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In the environment of the Maple mathematical package, approximate expressions obtained in the form of decomposition by
orthogonal Hermite polynomials for the densities of distributions of output processes of dynamical systems determined by

integral operators with weights of "unit ", "exponential” and "exponential - sinusoidal” types and with input signals in the
form of a square of a normal stationary random function are investigated [1-3].

The program was compiled based on the following heuristic algorithm:

Step 1) input of the correlation function of the input signal and the weight functions;

Step 2) calculation of the correlation matrix to determine the second moments of the output signals through the characteristic
function of the 4 - dimensional normal system generated by the input signal;

Step 3) calculation of the correlation matrix to determine the third moments of the output signals through the characteristic
function of the 6 - dimensional normal system;

Step 4) determination of the fourth moments through an 8 - dimensional normal system;

Step 5) calculation of asymmetry and kurtosis for the output process of each dynamic

system;

Step 6) definition of expressions for densities based on the calculated characteristics; step7) construction of comparative
density graphs by increasing time values.

The obtained figures allow us to draw practically useful: for the first two types of weight functions, an almost normal
distribution is obtained for sufficiently large time values, but for the third type of weight functions, the difference from the
normal distribution law is quite significant.

restart;
In the Maple, approximate expressions obtained in the form of decomposition by orthogonal Hermite polynomials

/
Hy(x) =(-1)’e"‘2%(e"‘2>, I=1,2,.
dx

for the densities of distributions of output processes of dynamical systems determined

by integral operators with weights of "unit", "exponential” and "exponential - sinusoidal” types
Y= | X(t)dt; Y(r)= e_p(t_T)X(t)dﬂ:;

-h (t—1)

Y(t)y=| ——e ! sino(t—1)X(t) dt ;p>0,0 <h <h;> 0= hoz—hl2

Volume - 3 Issue - 1

Citation: Gasimov, G., Rzayey, E., Aghayeva, M. (2026). Normalization of Densities of Distributions of Output Processes of Dynamic Systems using Hermite
Polynomial Decomposition in the Environment of the Maple. Electr Electron Eng Open Access, 3(1), 1-16. Page 1 of 16




Electrical Electronics Engineering: Open Access Copyright © G. Gasimov

and with input signals in the form of a square of a normal stationary random function (X(t) = Z(t)"2, Z(t) € N(0, s?) ) are
investigated.

An approximate decomposition of the distribution density over Hermite polynomials is known:

c c 3! 6 c 4! ¢ c
y y y y y y

where ¢(x) is the density of the standard normal distribution, Sk(Y) and Ex(Y) are the "asymmetry" and "kurtosis",
respectively, of the distribution law Y(t):

w (Y) b, (Y)
Sk(Y)= ———, Ex(Y)=——— -3,
yG Gy

K (¥) is the nth central moment of Y(t).
Using the formula

t

my(Y) =J.l(t——r)f(r)dr,
0

we determine the mathematical expectation Y(t) (m1, m1r, m1s) for each of the following cases:

h2 -th

ltEl,ltZe_pt ltzie Lsinwt ((1)2 hz—hz);
® () () . | by |

in the program, the last weight function participates under the identifierls.

> assume (t>0,a>0,s>0,rho>0,h0>hl) ;
> Kz:=unapply (s*2*exp(-a*abs(t2-tl)),tl,t2,s,a);

Kz = (11, 12, 5~, a~) +> s~2-¢ @711 =12 1)
> ml:=unapply(s*2*t,t,s);
ml = (1, s~) > s~ 1~ Q)
> 1l:=unapply (exp (-rho*t) , t,rho);
[:= (1~ p~) > e 7P 3)

> mlr:=unapply((s*2/rho) * (1-exp (-rho*t)) ,t,s,rho);
s~2-(1 —-e_p~¢~)

p~
> omega:=unapply (sqrt (h0%2-h142) ,h0,hl);

o = (h0~ hi~) —  h0~> — h1-> (5)

> 1ls:=unapply((h0*2/omega (h0,hl)) *exp (-hl*t) *sin (omega (hO,hl) *
t),t,h0,hl);

N2. —h1~-t~. . NZ _ N2 e
Is = (t~ hO~ h1~) > ho~"-¢ mn(v ho hl t)
J ho-* — h1-?

