t ∈ [0, T ]), and π(t) the wealth at time
t corresponding to investment strategy π. Then the wealth process
satisfies the following stochastic differential equation:

dXπ = π(t)((r(t) + sin jπx
L
e−rtα(y(t), z(t))dt+ β(y(t)), z(t)dw0(t)]

+ (Xπ(t)− π(t))r(t)dt

=

π (t) sin jπx

L
e−rtα (y (t) , z (t)) +Xπ (t) r (t)


dt + π (t) β (y (t) , z (t)) dw(t)

(3.1.1)
with initial condition X(0) = x0. The following Mean-variance
portfolio selection problem will be considered in the sequel.

P (w) =




min
π(.)ϵΠ(0,x0)

E[Xπ (T )− w]2,

s.e E (Xπ(T )) = w

7

were two timescale factors is applied in our stochastic volatility, which means we use σ (yt zt) instead of σ (t) . s0 , y0 and z0 
are respectively the initial price and initial volatilities of the risky asset. μ (y (t) , z (t)) and β (y (t) , z (t)) are respectively the 
appreciation rate and volatility rate of the risky assets price. As described in the research work by [6], the dynamics of y(t) 
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V (t, x , y , z, r) = min
π(.)ϵΠ(t,x,y,z)

E
[
(Xπ (T )− (λ+ w)2|X (t) = x, z (t) = z, y (t) = y

]

Using Hamilton-Jacobi-Bellman’s Optimality principle

V (t, x, y, r) = min
π(.)ϵ(t,x,)

E [V (t+ h) , Xπ (t+ h) , r(t+ h)] ∀h > 0

Define an operator,

A πV (t, x, y, z, r) = Vt + Vx

[
π (t) sin jπx

L
e−rtµ (y, z) +X (t) r (t)

]
+ b(y)

ξ
Vy + δC (z)Vz

+ 1
2
V

xx
π2β2 (y, z) + 1

2ξ
Vyyµ

2 (y) + 1
2
g2 (z) δVzz +

π(t)β(y,z)µ(y)P1√
ξ

Vxy

+ π (t) β (y, z) g (z)P2

√
σVZ +

√
δ
ξ
µ (y) g (z)P1,2Vyz +

b√
ξ
a (y (t))Vyr

+ b
√
δg (z (t))Vzr + bπ (t) β (y, z)Vrx +

1
2
Vrrb

2 + Vr

(
a (t) + sin jπx

L
e−rt)

)
.

(3.1.2)
Using the Ito formular the following equation is obtained.

V (t+ h,Xπ (t+ h) , z (t+ h) , y (t+ h) , r (t+ h))

= V (t, x, y, z, h) +

∫ t+h

t

Aπ(s)V (s,X (S) y (s) , z (s) r(s)) ds

8

where w is a premium return level and π(0, x0) denotes the set of
all admissible controls defined as in [2].

By convex optimization theory, problem P (w) can be solved via
the following optimal stochastic control problem with a Lagrange
multiplier 2λ.

PL1 (λ,w) min
π(.)ϵΠ(0,x0)

{
E[Xπ (T )− w]2 − 2λ [E (Xπ (T )− w)]

}

The relationship between the optimal solutions of these two problems
is concluded in the following lemma (see [10]).

Lemma 3.1. Denote by Γ (λ) and π̂ (λ, t, x (t) , y (t) , z (t) , tϵ [0, T ]) ,respectively,
the optimal value and the optimal strategy of problem PL1(λ ,w).
Then the optimal value and the optimal strategy of problem P (w)
are

Sup
λϵR

Γ (λ) and {π̂ (λ, t, x (t) , y (t) , z (t) , tϵ [0, T ])}

respectively, where λ∗ = argSupλϵR Γ (λ) .

The objective function of problem PL1( λ,w) can be rewritten
as E[Xπ (T )− (λ+ w)]2 − λ2 the solution of problem PL1( , w) is
equivalent to that of the problem

PL2 (λ,w) min
π(.)ϵΠ(0,x0)

E[Xπ (T )− w]2

For problem PL2 (λ,w) we define the value function,

V (t, x , y , z, r) = min
π(.)ϵΠ(t,x,y,z)

E
[
(Xπ (T )− (λ+ w)2|X (t) = x, z (t) = z, y (t) = y

]

Using Hamilton-Jacobi-Bellman’s Optimality principle

V (t, x, y, r) = min
π(.)ϵ(t,x,)

E [V (t+ h) , Xπ (t+ h) , r(t+ h)] ∀h > 0

Define an operator,

A πV (t, x, y, z, r) = Vt + Vx

[
π (t) sin jπx

L
e−rtµ (y, z) +X (t) r (t)

]
+ b(y)

ξ
Vy + δC (z)Vz

+ 1
2
V

xx
π2β2 (y, z) + 1

2ξ
Vyyµ

2 (y) + 1
2
g2 (z) δVzz +

π(t)β(y,z)µ(y)P1√
ξ

Vxy

+ π (t) β (y, z) g (z)P2

√
σVZ +

√
δ
ξ
µ (y) g (z)P1,2Vyz +

b√
ξ
a (y (t))Vyr

+ b
√
δg (z (t))Vzr + bπ (t) β (y, z)Vrx +

1
2
Vrrb

2 + Vr

(
a (t) + sin jπx

L
e−rt)

)
.

(3.1.2)
Using the Ito formular the following equation is obtained.

V (t+ h,Xπ (t+ h) , z (t+ h) , y (t+ h) , r (t+ h))

= V (t, x, y, z, h) +

∫ t+h

t

Aπ(s)V (s,X (S) y (s) , z (s) r(s)) ds

8

where w is a premium return level and π(0, x0) denotes the set of
all admissible controls defined as in [2].

By convex optimization theory, problem P (w) can be solved via
the following optimal stochastic control problem with a Lagrange
multiplier 2λ.

PL1 (λ,w) min
π(.)ϵΠ(0,x0)

{
E[Xπ (T )− w]2 − 2λ [E (Xπ (T )− w)]

}

The relationship between the optimal solutions of these two problems
is concluded in the following lemma (see [10]).

Lemma 3.1. Denote by Γ (λ) and π̂ (λ, t, x (t) , y (t) , z (t) , tϵ [0, T ]) ,respectively,
the optimal value and the optimal strategy of problem PL1(λ ,w).
Then the optimal value and the optimal strategy of problem P (w)
are

Sup
λϵR

Γ (λ) and {π̂ (λ, t, x (t) , y (t) , z (t) , tϵ [0, T ])}

respectively, where λ∗ = argSupλϵR Γ (λ) .

The objective function of problem PL1( λ,w) can be rewritten
as E[Xπ (T )− (λ+ w)]2 − λ2 the solution of problem PL1( , w) is
equivalent to that of the problem

PL2 (λ,w) min
π(.)ϵΠ(0,x0)

E[Xπ (T )− w]2

For problem PL2 (λ,w) we define the value function,

V (t, x , y , z, r) = min
π(.)ϵΠ(t,x,y,z)

E
[
(Xπ (T )− (λ+ w)2|X (t) = x, z (t) = z, y (t) = y

]

Using Hamilton-Jacobi-Bellman’s Optimality principle

V (t, x, y, r) = min
π(.)ϵ(t,x,)

E [V (t+ h) , Xπ (t+ h) , r(t+ h)] ∀h > 0

Define an operator,

A πV (t, x, y, z, r) = Vt + Vx

[
π (t) sin jπx

L
e−rtµ (y, z) +X (t) r (t)

]
+ b(y)

ξ
Vy + δC (z)Vz

+ 1
2
V

xx
π2β2 (y, z) + 1

2ξ
Vyyµ

2 (y) + 1
2
g2 (z) δVzz +

π(t)β(y,z)µ(y)P1√
ξ

Vxy

+ π (t) β (y, z) g (z)P2

√
σVZ +

√
δ
ξ
µ (y) g (z)P1,2Vyz +

b√
ξ
a (y (t))Vyr

+ b
√
δg (z (t))Vzr + bπ (t) β (y, z)Vrx +

1
2
Vrrb

2 + Vr

(
a (t) + sin jπx

L
e−rt)

)
.

