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Abstract

In this paper, the mean variance portfolio with multiscale stochastic volatility using the wavelet risk premium was considered.
A seemingly wavelet function which was used to investigate the multiscale stochastic volatility (MSSV) used in stock price model
was derived. Two types of volatility, namely; a fast -moving one and a slowly-moving one were considered using the stochastic
dynamic programming principle and Hamilton-Jacobi-Bellman equation approach. The optimal investment strategy, the value
function was obtained.
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1. Introduction

Wavelet method, as a time-frequency analysis method has been applied in various fields to analyze a wide range of signals
covering all aspect of life. It had capacity to provide both time and frequency domains information, wavelet analysis is mainly
for time-frequency analysis of signals, signal compression, signal denoising, singularity analysis and features extraction.
Wavelet analysis is very useful for analyzing physiological systems because, as opposed to most classical signal analysis
approaches, it provides the means to detect and analyze non stationarity in signals. Wavelet methods have been successfully
used for solving option pricing problems, see e.g. [4, 5, 6, 12]. Also the mean variance portfolio selection problem with
multiscale stochastic volatility was also proposed [2]. The presence of volatility factors is well documented in the literature
using underlying returns data (see [1,3,7, 8,9,11,13,14,]. Mean-variance theory is an important model of investments based
on decision theory. It is the simplest model of investments that is sufficiently rich to be directly useful in applied problems.
In this paper we focus on analyzing the mean variance portfolio with multiscale stochastic volatility using the wavelet risk
premium.

1.1. Model Formulation
The classical Black Scholes model based on Ito’s process for derivative or (spot asset) prices S follows a geometric Brownian
Motion, and is given by the Stochastic differential equation (SDE):

dS = pSdt+ oSdW (2.1.1)

Where S = security price u = constant drift
o = constant volatility
W = standard wiener process

In finance, the Black Scholes Partial differential equation (BSPDE) model can be written in the form:

oV 1, ,0°V oV
- Z - _ = 2.1.2
5’t+205832+r56’5 rV =0, ( )

using the boundary conditions for
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Wiz, 7):
Wo () = W (2, 0) = ™V (27, 0)
€(a+1)x7— — eMTTV+ — eﬂx‘r_ %) + 2.1.3

In [18] approach we eliminate S and S? terms in equation (2.1.2), and have the following equation after transformations.

ou ou  9*U

——+ (K -1)—+ — - KU = 2.14
8T+( )ax+8m2 v=0 ( )
where
2T
K= POk (2.1.5)
given the boundary condition: V(S,, T) = (S, - K)*.
Let
1 1 2T
— t) = — Ke*, T — — 2.1.
Ui, 1) =V (5.0 = v (5o, 7= %) (2.16)
be given. When ¢t = T,S,=S,,
x = ln&
B K
: 2T
1.6 xp = —
T n K )
andt=0 (T = Uz(g_t)).Hence, the boundary condition for V:
1 +
U()(.I‘T) = Uo (IT7 0) = ? V(ST — K)
1
= E(Kex — K)Jr
Uol’T,O) = (6xT - 1)+ (217)
We transform again:
W(z,7)= 7 Uz, 1), (2.1.8)
where
1
a=3(K-1), (2.1.9)
1
B=5(K+1), (2.1.10)
and
Uz, 1) =Wz, 1)e (2.1.11)
which converts (2.1.3) into the heat equation as follows:
Uz, 7) = W(x,71) e
ou o [OW
he —ax—p3°T | 27" %% 2
or ‘ [ or (z,7)8 1
ou o [OW
% e |:E — aW(x,T):|

Citation: Osu., B. O, Olunkwa., C, Egwe., M. E. Chuku, F. N. (2026). Multiscale Stochastic Volatility Problem with P 2 of 13
Wavelet Risk Premium. ] Theor Phys Math, 4(2), 1-13. age 2 o




Journal of Theoretical Physics & Mathematics Research Copyright © M E Egwe

0*U
0x?
Substituting (2.1.3) into (2.1.12) yields,
B2W (2:B,t) —fa—‘f + (K —1) [—OzW (x,7)+ %—V;}] + W (z,7)
—2a2W 1+ IW KW (z,7) = 0.

Ox2 Ox2

_ e—ax—,BQT CYQW (1,’ 7_) — 20— + (2112)

This reduces to the heat equation:

ow W
o =K (2.1.13)

The solution of equation (2.1.13) is by the method of variation (see [15, 16]).