> mls:=unapply(s*2*int(1ls(t-t1,h0,hl),t1=0..t) ,t,s,h0,hl);

in]r==:(ﬁgs~,p~) — (€))

()
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mls = (t~ s~ h0~, hi~) — - ! (52 (e cos( S n02 — 12 7
J ho? —h1?
) S 102 =112 + e M sin(Sh02 —h12 =) hime = 002 — 112 )

We introduce a characteristic function for a 4-dimensional normal system (under the identifier G ), and the elements of the
bij corresponding correlation matrix are calculated using K .

> w:=array(l..4) :b:=array(1..4,1..4):
> G:=unapply(exp(-(1/2) *sum(sum(b[i,jl*w[i]*w[]j],6i=1..4),6j=1.
.4)) ,b,w);

G = (b,w) ®)
| 1 1 1 1
2 b1,1“21 2 b Yy T Y T P M T
= ¢
w—l-b —1~b w_w 1 ‘w_w. — —+b w-w—l~b w_w
2 272" T 2 3™ T 2 P a™ M T 2 ™M T 23,2 ™
R C R R PR
273,337 273,43 T 2% 01 e T 2 %42 e T 274,37 T 2
b4,4’“ﬁ

> for j from 1 to 4 do b[j,j]l:=b[1,1] od:
> DG:=unapply(diff(G(b,w) ,w[l] ,w[2] ,w[3],w[4]) ,b,w):

Using the known properties of the characteristic function, we obtain:

o

GWIGMQGW3GW4

G(“ﬁv"&s“@»“ﬁ)

1
b X)= —
l wq=wb=w3=w4=0

(under the identifier mu2)).

> DGO :=unapply (subs ({w[1]=0,w[2]=0,w[3]=0,w[4]=0},DG(b,w)) ,b):
> mu2x:=unapply (simplify(subs({b[1,2]=b[1,1],b[2,1]=b[1,1],b
[3,4]1=b[1,1],b[4,3]=b[1,1],

b[3,1]=b[1,3],b[1,4]=b[1,3],b[4,1]=bI[1,
3]1,b[2,3]=b[1,3],b[3,2]=b[1,3],b[2,4]=b[1,3],b[4,2]=b[1,3]},
DGO (b))) ,b);
e 2 2
mulx = b — bl, | 12 b1’3 )
> b[l,1]:=s8"2:
> b[1l,3]:=Kz(tl,t2,s,a):
> mu2:=unapply (mu2x (b) ,tl,t2,s,a):
Squaring both parts of the relation

t
Y(t)= J I —1) X (1) du (L)
0

and representing the square of the last integral , after finding the mathematical expectation, we get:
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t .t

nb(Y)ZJ.Jl(t—-ﬁ)l(t—%z)mu2(5,6,ga)dﬁ(h2 (L2)
070

According to the formula (L2) , the initial moments of the 2nd order under the identifier m2, m2r, m2s are calculated,
respectively.

> m2:=unapply (int (int (mu2(tl1,t2,s,a),tl1=0..t) ,t2=0..t),t,a,s);

st (a2 ta e T )

2
a~
> m2r :=unapply (int (int (1 (t-tl1,rho) *1 (t-t2,rho) *mu2 (tl1,t2,s,a),

t1l=0..t),t2=0..t),t,a,s,rho);

m2r = (1~ a=, s~ p=) 1 S((4p2 e emte)

(2:a~+p~)-(2:a~—p~) -p~
Dl 2 pete Dt~ Dt~ 2
—Sﬂjef”t+2pvepw +¢w%ezwt—4ﬂwezwt1%—3p~

m2 = (t~ a~,s~) —

(10)

i TN 2
L +4-a~p~—3-p~ ) ‘S~4)
> m2s:=unapply (int (int(1s(t-t1,h0,hl) *1s(t-t2,h0,hl) *mu2 (t1,
t2,s,a),tl=0..t) ,t2=0..t) ,t,a,s,h0,hl):
The central moments of the 2nd odrer are calculated:
> mu2y:=unapply (simplify (m2 (t,a,s)-ml(t,s)*2),t,a,s);

st (2ta~+e T —1)