(3.1.2)
Using the Ito formular the following equation is obtained.

V (t+ h,Xπ (t+ h) , z (t+ h) , y (t+ h) , r (t+ h))

= V (t, x, y, z, h) +

∫ t+h

t

Aπ(s)V (s,X (S) y (s) , z (s) r(s)) ds

8

where w is a premium return level and π(0, x0) denotes the set of
all admissible controls defined as in [2].

By convex optimization theory, problem P (w) can be solved via
the following optimal stochastic control problem with a Lagrange
multiplier 2λ.

PL1 (λ,w) min
π(.)ϵΠ(0,x0)

{
E[Xπ (T )− w]2 − 2λ [E (Xπ (T )− w)]

}

The relationship between the optimal solutions of these two problems
is concluded in the following lemma (see [10]).

Lemma 3.1. Denote by Γ (λ) and π̂ (λ, t, x (t) , y (t) , z (t) , tϵ [0, T ]) ,respectively,
the optimal value and the optimal strategy of problem PL1(λ ,w).
Then the optimal value and the optimal strategy of problem P (w)
are

Sup
λϵR

Γ (λ) and {π̂ (λ, t, x (t) , y (t) , z (t) , tϵ [0, T ])}

respectively, where λ∗ = argSupλϵR Γ (λ) .

The objective function of problem PL1( λ,w) can be rewritten
as E[Xπ (T )− (λ+ w)]2 − λ2 the solution of problem PL1( , w) is
equivalent to that of the problem

PL2 (λ,w) min
π(.)ϵΠ(0,x0)

E[Xπ (T )− w]2

For problem PL2 (λ,w) we define the value function,

V (t, x , y , z, r) = min
π(.)ϵΠ(t,x,y,z)

E
[
(Xπ (T )− (λ+ w)2|X (t) = x, z (t) = z, y (t) = y

]

Using Hamilton-Jacobi-Bellman’s Optimality principle

V (t, x, y, r) = min
π(.)ϵ(t,x,)

E [V (t+ h) , Xπ (t+ h) , r(t+ h)] ∀h > 0

Define an operator,

A πV (t, x, y, z, r) = Vt + Vx

[
π (t) sin jπx

L
e−rtµ (y, z) +X (t) r (t)

]
+ b(y)

ξ
Vy + δC (z)Vz

+ 1
2
V

xx
π2β2 (y, z) + 1

2ξ
Vyyµ

2 (y) + 1
2
g2 (z) δVzz +

π(t)β(y,z)µ(y)P1√
ξ

Vxy

+ π (t) β (y, z) g (z)P2

√
σVZ +

√
δ
ξ
µ (y) g (z)P1,2Vyz +

b√
ξ
a (y (t))Vyr

+ b
√
δg (z (t))Vzr + bπ (t) β (y, z)Vrx +

1
2
Vrrb

2 + Vr

(
a (t) + sin jπx

L
e−rt)

)
.

(3.1.2)
Using the Ito formular the following equation is obtained.

V (t+ h,Xπ (t+ h) , z (t+ h) , y (t+ h) , r (t+ h))

= V (t, x, y, z, h) +

∫ t+h

t

Aπ(s)V (s,X (S) y (s) , z (s) r(s)) ds

8

The relationship between the optimal solutions of these two problems is concluded in the following lemma (see [10]).

Lemma 3.1. Denote by Γ (λ) and 

where w is a premium return level and π(0, x0) denotes the set of
all admissible controls defined as in [2].

By convex optimization theory, problem P (w) can be solved via
the following optimal stochastic control problem with a Lagrange
multiplier 2λ.

PL1 (λ,w) min
π(.)ϵΠ(0,x0)

{
E[Xπ (T )− w]2 − 2λ [E (Xπ (T )− w)]

}

The relationship between the optimal solutions of these two problems
is concluded in the following lemma (see [10]).

Lemma 3.1. Denote by Γ (λ) and π̂ (λ, t, x (t) , y (t) , z (t) , tϵ [0, T ]) ,respectively,
the optimal value and the optimal strategy of problem PL1(λ ,w).
Then the optimal value and the optimal strategy of problem P (w)
are

Sup
λϵR

Γ (λ) and {π̂ (λ, t, x (t) , y (t) , z (t) , tϵ [0, T ])}

respectively, where λ∗ = argSupλϵR Γ (λ) .

The objective function of problem PL1( λ,w) can be rewritten
as E[Xπ (T )− (λ+ w)]2 − λ2 the solution of problem PL1( , w) is
equivalent to that of the problem

PL2 (λ,w) min
π(.)ϵΠ(0,x0)

E[Xπ (T )− w]2

For problem PL2 (λ,w) we define the value function,

V (t, x , y , z, r) = min
π(.)ϵΠ(t,x,y,z)

E
[
(Xπ (T )− (λ+ w)2|X (t) = x, z (t) = z, y (t) = y

]

Using Hamilton-Jacobi-Bellman’s Optimality principle

V (t, x, y, r) = min
π(.)ϵ(t,x,)

E [V (t+ h) , Xπ (t+ h) , r(t+ h)] ∀h > 0

Define an operator,

A πV (t, x, y, z, r) = Vt + Vx

[
π (t) sin jπx

L
e−rtµ (y, z) +X (t) r (t)

]
+ b(y)

ξ
Vy + δC (z)Vz

+ 1
2
V

xx
π2β2 (y, z) + 1

2ξ
Vyyµ

2 (y) + 1
2
g2 (z) δVzz +

π(t)β(y,z)µ(y)P1√
ξ

Vxy

+ π (t) β (y, z) g (z)P2

√
σVZ +

√
δ
ξ
µ (y) g (z)P1,2Vyz +

b√
ξ
a (y (t))Vyr

+ b
√
δg (z (t))Vzr + bπ (t) β (y, z)Vrx +

1
2
Vrrb

2 + Vr

(
a (t) + sin jπx

L
e−rt)

)
.

(3.1.2)
Using the Ito formular the following equation is obtained.

V (t+ h,Xπ (t+ h) , z (t+ h) , y (t+ h) , r (t+ h))

= V (t, x, y, z, h) +

∫ t+h

t

Aπ(s)V (s,X (S) y (s) , z (s) r(s)) ds

8

 (λ, t, x (t) , y (t) , z (t) , tϵ [0, T]) ,respectively, the optimal value and the optimal strategy 
of problem PL1(λ ,w).

Then the optimal value and the optimal strategy of problem P(w) are

respectively, where λ∗ = argSupλϵR Γ (λ) .