1.2. Formulation of Wavelet Function as Risk Premium and Investment Strategy

Lemma 2.1. Let x, be a Gaussian centred process with stationary increment and the the wavelet risk premium., 77(t) denote
the amount invested in the (zero) bond at time t and W(t) be a one dimensional standard Brownian motion and W its Fourier
transform, o is the stochastic volatility with o > 0 then the Wavelet function and the investment strategy are respectively;

52 o

Uz, t) = zzWe= ™ Ot (2.1.14a)
and

kf —rt

Proof:
The solution of (2.1.13) by method of variation of parameter given as:

N i+1 .
— 2 —1Y"'L+1 . k
U(z,t) = %E ()% e=i*m kt/ 12 sin]% . (2.1.15)
=1

Using W (x, T) = e**tF°7 U(z, 1), (2.1.15) becomes

N .
U (z,t) = 2o {((_1)3‘“[1 + 1) eg,zjzﬁzt/L} sin‘% e—or—pr
T j

butr=ax-fr

N )
AT i L+1\ —022 9 . JTr _
U ¢ _ <%0 —1 jH1=T - 5 Jom t/L JOr —rt
(1) = = ]§1j[<( prEet) sl
N
o N — /- i2'2ﬂ'2t/L
= E xp(j)w(j)ez (2.1.16)
j=1
where
zr (j) = Sin‘?e”’t (2.1.17)

x, (j) is called the Wavelet risk premium.
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2ug | (=1L +1

Wi (j) = — |————| . 2.1.18
W) = = ; (2.1.18)
Now let L be the Fourier wavelength such that, L = m%:?/z and m = paul order. Then (2.1.18) gives:

W) = %[( (—1)3'“#1/2 1)]

2up | (=1 (27)) + (m + 1/2)
(m+1/2)j

zﬂ<2ﬂ+m+1/2 ) <1

T m+1/2
_ (2.1.19)

2ug [ 2m+m+1/2 .
— 2 <—m+1/2 ) ,  7>1.

,implies L = so that (2.1.16) becomes

s
Now Ug =57 Jug ’

N

1 — —02.2_2

- E o (J) W (j)e= Ik, (2.1.20)
—

which is equivalent to that in [17]. By Parserval’s theorem for wavelet analysis,

N=1 j=

9 m-+1/2
oo BEEY Y|

n=0 j=0

Utz
=) (2.1.21)

Forj=1=L,(2.1.20) becomes

. _s2
Uz, t)= mWe? ™1 (2.1.22)
This equation is called the wavelet function. Furthermore for the investment strategy one has (by 2.1.19),

T(t) = ffoo e "tsin (m + 1/2) ™ dx ktt

= e fio f(x)e™*dx | w; = 27F

= [T e [% ffoo f(x)eiw”dx} e dw

_ foo et (627r(iF—kf)z _ e27r(kf+z‘F)a:) dr

—o0 21

_ % f (6—27r(kf+F)ac _ eZw(kf—i—iF)x) dr.

Putting a = 2w ( kf + iF ), we obtain

flz) = 62; / (e79® — ¢9%) da.

But
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2 3
(ax) (ax)

ar __ -
e = 1+ wazx +—2! + i + ...
and
2 3
car g (ax)”  (az)
e = 1—iax + o1 a0 + ...
So,
3 5
o _ gar _ gy, (0%)°  (az)”
e e’ = —2iax 3 5l + ...
e;i” fio ¥ (l,) etz (62km'fa: . 672k7rifx) dr — e;:f f—Soo (e(v+2m'f)ix _ 6(v72k7rfm)ix) dx
o e~ Tt | e(v+2mf)iz e(v—2kn f)ix 8
T 2 | (v2mf)i  (v—2kxf)i |
— et (—v+2mk f+v+27 fk)
v2—2vkT f+2vkn f—4m2f? k2
o Arkf —rt
= e _anepeRz€
_ 4kn f —rt
- 471'2(1)27]‘.2]62 €
k _
= 7r(UQ_f]que rt
2. Model

The financial market consists of one risk-free asset and one risky asset. The price of the risk-free asset is governed by the
following differential equation

dB(t) = B()F(t)dt, B(0)=by >0
b0 is the initial price of the risk-free assets, d represents the differential operators and short rate T"(t) satisfies the differential
equation
dr (t) = (a(t) + by(t)) dt + bdw (t), 7 (0) =Ty.
The risk premium (t) is a wavelet and is a continuous function.