2
a~

5 mu2yr :=unapply (simplify (m2r(t,a,s,rho)-mlr(t,s,rho)*2),t,a,
s,rho) ;

mu2y = (t~, a~, s~) (12)

7nu2yr:=:(t~3a~,s~,p~) — (13)
4'S"‘4'(—e_t~'(2.a~+p~)'p“+ (aN+%).e—2-p~-t~_a~+%j
4alpe—p-

> mu2ys:=unapply (simplify (m2s(t,a,s,h0,hl)-mls(t,s,h0,hl)*2),
t,a,s,h0,hl);

mulys == (t~ a~, s~ hO~ hl~) — | 16-h0-2-| e 2 M~ (a~2 +a~hl~+ % (14)

~h0~2) i 02 —n1 2. (a~-h1~ + % 702 — h1~2)

2
ccos(Jh02 =12 -t~) — hl~ (hO~+ hi1~) - (hO~— hi~) - [ (-hl~+a~)

4

s (a~2 +a~hl~+ - .h0~2) sin(V a2 —h12 1)
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2 [T 2t (hl~+2a~)
+ ho ho h14_ < j-cos( h0~2——h1~2-ﬁ~)
_ % (h0~2~e_tN'(th+2'a~) i~ (O~ + hi~)- (a~ + hzi ) (O~ — hi~)
sin(J 702 — h1-2 -t~)) — % (\/ ho2 — 12 - ( (a~2 Y amhi~+ %

-h0~2) (a=h02 + amhl2 —h13) 2 g i) (a~2 — ahi~

32
+%-h0~2)-(h0~+h1~)-(h0~—h]~))))-s~4) (h0-2 —11-2)* (
w2\
“16-a2h1-=> + 16- [a~2 + %) -h]~]]

We introduce a characteristic function for a 6-dimensional normal system (under the identifier F), and the elements ¢ of the
corresponding correlation matrix are calculated via Kz:

v:=array(l..6) :c:=array(l..6,1..6):

F:=unapply (exp(-(1/2) *sum(sum(c[i,jl]*v[i]*v[]jl],i=1..6),]jl=
1..6)),c,v):

> for j from 1 to 6 do c[j,j]l:=c[1l,1] od:

> DF:=unapply(diff (F(c,v),v[1],v[2],v[3],v[4],v[5],v[6]),c,V):

>
>

Using F(c,v), we obtain:

il F
v, 0, vy By, dv, O,

1
W (X) =—¢ (¢, v)
l v1=v2=v3=v4=v5=v6=0'

> DFO0:=unapply (subs ({v[1]=0,v[2]=0,v[3]=0,v[4]=0,v[5]=0,v[6]=

0},DF(c,v)),c):
> mu3x:=unapply(simplify (-subs({c[1,2]=c[1,1],c[2,1]=c[1,1],c
[3,4]=c[1,1],c[4,3]=c[1,1],c[5,6]=c[1,1],c[6,5]=c[1,1],

c[3,1]=c[1,3],c[1,4]=c[1,3],c[4,1]=c[1,
31,cl2,3]=c[1,3],c[3,2]=c[1,3],c[2,4]=c[1,3],c[4,2]=c[1,3],

c[5,1]=c[1,5],c[1,6]=c[1,5],c[6,1]=c[1,5],c[2,5]=
c[1,5],cl[5,2]=c[1,5],c[2,6]=c[1,5],c[6,2]=c[1,5],

c[5,3]1=c[3,5] ,c[4,5]=c[3,5],c[5,4]=c[3,5],c[3,6]=c[3,5],c

[6,3]=c[3,5],c[4,6]=c[3,5],c[6,4]=c[3,5]},DF0(c))) ,c);
mu3x = c ci,1-+ (2-0%’3 +—2~c%’5 +—2~c§’5)~cl,1-+-8'01’3'

c[1l,1]:=s"2:

c[1l,3]:=Kz(tl,t2,s,a):

c[1l,5]:=Kz(tl,t3,s,a):

c[3,5]:=Kz(t2,t3,s,a):

mu3:=unapply (mu3x(c) ,tl,t2,t3,s,a):