The objective function of problem PL1( λ,w) can be rewritten as E[X π (T) − (λ + w)]2 − λ2 the solution of problem PL1( ,w) is 
equivalent to that of the problem

For problem PL2 (λ,w) we define the value function,

Using Hamilton-Jacobi-Bellman’s Optimality principle



Volume - 4 Issue - 2

Page 7 of 13

Copyright © M E EgweJournal of Theoretical Physics & Mathematics Research

Citation: Osu., B. O, Olunkwa., C, Egwe., M. E. Chuku, F. N. (2026). Multiscale Stochastic Volatility Problem with 
Wavelet Risk Premium. J Theor Phys Math, 4(2), 1-13.

where w is a premium return level and π(0, x0) denotes the set of
all admissible controls defined as in [2].

By convex optimization theory, problem P (w) can be solved via
the following optimal stochastic control problem with a Lagrange
multiplier 2λ.

PL1 (λ,w) min
π(.)ϵΠ(0,x0)

{
E[Xπ (T )− w]2 − 2λ [E (Xπ (T )− w)]

}

The relationship between the optimal solutions of these two problems
is concluded in the following lemma (see [10]).

Lemma 3.1. Denote by Γ (λ) and π̂ (λ, t, x (t) , y (t) , z (t) , tϵ [0, T ]) ,respectively,
the optimal value and the optimal strategy of problem PL1(λ ,w).
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Sup
λϵR
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E
[
(Xπ (T )− (λ+ w)2|X (t) = x, z (t) = z, y (t) = y

]

Using Hamilton-Jacobi-Bellman’s Optimality principle

V (t, x, y, r) = min
π(.)ϵ(t,x,)

E [V (t+ h) , Xπ (t+ h) , r(t+ h)] ∀h > 0

Define an operator,

A πV (t, x, y, z, r) = Vt + Vx

[
π (t) sin jπx

L
e−rtµ (y, z) +X (t) r (t)

]
+ b(y)

ξ
Vy + δC (z)Vz

+ 1
2
V

xx
π2β2 (y, z) + 1

2ξ
Vyyµ

2 (y) + 1
2
g2 (z) δVzz +

π(t)β(y,z)µ(y)P1√
ξ
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+ π (t) β (y, z) g (z)P2

√
σVZ +

√
δ
ξ
µ (y) g (z)P1,2Vyz +
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ξ
a (y (t))Vyr

+ b
√
δg (z (t))Vzr + bπ (t) β (y, z)Vrx +

1
2
Vrrb

2 + Vr

(
a (t) + sin jπx

L
e−rt)

)
.

(3.1.2)
Using the Ito formular the following equation is obtained.

V (t+ h,Xπ (t+ h) , z (t+ h) , y (t+ h) , r (t+ h))

= V (t, x, y, z, h) +

∫ t+h

t

Aπ(s)V (s,X (S) y (s) , z (s) r(s)) ds
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Define an operator,

Using the Ito formular the following equation is obtained.

+
∫ t+h

t
(bVr + V xπ (s) β(y(s) ,z (s))dw. (s) (3.1.3) According

to [11],if Et,x

[(∫ t+h

t
(bVr + Vxπ (s) β(y(s) ,z (s))

)2

ds

]
< +∞, then

(∫ t+h

t
(bVr+V xπ (s) β(y(s) ,z (s))dw (s)

)
is a martigale.therefore when

Et,x

[∫
(bVr + Vxπ (s) β(y (s) z(s))

]
< +∞ substituting (3.1.3) into

(3.1.2), yields the HJB equation of V (t, x, y, z, r)as follows.

Vt+Vxxr+
b(y)
ξ
Vy+δC(z)Vz+

1
2ξ
a2(y)Vyy+

1
2
g2δVzz+

√
δ
ξ
a(y)g(z)p12Vyz

+ b√
ξ
a(y(t))Vyr + b

√
δg(z)Vzr +

1
2
b2Vrr + (a(t) + bsin jπx

L
e−rt)Vr

+minπ(t)

{
1
2
π2β2(y, z)Vxx +

πβ(y,z)a(y)p1√
ξ

Vxy

+ π(t)β(y, z)g(z)p2
√
δVxz + bπ(t)β(y, z)Vrx + π(t)sin jπx

L
e−rtβ(y, z)Vx

}

= 0 (3.1.4)
With the boundary condition(V, x, y, z, r) = (xyz − (λ+ w))2. We
derive the following theorem in order to know the contribution of the
HJB equation (3.1.4) to derive the optimal strategy and the value
function.

Theorem 3.2. suppose that v (x, y, z, r) ∈ C1,2,3 ([0, T]×0) where
0 ⊑ R2 satisfies
(i) v (t, x, y, z r) solves (3.1.4) with boundary condition;
(ii) for any admissible control π (.)and its corresponding wealth
process,

Et,x

[(∫ t+h

t

(bVr + Vxπ (s) β(y(s) ,z (s))

)2

ds

]
< +∞, ∀t ∈ [0, .] , h > 0

(iii) For all sequences of stopping times (τn : 0 ≤ τ ≤ T )n∈N and any
admissible strategy π (.) ϵΠ(0, x0) , the sequence {v (τn, Xπ (τn))}nϵNis
uniformly integrable.
Then we have
a) v (t, x, y, z.r) ≤ V (t, x, y, z, r) ;
b) if there exists an admissible strategy π̂ (t) ∈ argmin Aπ v (t,Xπ (t) , r),
then

v (t, x, y, z.r) = V (t, x, y, z, r) .

We are going to work to deduce the optimal strategy and the value
function of problem PL2(λ,w).

Optimal Solution
Assume that v is a solution of HJB (3.1.4) when Vxx > 0, Vzz, Vyy > 0

9
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 (t) ∈ argmin Aπ v (t , Xπ (t) , r), then

v (t, x, y, z.r) = V (t, x, y, z, r) .

We are going to work to deduce the optimal strategy and the value function of problem PL2(λ,w).
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2.1. Optimal Solution
Assume that v is a solution of HJB (3.1.4) when Vxx >0,Vzz , Vyy > 0 the optimal strategy of problem PL2(λ,w) isthe optimal strategy of problem PL2(λ,w) is

π = −


a (y)P1Vxy + g (z) p2

√
δVxz + bVrx + sin jπx

L
e−rtVx

2

β(y, z)Vxx

.

(3.1.5)
Inserting equation (3.1.5) back to equation (3.1.4) yields

Vt+Vxxr+
b(y)
ξ
Vy+δC (z)Vz+

1
2ξ
a2 (y)Vyy+

1
2
g2 (z) δVzz+

√
δ
ξ
a (y) g (z)P12Vyz

+ b√
ξ
a (y (t))Vyr+b

√
δg (z (t))VZr+

1
2
b2Vrr+Vr


a (t) + b 1

L

N
j=1 xk (j)W (j)e

−σ
2

2
j2π2t/L (t)



−1
2

(
a(y)P1√

ξ
Vxy+g(z)P2

√
δVxz+bVrx+sin jπx

L
e−rtVx

)2

β(y,z)Vxx
= 0, (3.1.6)

with terminal condition v (T, x, y, z, r) = (xyz − (λ+ w))2.
We can verify that vhas the form

v (t, x, y, z, r) = P (t, r) x2y2z2−2 (λ+ w)Q (t, r) xyz+(λ+ w)2R(t, r)

with P (t, r) > 0, P (T, r) = 1, Q (T, r) = 1, R (T, r) = 1. Substituting
the above expression into equation (3.1.6) we obtain the following
partial differential equation for P (t, r) , Q (t, r) and R(t, r) respectively:



Pt + 2rP + b(y)P
ξ

+ δC (z)P + 1
2ξ
a2 (y)P + 1

2
g2δP +


δ
ξ
a (y) g (z)P12P + b√

ξ
a (y (t))P

+b
√
δg (z (t))Pr +

1
2
b2Prr +

�
a+ b sin jπx

L
e−rt


Pr

− [a(y)P1P (t,r)+g(z)P2

√
δP (t,r)+bPr+sin jπx

L
e−rtP ]

2

P
= 0

P (t, r) > 0, P (T, r) = 1
(3.1.7)



Qt + rQ+ b(y)Q
ξ

+ δC (z)Q+ 1
2ξ
a2 (y)Q+ 1

2
g2δQ+


δ
ξ
a (y) g (z)Q12Q+ b√

ξ
a (y (t))Qr

+b
√
δg (z (t))Qr +

1
2
b2Qrr +

�
a+ bsin jπx

L
e−rt)


Qr−

(
sin jπx

L
e−rtP+bPr+g(z)P2

√
δP+

a(y)P1P
ξ

)(
sin jπx

L
e−rtQ+bQr+g(z)Q2

√
δ+

a(y)P1Q
ξ

)

P
= 0

Q (t, r) = 0, Q (T, r) = 1
(3.1.8)

10

the optimal strategy of problem PL2(λ,w) is

π = −


a (y)P1Vxy + g (z) p2

√
δVxz + bVrx + sin jπx

L
e−rtVx

2

β(y, z)Vxx

.

(3.1.5)
Inserting equation (3.1.5) back to equation (3.1.4) yields

Vt+Vxxr+
b(y)
ξ
Vy+δC (z)Vz+

1
2ξ
a2 (y)Vyy+

1
2
g2 (z) δVzz+

√
δ
ξ
a (y) g (z)P12Vyz

+ b√
ξ
a (y (t))Vyr+b

√
δg (z (t))VZr+

1
2
b2Vrr+Vr


a (t) + b 1

L

N
j=1 xk (j)W (j)e

−σ
2

2
j2π2t/L (t)



−1
2

(
a(y)P1√

ξ
Vxy+g(z)P2

√
δVxz+bVrx+sin jπx

L
e−rtVx

)2

β(y,z)Vxx
= 0, (3.1.6)

with terminal condition v (T, x, y, z, r) = (xyz − (λ+ w))2.
We can verify that vhas the form

v (t, x, y, z, r) = P (t, r) x2y2z2−2 (λ+ w)Q (t, r) xyz+(λ+ w)2R(t, r)

with P (t, r) > 0, P (T, r) = 1, Q (T, r) = 1, R (T, r) = 1. Substituting
the above expression into equation (3.1.6) we obtain the following
partial differential equation for P (t, r) , Q (t, r) and R(t, r) respectively:



Pt + 2rP + b(y)P
ξ

+ δC (z)P + 1
2ξ
a2 (y)P + 1

2
g2δP +


δ
ξ
a (y) g (z)P12P + b√

ξ
a (y (t))P

+b
√
δg (z (t))Pr +

1
2
b2Prr +

�
a+ b sin jπx

L
e−rt


Pr

− [a(y)P1P (t,r)+g(z)P2

√
δP (t,r)+bPr+sin jπx

L
e−rtP ]

2

P
= 0

P (t, r) > 0, P (T, r) = 1
(3.1.7)




Qt + rQ+ b(y)Q
ξ

+ δC (z)Q+ 1
2ξ
a2 (y)Q+ 1

2
g2δQ+


δ
ξ
a (y) g (z)Q12Q+ b√

ξ
a (y (t))Qr

+b
√
δg (z (t))Qr +

1
2
b2Qrr +

�
a+ bsin jπx

L
e−rt)


Qr−

(
sin jπx

L
e−rtP+bPr+g(z)P2

√
δP+

a(y)P1P
ξ

)(
sin jπx

L
e−rtQ+bQr+g(z)Q2

√
δ+

a(y)P1Q
ξ

)

P
= 0

Q (t, r) = 0, Q (T, r) = 1
(3.1.8)

10

the optimal strategy of problem PL2(λ,w) is

π = −


a (y)P1Vxy + g (z) p2

√
δVxz + bVrx + sin jπx

L
e−rtVx

2

β(y, z)Vxx

.

(3.1.5)
Inserting equation (3.1.5) back to equation (3.1.4) yields

Vt+Vxxr+
b(y)
ξ
Vy+δC (z)Vz+

1
2ξ
a2 (y)Vyy+

1
2
g2 (z) δVzz+

√
δ
ξ
a (y) g (z)P12Vyz

+ b√
ξ
a (y (t))Vyr+b

√
δg (z (t))VZr+

1
2
b2Vrr+Vr


a (t) + b 1

L

N
j=1 xk (j)W (j)e

−σ
2

2
j2π2t/L (t)



−1
2

(
a(y)P1√

ξ
Vxy+g(z)P2

√
δVxz+bVrx+sin jπx

L
e−rtVx

)2

β(y,z)Vxx
= 0, (3.1.6)

with terminal condition v (T, x, y, z, r) = (xyz − (λ+ w))2.
We can verify that vhas the form

v (t, x, y, z, r) = P (t, r) x2y2z2−2 (λ+ w)Q (t, r) xyz+(λ+ w)2R(t, r)

with P (t, r) > 0, P (T, r) = 1, Q (T, r) = 1, R (T, r) = 1. Substituting
the above expression into equation (3.1.6) we obtain the following
partial differential equation for P (t, r) , Q (t, r) and R(t, r) respectively:



Pt + 2rP + b(y)P
ξ

+ δC (z)P + 1
2ξ
a2 (y)P + 1

2
g2δP +


δ
ξ
a (y) g (z)P12P + b√

ξ
a (y (t))P

+b
√
δg (z (t))Pr +

1
2
b2Prr +

�
a+ b sin jπx

L
e−rt


Pr

− [a(y)P1P (t,r)+g(z)P2

√
δP (t,r)+bPr+sin jπx

L
e−rtP ]

2

P
= 0

P (t, r) > 0, P (T, r) = 1
(3.1.7)



Qt + rQ+ b(y)Q
ξ

+ δC (z)Q+ 1
2ξ
a2 (y)Q+ 1

2
g2δQ+


δ
ξ
a (y) g (z)Q12Q+ b√

ξ
a (y (t))Qr

+b
√
δg (z (t))Qr +

1
2
b2Qrr +

�
a+ bsin jπx

L
e−rt)


Qr−

(
sin jπx

L
e−rtP+bPr+g(z)P2

√
δP+

a(y)P1P
ξ

)(
sin jπx

L
e−rtQ+bQr+g(z)Q2

√
δ+

a(y)P1Q
ξ

)

P
= 0

Q (t, r) = 0, Q (T, r) = 1
(3.1.8)

10

the optimal strategy of problem PL2(λ,w) is

π = −


a (y)P1Vxy + g (z) p2

√
δVxz + bVrx + sin jπx

L
e−rtVx

2

β(y, z)Vxx

.