The risk Premium is given as

JTr rt

let x,(7) =1 () = sinTe_

m(t) is the wealth at t. w(t) is the standard Brownian motion and @ (t) = 6 (t) - ar(t) is a stochastic process related to r (t)
were a > 0, and 0 is a deterministic and continuously differentiable function [5]. The other asset is a (zero) bond whose price
process is modeled as

(7 (6) + sind= ety (y (1), 2 (1)) di + 5 (y (£) = (1) dVWO ()]
y(0)dt + L (y () AW (1),
Yy

were two timescale factors is applied in our stochastic volatility, which means we use o (y,z,) instead of o (t) . s, y, and z,
are respectively the initial price and initial volatilities of the risky asset. u (y (¢), z (t)) and B (y (t) , z (t)) are respectively the
appreciation rate and volatility rate of the risky assets price. As described in the research work by [6], the dynamics of y(t)
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and z(t) respectively shows the fast and slow variation of volatility with very small values of parameters ¢, and 6. Besides,
we assume that the process y(t) =y’ (1/€) in distribution where y’ (t) is an ergodic diffusion process with unique invariant
distribution ¢, independent of ¢ . As described in [12], we denote {.) as the invariant expectation with respect to ¢.

(g) = /g<y>¢ (dy).

The standard Brownian motion, w° (t) , w!(t) and w? (t) are correlated with

Cov (W°(t), w'(t)) = p1, Cov(w®, w?(t)) = p,, Cov (w'(t), w?(t)) = p3 where
l<pi<l , -1<pa<] | -1<pia<l and 1+ 2pypapro-p? — pa — piy >

0,to ensure positive definiteness of the covariance matrix of the three Brownian motions Let 7(t) denote the amount invested
in the (zero) bond at time ¢, (¢t € [0, T]), and m(t) the wealth at time t corresponding to investment strategy m. Then the wealth
process satisfies the following stochastic differential equation:

dXT = ()((T()Jrsm”L””@ "a(y(t), 2(t)dt + B(y(t)), z(t)dw’ (t)]
+ (X7(t) — w(8))r(t)di

= [7r (t) sinj”T””e_”a (y(t), z(t)) + X" (t)r (t)] dt +7(t)B(y(t), z(t)) dw(t)
(3.1.1)

with initial condition X(0) = x,. The following Mean-variance portfolio selection problem will be considered in the sequel.

min  E[X™(T) — w]’,

m(.)ell(0,z0)
P(w) =
s.e E(X™(T)) =w

where w is a premium return level and 7(0, x,) denotes the set of all admissible controls defined as in [2].

By convex optimization theory, problem P(w) can be solved via the following optimal stochastic control problem with a
Lagrange multiplier 2A.

PL1(\w) min {E[X™(T) —w]® = 2A[E (X" (T) — w)]}

7(.)ell(0,x0)

The relationship between the optimal solutions of these two problems is concluded in the following lemma (see [10]).

Lemma 3.1. Denote by ' (A) and 7 (A, t, x (£) ,y (t), z (t) , te [0, T]) ,respectively, the optimal value and the optimal strategy
of problem PL1(A,w).

Then the optimal value and the optimal strategy of problem P(w) are

S/\ulg)f‘()\) and {7 (At z(t),y(t),2(t),tel0,T])}

respectively, where A" = argSup, . T (1) .

The objective function of problem PL1( A,w) can be rewritten as E[X ™ (T) - (A + w)]? - A% the solution of problem PL1( ,w) is
equivalent to that of the problem

PL2(\,w) min E[X™(T)—wl]?
( )W(.)EH(O,XO) [ ( ) ]

For problem PL2 (A4,w) we define the value function,

V(t, x,y,z, r)= min E[(X”(T)—()\+w)2|X(t)::U,z(t):z,y(t):y}

w(.)ell(t,x,y,2)

Using Hamilton-Jacobi-Bellman’s Optimality principle
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V(t, z,y,r) = (r)n(ltn )E[V(t+h),X”(t+h),7‘(t+h)] Vh >0

Define an operator,

ATV (t,x,y,2z,7)

Vit Vy [W(t)smj%xe*’"t,u(y, 2)+ X (t)r ()] +M%+ 5C (2) V.