€1.5°C3 5 a5s)

VVVVYV
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We raise both parts of the relation (L) to the 3rd degree and represent the cube of the right side as a triple integral, after
calculating the mahematical expectaton we get:

t .t .t

m3(Y) :J J J l(t—tl) l(t—tz)l(t—t3)mu3(t1, ty, b, s,a)dt1 dt2 dt3_ (L3)
0070

According to the formula (L3), the initial moments of the 3rd order under the identifier m3, m3r and m3sn are calculated (
for a quick calculation of m3sn, we perform fragmentation according to the formula (15)).

> m3:=unapply(int (int (int (mu3(tl,t2,t3,s,a),tl1=0..t) ,t2=0..t),
t3=0..t) ,t,a,s);
m3 = (t~, a~, s~) (16)

2t~

> (58 (1202 + 602 a2 15 e T g+ 9 e+ 12

3
a~

e _q2))

> m3r:=unapply (int (int (int (1 (t-t1,rho) *1 (t-t2,rho) *1 (t-t3, rho)
*mu3(tl,t2,t3,s,a),tl=0..t),t2=0..t) ,t3=0..t) ,t,a,s,rho);

m3r = (t~, a~, s~, p~) — 3 ! 2 <S~6~(12~a~4-e_2'p~¢~ a7

2
p- (40t =502 p" +p7)
Vgt~ 4 I PP “3put~ 4 PN
496 2P pl — 4. gt P 5.3 P g 2.0 e P g

ot 4 4 Dipge — pote 4 Dipge —2epte 4
e’%t-p~-—36p~-ezt =t +24¢b-ezt == 2pt +12-p~
Detm(a~ 3 4 “D D fm
2t 0B g 36 ampe el 15p =216 TP 2
2 3Dt —3 D fm 2 “3 D fm 3
p~ +12-¢ 31*".a~}.pw__5.e 31*‘f.a~2.pw —136-e 3’}“t-a-p~ —12

et e e 2 Dt 3 I DN
.e p\‘t .a~3-p\/+21.e p\,t -a~2.p~ +12.e p\'t .aN-p\l —12-e 2p\,[ -a~3.p~
Dyt 3 2 D fefe — et 3
F12:e 2P g p 460-02pr e 2T TP L 04 g

2D p e — Dt 2 D pege — DD f 3 Difege — Dt
_GZta p~-t —4O-a~2'pv-62ta 2-p~-t +16-a~-p~-62ta 2-p~-t

—20-g 2 ple e ) g p 3 2 la ) s 25 7))

> m3s0:=unapply (int (int (1s(t-t1,h0,hl) *1s(t-t2,h0,hl) *s*6,tl=
0..t),t2=0..t),t,s,h0,hl):

> m3sl:=unapply(int(int(1ls(t-t1,h0,hl) *1s(t-t2,h0, hl) *2*s*2*Kz
(tl,t2,s,a)”2,t1=0..t),t2=0..t),t,a,s,h0,hl):

> m3s2:=unapply(int (int (1s(t-t1,h0,hl) *1s(t-t2,h0, 6 hl) *2*s”*2*Kz
(tl,t3,s,a)”2,t1l=0..t),t2=0..t),t,t3,a,s,h0,hl):

> m3s3:=unapply(int (int (1s(t-t1,h0,hl) *1s(t-t2,h0,6hl) *2*s”*2*Kz
(t2,t3,s,a)”*2,t1=0..t),t2=0..t),t,t3,a,s,h0,hl):

> m3s4:=unapply(int(int(1ls(t-t1,h0,hl) *1s(t-t2,h0,6hl) *8*Kz (t1,
t2,s,a)*Kz (tl,t3,s,a)*Kz(t2,t3,s,a),tl=0..t) ,t2=0..t),t,t3,
a,s,h0,hl):