(3.1.5)
Inserting equation (3.1.5) back to equation (3.1.4) yields

Vt+Vxxr+
b(y)
ξ
Vy+δC (z)Vz+

1
2ξ
a2 (y)Vyy+

1
2
g2 (z) δVzz+

√
δ
ξ
a (y) g (z)P12Vyz

+ b√
ξ
a (y (t))Vyr+b

√
δg (z (t))VZr+

1
2
b2Vrr+Vr


a (t) + b 1

L

N
j=1 xk (j)W (j)e

−σ
2

2
j2π2t/L (t)



−1
2

(
a(y)P1√

ξ
Vxy+g(z)P2

√
δVxz+bVrx+sin jπx

L
e−rtVx

)2

β(y,z)Vxx
= 0, (3.1.6)

with terminal condition v (T, x, y, z, r) = (xyz − (λ+ w))2.
We can verify that vhas the form

v (t, x, y, z, r) = P (t, r) x2y2z2−2 (λ+ w)Q (t, r) xyz+(λ+ w)2R(t, r)

with P (t, r) > 0, P (T, r) = 1, Q (T, r) = 1, R (T, r) = 1. Substituting
the above expression into equation (3.1.6) we obtain the following
partial differential equation for P (t, r) , Q (t, r) and R(t, r) respectively:



Pt + 2rP + b(y)P
ξ

+ δC (z)P + 1
2ξ
a2 (y)P + 1

2
g2δP +


δ
ξ
a (y) g (z)P12P + b√

ξ
a (y (t))P

+b
√
δg (z (t))Pr +

1
2
b2Prr +

�
a+ b sin jπx

L
e−rt


Pr

− [a(y)P1P (t,r)+g(z)P2

√
δP (t,r)+bPr+sin jπx

L
e−rtP ]

2

P
= 0

P (t, r) > 0, P (T, r) = 1
(3.1.7)



Qt + rQ+ b(y)Q
ξ

+ δC (z)Q+ 1
2ξ
a2 (y)Q+ 1

2
g2δQ+


δ
ξ
a (y) g (z)Q12Q+ b√

ξ
a (y (t))Qr

+b
√
δg (z (t))Qr +

1
2
b2Qrr +

�
a+ bsin jπx

L
e−rt)


Qr−

(
sin jπx

L
e−rtP+bPr+g(z)P2

√
δP+

a(y)P1P
ξ

)(
sin jπx

L
e−rtQ+bQr+g(z)Q2

√
δ+

a(y)P1Q
ξ

)

P
= 0

Q (t, r) = 0, Q (T, r) = 1
(3.1.8)

10

Inserting equation (3.1.5) back to equation (3.1.4) yields

with terminal condition v (T, x, y, z, r) = (xyz − (λ + w))2.
We can verify that v has the form

with P (t, r) > 0, P (T, r) = 1, Q(T, r) = 1, R(T, r) = 1. Substituting the above expression into equation (3.1.6) we obtain the 
following partial differential equation for P (t, r) , Q(t, r) and R(t, r) respectively:




Rt +
b(y)
ξ
a (y (t)) + b√

ξ
a (y (t))Qr + b

√
δg (z (t))Rr +

�
a+ bxksin

jπx
L
e−rt


Rr

+1
2
b2Rrr −

(a(y)P1Q+g(z)
√
δQ+bQr+sin jπx

L
e−rtQ)

P
= 0

R (T, r) = 1

.

(3.1.9)
Let P (t, r) and Q(t, r) be of the form

P (t, r) = eA(t)r+B(t), (3.1.10)

Q (t, r) = eC(t)+D(t), (3.1.11)

with terminal conditions

A (T ) = B (T ) = C (T ) = D (T ) = 0 (3.1.12)

Deducing the expression ofA (t) , B (t) , C (t) and D(t) from the above
equation inserting (3.1.10) and (3.1.7) gives (A′ (t)− αA (t) + 2) r (t)+

β′ (t)− 1
2
b2A2 +


θ + b

√
δg (z (t)) + b sin jπx

L
e−rt


A

−


a(y)
ξ
P1

2

−

g(Z)P2

√
δ
2

−
�
sin jπx

L
e−rt

2
= 0.

Substituting (3.1.11) into 3.1.8 results in [C (t)− α (t) + 1] r (t) +

2D′ + 2δC (z) + a2(y)
ξ

+ g2 (z) δ

+2


δ
ξ
g (z) a (y)P12+2θ (t)C (t)+2b

√
δg (z (t))C (t)+2bg (z)P2

√
δC (t)

+b2C2 (t)−2b2C (t)A (t)−2bg (t)
√
δP2A (t)−2ba(y)√

ξ
P1A (t)−


2bA (t) + sin jπx

L
e−rt


sin jπx

L
e−rt

+2(g (z)
√
δP2)

2
+ 2


a(y)√

ξ
P1

2

.

Bringing this two equations together with terminal condition (3.1.12)
results in

A (t) =
2

α

�
1− eα(T−t)


= 2C (t) (3.1.13)

B(t)=

 T

t


−1

2
b2A2+θ(s)−b

√
δg(z)(s)+bxkWe

−σ
2

2
π2tA

−

a(y)

ξ
P1

2

−(g(z)P2

√
δ)

2
−sin

jπx

L
e−rt


(3.1.14)

11

Let P (t, r) and Q(t, r) be of the form
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



Rt +
b(y)
ξ
a (y (t)) + b√

ξ
a (y (t))Qr + b

√
δg (z (t))Rr +

�
a+ bxksin

jπx
L
e−rt


Rr

+1
2
b2Rrr −

(a(y)P1Q+g(z)
√
δQ+bQr+sin jπx

L
e−rtQ)

P
= 0

R (T, r) = 1

.

(3.1.9)
Let P (t, r) and Q(t, r) be of the form

P (t, r) = eA(t)r+B(t), (3.1.10)

Q (t, r) = eC(t)+D(t), (3.1.11)

with terminal conditions

A (T ) = B (T ) = C (T ) = D (T ) = 0 (3.1.12)

Deducing the expression ofA (t) , B (t) , C (t) and D(t) from the above
equation inserting (3.1.10) and (3.1.7) gives (A′ (t)− αA (t) + 2) r (t)+

β′ (t)− 1
2
b2A2 +


θ + b

√
δg (z (t)) + b sin jπx

L
e−rt


A

−


a(y)
ξ
P1

2

−

g(Z)P2

√
δ
2

−
�
sin jπx

L
e−rt

2
= 0.

Substituting (3.1.11) into 3.1.8 results in [C (t)− α (t) + 1] r (t) +

2D′ + 2δC (z) + a2(y)
ξ

+ g2 (z) δ

+2


δ
ξ
g (z) a (y)P12+2θ (t)C (t)+2b

√
δg (z (t))C (t)+2bg (z)P2

√
δC (t)

+b2C2 (t)−2b2C (t)A (t)−2bg (t)
√
δP2A (t)−2ba(y)√

ξ
P1A (t)−


2bA (t) + sin jπx

L
e−rt


sin jπx

L
e−rt

+2(g (z)
√
δP2)

2
+ 2


a(y)√

ξ
P1

2

.

Bringing this two equations together with terminal condition (3.1.12)
results in

A (t) =
2

α

�
1− eα(T−t)


= 2C (t) (3.1.13)

B(t)=

 T

t


−1

2
b2A2+θ(s)−b

√
δg(z)(s)+bxkWe

−σ
2

2
π2tA

−

a(y)

ξ
P1

2

−(g(z)P2

√
δ)

2
−sin

jπx

L
e−rt


(3.1.14)
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



Rt +
b(y)
ξ
a (y (t)) + b√

ξ
a (y (t))Qr + b

√
δg (z (t))Rr +

�
a+ bxksin

jπx
L
e−rt


Rr

+1
2
b2Rrr −

(a(y)P1Q+g(z)
√
δQ+bQr+sin jπx

L
e−rtQ)

P
= 0

R (T, r) = 1

.