LV, B2 (y,2) + 9eVoht® (y) + 397 (2 >5vzz+%%y

050099 TS+ T 0199 P+ S 00

Wog (2 (1) Vi 4 b (t) B (y, 2) Vi + 1Vrrb2+V (a( )+8inﬁfoe—rt):
(3.1.2)

+ o+

Using the Ito formular the following equation is obtained.

V(t+h X" (t+h),z(t+h),y(t+h),r(t+h))
t+h
=V (t,z,y,2,h) —l—/t ATV (5, X (S)y(s),z(s) r(s))ds

th bV, + V,m (s) B(y(s),z (s))dw. (s)  (3.1.3) According

(s )
to [11],if By, {( OV, 4+ Vo (5) By(s) 1z () )2d5 < +00, then

< tt+h bV, 4V, (s) B(y(s),z (s))dw (s)) is a martigale.therefore when

By [[ 0V, + Vomr (s) B(y (s) z(s))] < 4oo substituting (3.1.3) into
(3.1.2), yields the HJB equation of V (¢, z, vy, z, r)as follows.

Vt+mer+¥Vy+5C( )V—i—ia () yy+2925%z+f ¥)9(2)p12Vy
+\/iga(y<t>>v;,/r+b\/gg( )szr‘i‘ 1b2‘/7"r+< ()+b82njﬂx —rt)‘/r

+ming) {%W%Z(yy 2)Vig + ZLERWILY,
+ (1) B(y, 2)9(2)p2V0Vaz + b (8) By, 2)Vew + 7(t) siniFe ™ By, 2)Va
=0 (3.1.4)

With the boundary condition(V, x,y, z, r) = (xyz - (A + w))% We derive the following theorem in order to know the contribution
of the H]B equation (3.1.4) to derive the optimal strategy and the value function.

Theorem 3.2. suppose that v (x, y, z, r) € C*?3 ([0, T]x0) where 0 £ R? satisfies
(1) v (t x y, zr) solves (3.1.4) with boundary condition;
(ii) for any admissible control 7 (.)and its corresponding wealth process,

2

By, (/:Jrh bV, + Vom (s) B(y(s) ,z (s)) ) ds

< 4o0,Vt€[0,.], h>0

(iii) For all sequences of stopping times (t,: 0 < 7 < T) _ and any admissible strategy 7 (.) ell(0, x,) , the sequence {v (t,, X"
(t,))},.yis uniformly integrable.

Then we have
Avtxyzr)sV(txyzr);
b) if there exists an admissible strategy 7= (t) € argmin A" v (t,X_(t),r), then

v(itxyzr)=V(txyzr).

We are going to work to deduce the optimal strategy and the value function of problem PL2(A,w).
Citation: Osu., B. O, Olunkwa., C, Egwe., M. E. Chuku, F. N. (2026). Multiscale Stochastic Volatility Problem with P 7 of 13
Wavelet Risk Premium. ] Theor Phys Math, 4(2), 1-13. age 7.0




Journal of Theoretical Physics & Mathematics Research Copyright © M E Egwe

2.1. Optimal Solution
Assume that v is a solution of H]B (3.1.4) when V_>0,V_, v,>0 the optimal strategy of problem PL2(A,w) is

. 2
(a (y) PiVay + g (2) PV OV, + bVow + SinﬂTxe—rt‘/x)
B(Y, 2)Vea '

T=—

(3.1.5)
Inserting equation (3.1.5) back to equation (3.1.4) yields

Vit Voar+ 20V, +6C (2) Vit a? (y) Viy+ 397 (2) 0V + %0 () g (2) P2V

+\/L3a (y (t)) VyrtbVg (2 (8)) Vir+-50°Vir+V, (E (t) + bt Zjvzl 25, () W(j)e“’2 Pr2t/L (4 )>

. 2
(a<fl/>gpl sz+g(z)P2\/gvzz+bvrz+5in%e_rtvz)
ﬂ(y,z)sz
with terminal condition v (T, x, ), z 1) = (xyz - (A + w))>.
We can verify that v has the form

— 0, (3.1.6)

N

v(t,x,y, z,r) = P(t,r) 2%y* 22 =2 (A +w) Q (t,r) myz+(\ + w)QR(t, r)

with P(t, r)>0,P (T r)=1,Q(T r) =1, R(T, r) = 1. Substituting the above expression into equation (3.1.6) we obtain the
following partial differential equation for P (t, r), Q(¢ r) and R(t, r) respectively:

[ Pt 2P+ M50 () P+ e (1) P+ 30%0P +\[la () 0 (2) PP + Jea y () P
+0Vog (2 (t)) B + 30° Py + (@ + bsin 2 ) P,

[a(y) Py P(t,r)+9(2) Pav/GP(t,r)+bPy +sin 172 =7t P]? 0
J—— P p—

P(t,r)>0,P(T,r)=1

\

317)
[(Qi+7Q+M2 450 (2) Q+ Fa? (y) Q + 19°0Q + /2 (1) 9 (=) QuQ + La(y (1) Qr

+bV/dg (2 (1)) Qr + 10°Q, + (a+ bsm]” ) Q-

(sianrTzefrtP-FbPr-l-g(Z)PQ\/SP-Fa(y)%) (sinﬂTxe*”Q—i—er—&-g(z)QQ\/g—&—a(y)%)

P =0

L Q(t,r)=0,Q(T,r)=1
(3.1.8)

((Ri+"Da(y (1) + Laly(t) Q. +0v/3g (= (1) R + (@ -+ brysinZZe ™) R,

a IVEQ+bQ,+siniTZe—Tt

| R(T,r)=1
(3.1.9)
Let P (t r) and Q(¢ r) be of the form
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P(t,r) = eAOr+BO), (3.1.10)
Q (t,r) = O+PO (31.11)

with terminal conditions

A(T) = B(T) = C(T) = D(T) = 0 (3.1.12)
DeducingtheexpressionofA(t), B(£), C(f) andD(t)fromtheaboveequationinserting(3.1.10)and (3.1.7) gives (A’(£) ~aA(6)+ 2) () +
B () — 15242 4+ (94 bv/5g (= (1)) + bsin e 1) A ~(9P)" (92 P3) — (sin ety <0,

Substituting (3.1.11) into 3.1.8 results in [C (t) - a (£) + 1] r (£) + 2D’ + 26C (2) + azﬂ +9%(2)6

+2\[ g(2)a(y) Pat20 (1) C (£)+2bv/3g (2 (1)) C (£)+2bg (2) Pr/3C (t)
+b2C? (¢ QbQC’( ) A (t)—2bg (t) VP, A (t)—Zb%yE)PlA (t)—[20A (t) + siniZZe ] sinlite"t
+2(g (2) JSPQ) + 2(%@3)2.

Bringing this two equations together with terminal condition (3.1.12) results in

At)==(1—eT) =20 (t) (3.1.13)
T I 7 =222
B(t):/1t {—§b A240(s)—bVog(z)(s)+bxWe? ™A

a(y), \ 2 ITT
— (Tpl) —(g(z)Pg\/g) —smTe ] (3.1.14)

2D(t) = [ 20(t)C(s) + 2bv/3g(2(1))C(t)

12bg (2) P,VC () + B2C? (t) — 202C (1) A (t) — 2bg (2) VEPy A (s)

W) py g (1) [Qb — A(t) +sin jﬁ—me’“t] sin I8 o rt_o <g(z)\/3P2> ") <MP )2

\/E L L \/E 1
) (3115)
20 ()-8 (0) =~ [ (s e w0009 dstg () Vor (U2
(3.1.16)

By using the expressions of P (t, r) and Q(t, r) equation 9 becomes

b ' 1
Ry (t,r)+ \/E a (y)+bVog (2)+ <a+bsin ﬂ%e”) R, (t,r)—irinRw (t,7)
. 2
— (sin ]WTwe_rt +bC (t) + \(/yz)Pl +g(z )\/SPQ) e2PO-B®) —
(3.1.17)
So the solution of the above equation can be of the form:
R(t) _ 6 D(t)—-B(t _ft ( 8)+bC(s)+ a\(/yf)'f'g(z)\/g)QdS (3118)
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The candidate for the optimal strategy has the form

(A tw) (szn”” Tt bC () + \(/yg) P+ g(z)\/3>
T = 5 e
sinj%”e*” bA W pp, R

_< - (ti;)*@ () >x(t) (3.1.19)

And the respective candidate for the value function is of the form

—C(t)+D(t)

Vv (ta r,Y, %, T) = eA(t)T+B(t)~T2y222 ()\ + w)

2

jnm —rt 4o
+()\ + ’LU) ft (xksm +bC(s)+ Ve +g(z)\/g) ds (3120)

With the expression of A(t), B (), C () and D(t) as (3.1.13) - (3.1.15), we see the properties of 7 (¢ x) in [10].