> m3s:=unapply (m3s0(t,s,h0,hl)+m3sl1(t,a,s,h0,hl)+m3s2(t,t3,a,
s,h0,hl)+m3s3(t,t3,a,s,h0,hl)+m3s4(t,t3,a,s,h0,hl) ,t,t3,a,s,
hO,hl):

> m3sn:=unapply(int(ls(t-t3,h0,hl) *m3s(t,t3,a,s,h0,hl) ,t3=0..
t),t,a,s,h0,hl):

The central moments of the 3rd order are calculated:
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> mu3y:=unapply (simplify (m3(t,a,s)-3*ml(t,s)*m2(t,a,s)+2*ml (t,
s)"3) ,t,a,s);
12:5-°- ((t~a~+1) e 277 4 poge— 1)

3
a~

> mu3yr:=unapply (simplify (m3r(t,a,s,rho)-3*mlr(t,s,rho) *m2r (t,
a,s,rho)+2*mlr(t,s,rho)*3),t,a,s,rho);

mu3yr = (t~, a~, s~, p~) = - 1 3 s (16-(—3-(a~+p~) 19)

4-a~4-p~ —5-a~2-p~ + p~

.(aN_%).e-tw(Z%ﬂf) +3,(a~+%j,(aw_pw).e-lt~-(a~+p~)

+ (a~+p~)~(a~+%)'e_3’pwt~— (a~—p~)-(a~—&J)-s~6)

mu3y == (t~, a~, s~) =

(18)

2

> mu3ys:=unapply (simplify (m3sn(t,a,s,h0,hl)-3*mls(t,s,h0,hl) *
m2s(t,a,s,h0,hl)+2*mls(t,s,h0,hl)*3) ,t,a,s,h0,hl) ;

mu3ys == (1~ a s~ hO~ hi~) — | 64-h0=*. (a~2 ~3egehle — %-h0~2 42 0)

-h1~2j My h1y - (i~ 4 a~) N W02 —h12 - (h0-2 +8-11-2)

3
: (a~2 Yamhl~+ % -h0~2) (a2 +2-a~-hi~+ h0-2) -cos\ 02 — h12 -~)

4 (a~+h1~) - (~hi~+a~)- (02 +8-h1-2). (a~2 ¥ amhi~+ %-h0~2)

(a~-h]~ + %-h0~2 - 2-h1~2) M gy (a2 a

+h0~2) Sln(\/th) _ %(3 h0~2 _h]~2 .6—2-t~.(a~+h1~)

(a? = 2-ahi~+10-2) - (a~-hi~— h0> +2-h1-2)) j

2

ccos( 02 —h1Z =) —3-(a~+hi~)-

- % ( (a~2 —2-a~hl~

+ h0-2) - (-hi~~+a~)- (hO~ — hi~)- (h0~? +8-h1-?) - (hO~ + hi~)

o 2t (a i), (a~2 +amhl~+ %-h0~2) (a~+2-h1~)-sin( hOZ = n1 2
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-z~)) +y ho? —h1* - (% ( (a~—2-hI~)- (hO~— hi~)-(h0~* +8-h1-*)

00+ b1 (0 =t g ) )| R

+a~hl~+ %~h0~2) ~ ( (h0~? +2-h1-*) -0~ + (-4-h0>-h1~—8-h1->) -a~?

2 3
+ (%-h0~4 + 14—3 702 h12 + 10-h1~4) e — % —4-h1~5j j (a2

4 2-amhi~+ h0-2) ) cos(Vh0Z —n1 2 4~) —7. (ﬁ (3- (a~ + hé—N )

(a~—2-hi~) - (hO~ — h1~) - (hO~2 + 8-h1~?) - (hO~+ h1~)- (a~2 —a~hl~+ %

-h0~2) -e‘”'(”’N“'“N)) + [(3 712 +h0~2-h1~) a3+ (i ot — 18
7 14 7

2,,2_ 8 .4 2 3 04, 02 02,3, 10 .5
hO-2-h1 7h])a +(28h0 Wi+ 22 h0- ] +7h1)

e~ —

2 4 6
[ UV S I SRR G S RPN I
” 7 )e (a —I—ah1+4h0 )j(a

+hi~)- (a2 + 2-am i+ 102 -sin(V 702 —h12 =) +2- (a2 —2-a~-hi~

+h0-2) - (~hi~+a~) h0Z2 — 12 (% (3- (h0-2 +8-h1-2)- (a~2-h1~

2 2
+ (— ho~ + SR j-a~+h1~3) . (a~2 +a~-hi~+ L'hO~2)