(3.1.9)
Let P (t, r) and Q(t, r) be of the form

P (t, r) = eA(t)r+B(t), (3.1.10)

Q (t, r) = eC(t)+D(t), (3.1.11)

with terminal conditions

A (T ) = B (T ) = C (T ) = D (T ) = 0 (3.1.12)

Deducing the expression ofA (t) , B (t) , C (t) and D(t) from the above
equation inserting (3.1.10) and (3.1.7) gives (A′ (t)− αA (t) + 2) r (t)+

β′ (t)− 1
2
b2A2 +


θ + b

√
δg (z (t)) + b sin jπx

L
e−rt


A

−


a(y)
ξ
P1

2

−

g(Z)P2

√
δ
2

−
�
sin jπx

L
e−rt

2
= 0.

Substituting (3.1.11) into 3.1.8 results in [C (t)− α (t) + 1] r (t) +

2D′ + 2δC (z) + a2(y)
ξ

+ g2 (z) δ

+2


δ
ξ
g (z) a (y)P12+2θ (t)C (t)+2b

√
δg (z (t))C (t)+2bg (z)P2

√
δC (t)

+b2C2 (t)−2b2C (t)A (t)−2bg (t)
√
δP2A (t)−2ba(y)√

ξ
P1A (t)−


2bA (t) + sin jπx

L
e−rt


sin jπx

L
e−rt

+2(g (z)
√
δP2)

2
+ 2


a(y)√

ξ
P1

2

.

Bringing this two equations together with terminal condition (3.1.12)
results in

A (t) =
2

α

�
1− eα(T−t)


= 2C (t) (3.1.13)

B(t)=

 T

t


−1

2
b2A2+θ(s)−b

√
δg(z)(s)+bxkWe

−σ
2

2
π2tA

−

a(y)

ξ
P1

2

−(g(z)P2

√
δ)

2
−sin

jπx

L
e−rt


(3.1.14)

11





Rt +
b(y)
ξ
a (y (t)) + b√

ξ
a (y (t))Qr + b

√
δg (z (t))Rr +

�
a+ bxksin

jπx
L
e−rt


Rr

+1
2
b2Rrr −

(a(y)P1Q+g(z)
√
δQ+bQr+sin jπx

L
e−rtQ)

P
= 0

R (T, r) = 1

.

(3.1.9)
Let P (t, r) and Q(t, r) be of the form

P (t, r) = eA(t)r+B(t), (3.1.10)

Q (t, r) = eC(t)+D(t), (3.1.11)

with terminal conditions

A (T ) = B (T ) = C (T ) = D (T ) = 0 (3.1.12)

Deducing the expression ofA (t) , B (t) , C (t) and D(t) from the above
equation inserting (3.1.10) and (3.1.7) gives (A′ (t)− αA (t) + 2) r (t)+

β′ (t)− 1
2
b2A2 +


θ + b

√
δg (z (t)) + b sin jπx

L
e−rt


A

−


a(y)
ξ
P1

2

−

g(Z)P2

√
δ
2

−
�
sin jπx

L
e−rt

2
= 0.

Substituting (3.1.11) into 3.1.8 results in [C (t)− α (t) + 1] r (t) +

2D′ + 2δC (z) + a2(y)
ξ

+ g2 (z) δ

+2


δ
ξ
g (z) a (y)P12+2θ (t)C (t)+2b

√
δg (z (t))C (t)+2bg (z)P2

√
δC (t)

+b2C2 (t)−2b2C (t)A (t)−2bg (t)
√
δP2A (t)−2ba(y)√

ξ
P1A (t)−


2bA (t) + sin jπx

L
e−rt


sin jπx

L
e−rt

+2(g (z)
√
δP2)

2
+ 2


a(y)√

ξ
P1

2

.

Bringing this two equations together with terminal condition (3.1.12)
results in

A (t) =
2

α

�
1− eα(T−t)


= 2C (t) (3.1.13)

B(t)=

 T

t


−1

2
b2A2+θ(s)−b

√
δg(z)(s)+bxkWe

−σ
2

2
π2tA

−

a(y)

ξ
P1

2

−(g(z)P2

√
δ)

2
−sin

jπx

L
e−rt


(3.1.14)

11





Rt +
b(y)
ξ
a (y (t)) + b√

ξ
a (y (t))Qr + b

√
δg (z (t))Rr +

�
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jπx
L
e−rt


Rr

+1
2
b2Rrr −

(a(y)P1Q+g(z)
√
δQ+bQr+sin jπx

L
e−rtQ)

P
= 0

R (T, r) = 1

.

(3.1.9)
Let P (t, r) and Q(t, r) be of the form

P (t, r) = eA(t)r+B(t), (3.1.10)

Q (t, r) = eC(t)+D(t), (3.1.11)

with terminal conditions

A (T ) = B (T ) = C (T ) = D (T ) = 0 (3.1.12)

Deducing the expression ofA (t) , B (t) , C (t) and D(t) from the above
equation inserting (3.1.10) and (3.1.7) gives (A′ (t)− αA (t) + 2) r (t)+
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
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
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L
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ξ
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√
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√
δC (t)

+b2C2 (t)−2b2C (t)A (t)−2bg (t)
√
δP2A (t)−2ba(y)√

ξ
P1A (t)−


2bA (t) + sin jπx

L
e−rt


sin jπx

L
e−rt

+2(g (z)
√
δP2)

2
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
a(y)√

ξ
P1

2

.

Bringing this two equations together with terminal condition (3.1.12)
results in

A (t) =
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�
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√
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
(3.1.14)

11

with terminal conditions
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


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(3.1.9)
Let P (t, r) and Q(t, r) be of the form

P (t, r) = eA(t)r+B(t), (3.1.10)

Q (t, r) = eC(t)+D(t), (3.1.11)

with terminal conditions

A (T ) = B (T ) = C (T ) = D (T ) = 0 (3.1.12)

Deducing the expression ofA (t) , B (t) , C (t) and D(t) from the above
equation inserting (3.1.10) and (3.1.7) gives (A′ (t)− αA (t) + 2) r (t)+
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θ + b
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
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
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δ
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−
�
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L
e−rt

2
= 0.

Substituting (3.1.11) into 3.1.8 results in [C (t)− α (t) + 1] r (t) +

2D′ + 2δC (z) + a2(y)
ξ

+ g2 (z) δ
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
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ξ
g (z) a (y)P12+2θ (t)C (t)+2b

√
δg (z (t))C (t)+2bg (z)P2

√
δC (t)

+b2C2 (t)−2b2C (t)A (t)−2bg (t)
√
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P1A (t)−
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2bA (t) + sin jπx

L
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
sin jπx

L
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√
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
a(y)√

ξ
P1

2

.

Bringing this two equations together with terminal condition (3.1.12)
results in

A (t) =
2

α

�
1− eα(T−t)


= 2C (t) (3.1.13)

B(t)=

 T

t


−1

2
b2A2+θ(s)−b

√
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2
π2tA
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


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L
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.

(3.1.9)
Let P (t, r) and Q(t, r) be of the form

P (t, r) = eA(t)r+B(t), (3.1.10)

Q (t, r) = eC(t)+D(t), (3.1.11)

with terminal conditions

A (T ) = B (T ) = C (T ) = D (T ) = 0 (3.1.12)

Deducing the expression ofA (t) , B (t) , C (t) and D(t) from the above
equation inserting (3.1.10) and (3.1.7) gives (A′ (t)− αA (t) + 2) r (t)+

β′ (t)− 1
2
b2A2 +


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√
δg (z (t)) + b sin jπx

L
e−rt


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−


a(y)
ξ
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2

−

g(Z)P2

√
δ
2

−
�
sin jπx

L
e−rt

2
= 0.