Optimal Solutions and Efficient Frontier of Problem P(w) According to the relationship between PL1 (A,w) and PL2 (A,w)
, if we define I (1) as the optimal objective function of PL1 (A. w) ,then

L'(\)= P(0,79)20—2wQ(0, 7o) zo+w? R (0) +A*(R(0)—1)+2A (wR(0)—Q(0, r¢)x0)

_ [T . JTE a(y) 2
Noting that R (0) = ¢ Ji (xksmjb eTTHC(s)+ +g(z)\/3) s 1, thenA* = arg (max_, I' (A) ) exists and is

wh (0) — Q(0,70)xg

A= 1— R(0)

According to the relationship between P (w) and PL1(A,w ), the optimal strategy and efficient frontier of problem P(w) are
concluded in the theorem below.

Theorem 3.3. For problem P (w) , the optimal strategy is

w — Q (0,70) %o, Yo, 20 (bC (t) + xksmj%e_rt + \(})Pl +9g(z )\/S)
1 - R(0) 5

<bA (t) 4+ xp sin ZZe "t + a\(/%)PPI +9(2) \/5)
- (1)

m(ta(t),y@),z(t) =

And the efficient frontier is

— R(O) . Q(O, 7’0)
Var (X(T)) = 1— 0 [EX(T)] TR
Where R (0) = e~ o I (arsindFEe T b0 (5) + 2 +9(2)V5) ds

3. Analysis of the Optimal Solution with Risk Premium

In this section, numerical simulations showing the relationship between the optimal control strategy and some sensitive
parameters are presented. To achieve this, the following data are used similar to (21,30) unless otherwise stated: w = 0.5, Q
=0.01, »=0.01,=0.1,x,=0.5,x=1,r=0.1,T=30,g = 0.1,a=0.01,§=0.01, P, =0.01, P=0.01,6=0.01,06 = 0.14 = 20
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Figure 1: The Impact of Risk-Free Rates on Optimal Control Strategy

The impact of instanteneous volatility on control strategy
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Figure 2: The Impact of Instantaneous Volatility on Optimal Control Strategy

The impact of risk averse coefficient on control strategy
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Figure 3: The Impact of Risk Premium Averse Coefficient On Optimal Control Strategy
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Relationship between optimal control, administrative cost and tax
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Figure 4: The Relationship Between Optimal Control Strategy, Administrative and Tax

The efficient frontier which gives a relationship between the expectation and the variance shows that the PPM’s expectation
is directly proportional to the variance; the implication of this is that, members who are willing to invest in highly risky
assets have higher chances of getting more returns at the end of the investment period. i.e. more risk, implies higher
expectation and vice versa. Also, from fig 1, the optimal control strategy decrease as the risk-free interest rate increases
and increase when the risk-free interest rate decreases. This simply indicates that members will likely want to invest in
risky asset when the interest rate from the risk-free asset is not attractive. However, if the risk-free interest rate is attractive
enough, PPM members may be advised by their fund administrators to invest more in the risk-free asset, thereby reducing
their investment in the risky asset. In figure 2, the graph of the optimal control strategy against the instantaneous volatility
of the risky asset was presented; the plot shows that optimal control strategy is a decreasing function of the instantaneous
volatility. Since the instantaneous volatility represents the risk premium of the risky asset, risk averse members with high
instantaneous volatility will be scared of investing much in the risky asset, thereby investing more in the risk-free asset
and vice versa. Figure 3, discuss the effect of the risk premium on the optimal control strategy and we observed that the
optimal control strategy for the risky asset, is inversely proportional to the risk premium parameter. What we deduced from
the graph in figure 3 is that members with higher risk premium may invest a lesser percentage of their wealth in the risky
asset (stock) while members with lower risk premium may invest higher percentage of their wealth in the risky assets while
reducing investment in the risk-free asset.

Figure 4, shows the relationship between the optimal control strategy, administrative and tax. We observed that the optimal
control strategy of the PPM is a decreasing function of the administrative charges and an increasing function of the tax. The
consequence of the graph in figure 4 is that if the administrative charges on investment of the risky asset is relatively low, the
members may be encouraged to invest more in risky asset and may invest less if otherwise.