Substituting (3.1.11) into 3.1.8 results in [C (t)− α (t) + 1] r (t) +

2D′ + 2δC (z) + a2(y)
ξ

+ g2 (z) δ

+2


δ
ξ
g (z) a (y)P12+2θ (t)C (t)+2b

√
δg (z (t))C (t)+2bg (z)P2

√
δC (t)

+b2C2 (t)−2b2C (t)A (t)−2bg (t)
√
δP2A (t)−2ba(y)√

ξ
P1A (t)−


2bA (t) + sin jπx

L
e−rt


sin jπx

L
e−rt

+2(g (z)
√
δP2)

2
+ 2


a(y)√

ξ
P1

2

.

Bringing this two equations together with terminal condition (3.1.12)
results in

A (t) =
2

α

�
1− eα(T−t)


= 2C (t) (3.1.13)

B(t)=

 T

t


−1

2
b2A2+θ(s)−b

√
δg(z)(s)+bxkWe

−σ
2

2
π2tA

−

a(y)

ξ
P1

2

−(g(z)P2

√
δ)

2
−sin

jπx

L
e−rt


(3.1.14)
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Substituting (3.1.11) into 3.1.8 results in [C (t) − α (t) + 1] r (t) + 2D′ + 2δC (z) + 





Rt +
b(y)
ξ
a (y (t)) + b√

ξ
a (y (t))Qr + b

√
δg (z (t))Rr +

�
a+ bxksin

jπx
L
e−rt


Rr

+1
2
b2Rrr −

(a(y)P1Q+g(z)
√
δQ+bQr+sin jπx

L
e−rtQ)

P
= 0

R (T, r) = 1

.

(3.1.9)
Let P (t, r) and Q(t, r) be of the form

P (t, r) = eA(t)r+B(t), (3.1.10)

Q (t, r) = eC(t)+D(t), (3.1.11)

with terminal conditions

A (T ) = B (T ) = C (T ) = D (T ) = 0 (3.1.12)

Deducing the expression ofA (t) , B (t) , C (t) and D(t) from the above
equation inserting (3.1.10) and (3.1.7) gives (A′ (t)− αA (t) + 2) r (t)+

β′ (t)− 1
2
b2A2 +


θ + b

√
δg (z (t)) + b sin jπx

L
e−rt


A

−


a(y)
ξ
P1

2

−

g(Z)P2

√
δ
2

−
�
sin jπx

L
e−rt

2
= 0.

Substituting (3.1.11) into 3.1.8 results in [C (t)− α (t) + 1] r (t) +

2D′ + 2δC (z) + a2(y)
ξ

+ g2 (z) δ

+2


δ
ξ
g (z) a (y)P12+2θ (t)C (t)+2b

√
δg (z (t))C (t)+2bg (z)P2

√
δC (t)

+b2C2 (t)−2b2C (t)A (t)−2bg (t)
√
δP2A (t)−2ba(y)√

ξ
P1A (t)−


2bA (t) + sin jπx

L
e−rt


sin jπx

L
e−rt

+2(g (z)
√
δP2)

2
+ 2


a(y)√

ξ
P1

2

.

Bringing this two equations together with terminal condition (3.1.12)
results in

A (t) =
2

α

�
1− eα(T−t)


= 2C (t) (3.1.13)

B(t)=

 T

t


−1

2
b2A2+θ(s)−b

√
δg(z)(s)+bxkWe

−σ
2

2
π2tA

−

a(y)

ξ
P1

2

−(g(z)P2

√
δ)

2
−sin

jπx

L
e−rt


(3.1.14)

11

 + g2 (z) δ

Bringing this two equations together with terminal condition (3.1.12) results in

2D(t) =
∫ T

t
2θ(t)C(s) + 2b

√
δg(z(t))C(t)

+2bg (z)P2

√
δC (t) + b2C2 (t)− 2b2C (t)A (t)− 2bg (z)

√
δP2A (s)

−2b
a (y)√

ξ
P1A (t)−

[
2b− A (t) + sin

jπx

L
e−rt

]
sin

jπx

L
e−rt−2

(
g(z)

√
δP2

)2

−2

(
a(y)√

ξ
P1

)2

(3.1.15)

2D (t)−B (t) = −
∫ T

t

(
sin

jπx

L
e−rt + bC(s)

)2

ds+g (z)
√
δP2+

(
a(y)√

ξ
P1

)2

(3.1.16)
By using the expressions of P (t, r) and Q(t, r) equation 9 becomes

Rt (t, r)+
b√
ξ
a (y)+b

√
δg (z)+

(
a+ b sin

jπx

L
e−rt

)
Rr (t, r)+

1

2
b2Rrr (t, r)

−
(
sin

jπx

L
e−rt + bC (t) +

a(y)√
ξ
P1 + g(z)

√
δP2

)2

e2D(t)−B(t) = 0

(3.1.17)
So the solution of the above equation can be of the form:

R (t) = e2D(t)−B(t) = e
−

∫ T
t

(
ψ(s)+bC(s)+

a(y)√
ξ
+g(z)

√
δ
)2

ds
(3.1.18)

The candidate for the optimal strategy has the form

π̂ =
(λ+ w)

(
sin jπx

L
e−rt + bC (t) + a(y)√

ξ
P1 + g(z)

√
δ
)

δ
e−C(t)+D(t)

−

(
sin jπx

L
e−rt + bA (t) + a(y)√

ξ
PP1 + g (z)

√
δ
)

σ (t)
x (t) (3.1.19)

And the respective candidate for the value function is of the form
V (t, x, y, z, r) = eA(t)r+B(t)x2y2z2 − 2 (λ+ w)

+(λ+ w)2e
−

∫ T
t

(
xksin

jπx
L

e−rt+bC(s)+
a(y)√

ξ
+g(z)

√
δ
)2

ds
(3.1.20)

With the expression of A (t) , B (t) , C (t) and D(t) as (3.1.13)−
(3.1.15), we see the properties of π̂ (t, x) in [10].

Optimal Solutions and Efficient Frontier of Problem P (w)
According to the relationship between PL1 (λ,w) and PL2 (λ,w) , if
we define Γ (λ) as the optimal objective function of PL1 (λ.w) ,then

Γ(λ)= P (0, r0)x0−2wQ(0, r0)x0+w2R (0)+λ2(R(0)−1)+2λ(wR(0)−Q(0, r0)x0)

12

2D(t) =
∫ T

t
2θ(t)C(s) + 2b

√
δg(z(t))C(t)

+2bg (z)P2

√
δC (t) + b2C2 (t)− 2b2C (t)A (t)− 2bg (z)

√
δP2A (s)

−2b
a (y)√

ξ
P1A (t)−

[
2b− A (t) + sin

jπx

L
e−rt

]
sin

jπx

L
e−rt−2

(
g(z)

√
δP2

)2

−2

(
a(y)√

ξ
P1

)2

(3.1.15)

2D (t)−B (t) = −
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t

(
sin

jπx

L
e−rt + bC(s)

)2

ds+g (z)
√
δP2+

(
a(y)√

ξ
P1

)2

(3.1.16)
By using the expressions of P (t, r) and Q(t, r) equation 9 becomes
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b√
ξ
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√
δg (z)+