4. Conclusion

In this work, the optimal control strategy (OCS) for a PPM with return of contribution clause was investigated using multiscale
stochastic volatility (MSSV) and mean variance model. The result of the study shows that the MSSV assumption is more
realistic, though without some difficulties. It also shows that the introduction of two time-scales (a fast and a slow) volatility
is efficient for capturing the main features of the observed term structures of implied (forecasted) volatility.

References

1. LeBaron, B. (2001). Stochastic volatility as asimple generator of apparent financial power laws and longmemory.
Quantitative finance, 1(6), 621.

2. C. Olunkwa, B.O. Osu and Carlos Granados: Mean Variance portfolio selection problem with Multiscale Stochastic Vol-
atility, PROSPERTIVA 20,2,2022.

3. Hillebrand, E. (2005). Neglecting parameter changes in GARCH models. Journal of Econometrics, 129(1-2), 121-138.

4. Finék, V. (2016, December). Fractional step method for wavelet based solution of Black-Scholes equation. In AIP
Conference Proceedings (Vol. 1789, No. 1, p. 030007). AIP Publishing LLC.

5. Hilber, N. (2009). Stabilized wavelet methods for option pricing in high dimensional stochastic volatility models (Doctoral
dissertation, ETH Zurich).

Citation: Osu., B. O, Olunkwa., C, Egwe., M. E. Chuku, F. N. (2026). Multiscale Stochastic Volatility Problem with P 12 of 13
Wavelet Risk Premium. ] Theor Phys Math, 4(2), 1-13. age 120



https://papers.ssrn.com/sol3/Delivery.cfm?abstractid=278427
https://papers.ssrn.com/sol3/Delivery.cfm?abstractid=278427
https://www.sciencedirect.com/science/article/abs/pii/S0304407604001678https://www.sciencedirect.com/science/article/abs/pii/S0304407604001678http://Hillebrand, E. (2005). Neglecting parameter changes in GARCH models. Journal of Econometrics, 129(1-
https://pubs.aip.org/aip/acp/article-pdf/doi/10.1063/1.4968453/13731606/030007_1_online.pdf
https://pubs.aip.org/aip/acp/article-pdf/doi/10.1063/1.4968453/13731606/030007_1_online.pdf
https://www.research-collection.ethz.ch/bitstreams/0ea29106-1d42-4e89-85ff-187523d41b25/download
https://www.research-collection.ethz.ch/bitstreams/0ea29106-1d42-4e89-85ff-187523d41b25/download

Journal of Theoretical Physics & Mathematics Research Copyright © M E Egwe

Nel

11.

12.
13.

14.

15.

16.

17.

18.

19.

Hilber, N., Reichmann, O., Schwab, C., & Winter, C. (2013). Computational methods for quantitative finance: Finite element
methods for derivative pricing. Springer Science & Business Media.

Fouque, ]. P, Papanicolaou, G., Sircar, R., & Solna, K. (2003). Short time-scale in S&P500 volatility. Journal of Computational
Finance.

Gatheral, ]. (2011). The volatility surface: a practitioner's guide. John Wiley & Sons.

M. Chernov, R. Gallant, E. Ghysels, G. (2006). Tauchen: Alternative models for stock price John Wiley and Sons.

. Musiela, M., & Rutkowski, M. (2006). Martingale methods in financial modelling (Vol. 36). Springer Science & Business

Media.

Engle, R. F, & Patton, A. ]. (2007). What good is a volatility model?. In Forecasting volatility in the financial markets (pp.
47-63). Butterworth-Heinemann.

Rometsch, M. (2010). A wavelet tour of option pricing (Doctoral dissertation, Ulm, Univ., Diss., 2010).

Brandt, M. W, & Diebold, F. X. (2003). A no-arbitrage approach to range-based estimation of return covariances and
correlations.

Andersen, T. G., & Bollersley, T. (1997). Intraday periodicity and volatility persistence in financial markets. Journal of
empirical finance, 4(2-3), 115-158.

Osuy, B. 0., Eze, E. 0., & Obi, C. N. (2020). The impact of stochastic volatility process on the values of assets. Scientific
African, 9, e00513.