(
a+ b sin

jπx

L
e−rt

)
Rr (t, r)+
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2
b2Rrr (t, r)

−
(
sin

jπx

L
e−rt + bC (t) +

a(y)√
ξ
P1 + g(z)

√
δP2

)2

e2D(t)−B(t) = 0

(3.1.17)
So the solution of the above equation can be of the form:

R (t) = e2D(t)−B(t) = e
−

∫ T
t

(
ψ(s)+bC(s)+

a(y)√
ξ
+g(z)

√
δ
)2

ds
(3.1.18)

The candidate for the optimal strategy has the form

π̂ =
(λ+ w)

(
sin jπx

L
e−rt + bC (t) + a(y)√

ξ
P1 + g(z)

√
δ
)

δ
e−C(t)+D(t)

−

(
sin jπx

L
e−rt + bA (t) + a(y)√

ξ
PP1 + g (z)

√
δ
)

σ (t)
x (t) (3.1.19)

And the respective candidate for the value function is of the form
V (t, x, y, z, r) = eA(t)r+B(t)x2y2z2 − 2 (λ+ w)

+(λ+ w)2e
−

∫ T
t

(
xksin

jπx
L

e−rt+bC(s)+
a(y)√

ξ
+g(z)

√
δ
)2

ds
(3.1.20)

With the expression of A (t) , B (t) , C (t) and D(t) as (3.1.13)−
(3.1.15), we see the properties of π̂ (t, x) in [10].

Optimal Solutions and Efficient Frontier of Problem P (w)
According to the relationship between PL1 (λ,w) and PL2 (λ,w) , if
we define Γ (λ) as the optimal objective function of PL1 (λ.w) ,then

Γ(λ)= P (0, r0)x0−2wQ(0, r0)x0+w2R (0)+λ2(R(0)−1)+2λ(wR(0)−Q(0, r0)x0)

12
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(3.1.15)
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ds+g (z)
√
δP2+
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ξ
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(3.1.16)
By using the expressions of P (t, r) and Q(t, r) equation 9 becomes

Rt (t, r)+
b√
ξ
a (y)+b

√
δg (z)+

(
a+ b sin

jπx
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)
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2
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−
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√
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e2D(t)−B(t) = 0

(3.1.17)
So the solution of the above equation can be of the form:

R (t) = e2D(t)−B(t) = e
−

∫ T
t

(
ψ(s)+bC(s)+

a(y)√
ξ
+g(z)

√
δ
)2

ds
(3.1.18)

The candidate for the optimal strategy has the form

π̂ =
(λ+ w)

(
sin jπx

L
e−rt + bC (t) + a(y)√

ξ
P1 + g(z)

√
δ
)

δ
e−C(t)+D(t)

−

(
sin jπx

L
e−rt + bA (t) + a(y)√

ξ
PP1 + g (z)

√
δ
)

σ (t)
x (t) (3.1.19)

And the respective candidate for the value function is of the form
V (t, x, y, z, r) = eA(t)r+B(t)x2y2z2 − 2 (λ+ w)

+(λ+ w)2e
−

∫ T
t

(
xksin

jπx
L

e−rt+bC(s)+
a(y)√

ξ
+g(z)

√
δ
)2

ds
(3.1.20)

With the expression of A (t) , B (t) , C (t) and D(t) as (3.1.13)−
(3.1.15), we see the properties of π̂ (t, x) in [10].

Optimal Solutions and Efficient Frontier of Problem P (w)
According to the relationship between PL1 (λ,w) and PL2 (λ,w) , if
we define Γ (λ) as the optimal objective function of PL1 (λ.w) ,then

Γ(λ)= P (0, r0)x0−2wQ(0, r0)x0+w2R (0)+λ2(R(0)−1)+2λ(wR(0)−Q(0, r0)x0)
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By using the expressions of P (t, r) and Q(t, r) equation 9 becomes

So the solution of the above equation can be of the form:
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λ∗ =
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According to the relationship between P (w) and PL1(λ,w ), the
optimal strategy and efficient frontier of problem P (w) are concluded
in the theorem below.

Theorem 3.3. For problem P (w) , the optimal strategy is
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ξ
+g(z)
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4 Analysis of the Optimal Solution with Risk
Premium

In this section, numerical simulations showing the relationship between
the optimal control strategy and some sensitive parameters are presented.
To achieve this, the following data are used similar to [21, 30] unless
otherwise stated: w = 0.5, Q = 0.01, b = 0.01, C = 0.1, xk =
0.5, x = 1, r = 0.1, T = 30, g = 0.1, a = 0.01, ξ = 0.01, P1 =
0.01, P = 0.01, δ = 0.01, σ = 0.1A = 20
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3. Analysis of the Optimal Solution with Risk Premium
In this section, numerical simulations showing the relationship between the optimal control strategy and some sensitive 
parameters are presented. To achieve this, the following data are used similar to (21,30) unless otherwise stated: w = 0.5, Q 
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Figure 1: The impact of risk free rates on optimal control strategy

Figure 2: The impact of instantaneous volatility on optimal control strategy
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Figure 2: The Impact of Instantaneous Volatility on Optimal Control Strategy

Figure 3: The Impact of Risk Premium Averse Coefficient On Optimal Control Strategy
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The efficient frontier which gives a relationship between the expectation and the variance shows that the PPM’s expectation 
is directly proportional to the variance; the implication of this is that, members who are willing to invest in highly risky 
assets have higher chances of getting more returns at the end of the investment period. i.e. more risk, implies higher 
expectation and vice versa. Also, from fig 1, the optimal control strategy decrease as the risk-free interest rate increases 
and increase when the risk-free interest rate decreases. This simply indicates that members will likely want to invest in 
risky asset when the interest rate from the risk-free asset is not attractive. However, if the risk-free interest rate is attractive 
enough, PPM members may be advised by their fund administrators to invest more in the risk-free asset, thereby reducing 
their investment in the risky asset. In figure 2, the graph of the optimal control strategy against the instantaneous volatility 
of the risky asset was presented; the plot shows that optimal control strategy is a decreasing function of the instantaneous 
volatility. Since the instantaneous volatility represents the risk premium of the risky asset, risk averse members with high 
instantaneous volatility will be scared of investing much in the risky asset, thereby investing more in the risk-free asset 
and vice versa. Figure 3, discuss the effect of the risk premium on the optimal control strategy and we observed that the 
optimal control strategy for the risky asset, is inversely proportional to the risk premium parameter. What we deduced from 
the graph in figure 3 is that members with higher risk premium may invest a lesser percentage of their wealth in the risky 
asset (stock) while members with lower risk premium may invest higher percentage of their wealth in the risky assets while 
reducing investment in the risk-free asset.

Figure 4, shows the relationship between the optimal control strategy, administrative and tax. We observed that the optimal 
control strategy of the PPM is a decreasing function of the administrative charges and an increasing function of the tax. The 
consequence of the graph in figure 4 is that if the administrative charges on investment of the risky asset is relatively low, the 
members may be encouraged to invest more in risky asset and may invest less if otherwise.

4. Conclusion
In this work, the optimal control strategy (OCS) for a PPM with return of contribution clause was investigated using multiscale 
stochastic volatility (MSSV) and mean variance model. The result of the study shows that the MSSV assumption is more 
realistic, though without some difficulties. It also shows that the introduction of two time-scales (a fast and a slow) volatility 
is efficient for capturing the main features of the observed term structures of implied (forecasted) volatility.
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