B. 0. Osu, E.O. Eze, U.E. Obasi, H.I. (2020). Ukomah: Existence of solutions of some boundary value problems with
stochastic volatility, Heliyon 6 (2) e03421. https://doi.org/10.1016/j. Heliyon..e03421. Published by Elsevier under the
CC BY-NC-ND license.

Cooley, |., Lewis, P, & Welch, P. (2003). Application of the fast Fourier transform to computation of Fourier integrals,
Fourier series, and convolution integrals. I[EEE Transactions on Audio and Electroacoustics, 15(2), 79-84.

Atkinson, C., & Wilmott, P. (1995). Portfolio management with transaction costs: an asymptotic analysis of the Morton
and Pliska model. Mathematical Finance, 5(4), 357-367.

Egere, A. C,, Babalola, V. A,, Bassey, U. N.,, & Egwe, M. E. (2025). Wavelets in Abstract Schwartz Spaces. Rocky Mountain
Journal. To Appear.

Volume - 4 Issue - 2

Citation: Osu., B. O, Olunkwa., C, Egwe., M. E. Chuku, F. N. (2026). Multiscale Stochastic Volatility Problem with P 13 of 13
Wavelet Risk Premium. ] Theor Phys Math, 4(2), 1-13. age 150


https://books.google.co.in/books?hl=en&lr=&id=8X3JWS65bdkC&oi=fnd&pg=PR3&dq=%5B6%5D%09Hilber,+N.,+Reichmann,+O.,+Schwab,+C.,+and+Winter,+C.:+Computational+Methods+for+Quantitative+Finance.+Springer,+Berlin,+2013.&ots=2DWXxIxRgK&sig=BiqvO6tXTli7wqUMZbgzo-1VNYg&redir_esc=y#v=onepage&q&f=false
https://books.google.co.in/books?hl=en&lr=&id=8X3JWS65bdkC&oi=fnd&pg=PR3&dq=%5B6%5D%09Hilber,+N.,+Reichmann,+O.,+Schwab,+C.,+and+Winter,+C.:+Computational+Methods+for+Quantitative+Finance.+Springer,+Berlin,+2013.&ots=2DWXxIxRgK&sig=BiqvO6tXTli7wqUMZbgzo-1VNYg&redir_esc=y#v=onepage&q&f=false
https://ideas.repec.org/a/rsk/journ0/2160519.html
https://ideas.repec.org/a/rsk/journ0/2160519.html
http://www.hk.free.fr/Docs/The Volatility Surface - A Practitioner%27s Guide %5BJim Gatheral%5D.pdf
https://www.researchgate.net/profile/Marek-Rutkowski/publication/242352564_Martingale_Methods_in_Financial_Modelling/links/5492d9fc0cf2302e1d074421/Martingale-Methods-in-Financial-Modelling.pdf
https://www.researchgate.net/profile/Marek-Rutkowski/publication/242352564_Martingale_Methods_in_Financial_Modelling/links/5492d9fc0cf2302e1d074421/Martingale-Methods-in-Financial-Modelling.pdf
http://archive.nyu.edu/bitstream/2451/26881/2/S-DRP-01-03.pdf
http://archive.nyu.edu/bitstream/2451/26881/2/S-DRP-01-03.pdf
https://d-nb.info/101058717X/34
https://www.nber.org/system/files/working_papers/w9664/w9664.pdf
https://www.nber.org/system/files/working_papers/w9664/w9664.pdf
https://www.sciencedirect.com/science/article/abs/pii/S0927539897000042
https://www.sciencedirect.com/science/article/abs/pii/S0927539897000042
https://www.sciencedirect.com/science/article/pii/S2468227620302519
https://www.sciencedirect.com/science/article/pii/S2468227620302519
https://ieeexplore.ieee.org/abstract/document/1161904
https://ieeexplore.ieee.org/abstract/document/1161904
https://onlinelibrary.wiley.com/doi/abs/10.1111/j.1467-9965.1995.tb00072.x
https://onlinelibrary.wiley.com/doi/abs/10.1111/j.1467-9965.1995.tb00072.x
https://projecteuclid.org/journals/rmjm/rocky-mountain-journal-ofmathematics/DownloadAcceptedPapers/230811-Bassey.pdf
https://projecteuclid.org/journals/rmjm/rocky-mountain-journal-ofmathematics/DownloadAcceptedPapers/230811-Bassey.pdf