2 2 4
-e‘2"~'(“~+h’~)) + (hO~— hi~)- (h0~+ hi~)- (a~2 — gl + %-h0~2)
2 2
-(a~3 +4-a2hi~+ ( 2 hSON +5-h1~2j a~+ ho~4¢ +2-h1~3j ] ) -s~6)

3)2 )

((h02 =112 " “(16-0-* + 8-02-h0-2 = 16-a2-h1-2 + 10-*) - (a~

+2-aehl~+102) - (h02 +8-11-2) (a2 —2-a~hi~+ h0?) - (a2
—hi-?))
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To calculate the moments of the 4th order, we introduce a characteristic function for a 8-dimensional normal system (under
the identifier E), and the elements k,.j of the corresponding correlation matrix are calculated using Kz.

> u:=array(l..8) :k:=array(1..8,1..8):
> E:=unapply (exp (- (1/2) *sum(sum(k[i,j2]*u[i]*u[j2],i=1..8),]j2=
.8)) ,k,u):
> for j from 1 to 8 do k[j,j]l:=k[1,1] od:
> DE:=unapply (diff (E(k,u) ,u[l],u[2] ,u[3],u[4],u[5],u[6],u[7],u
[8]) ,k,u):

Using E(k,u), we obtain:

1 ob
M ) = o o 0w . Ous. Ow, e
1 1772 73 574 275 6 T TR

E(k, u)
ul=u2=u3=u4=u5=u6=u7=u820.
> DEO:=unapply (subs ({u[l1l]=0,u[2]=0,u[3]=0,u[4]=0,u[5]=0,u[6]=
0,u[7]=0,u[8]=0},DE(k,u)) ,k):
> mu4dx:=unapply (simplify(subs({k[1,2]=k[1,1],k[2,1]=k[1,1] ,k
[3,4]=k[1,1],k[4,3]=k[1,1] ,k[5,6]=k[1,1],k[6,5]=k[1,1] , k[7,
8]=k[1,1],k[8,7]=k[1,1],
k[3,1]=k[1,3],k[1,4]=k[1,3],k[4,1]=k
[1,3]1,k[2,3]=k[1,3],k[3,2]=k[1,3],k[2,4]=k[1,3],k[4,2]=k][1,
31,
k[5,1]=k[1,5],k[1,6]=k[1,5],k[6,1]=k[1,5],k
[2,5]=k[1,5],k[5,2]=k[1,5] ,k[2,6]=k[1,5],k[6,2]=k[1,5],

k[7,1]=k[1,7],k[1,8]=k[1,7],k[8,1]=k[1,7],k[2,7]=k[1,
71,k[7,2]=k[1,7],k[2,8]=k[1,7],k[8,2]=k[1,7],

k
[5,31=k[3,5],k[4,5]=k[3,5],k[5,4]=k[3,5],k[3,6]=k[3,5] ,k[6,
31=k[3,5],k[4,6]=k[3,5],k[6,4]=k[3,5],

k[7,3]=k
[3,7]1,k[4,7]1=k[3,7],k[7,4]1=k[3,7],k[3,8]=k[3,7],k[8,3]=k[3,
7] ,k[4,8]=k[3,7] ,k[8,4]=k[3,7],

k[7,5]1=k[5,7] ,k
[5,8]1=k[5,7],k[8,5]=k[5,7] ,k[6,7]=k[5,7] ,k[7,6]=k[5,7],k[6,
81=k[5, 7] k[8,6]=k[5,7]},DEO(k))) ,k);

2

mudx = koo Ky (200 3 2k F 20K 2K 2K 2k )k @1
+((8'k15 k35'+8'kh7'k17) k '*8 k57 (kls'k17'+k35 k37)) kL1
+4- k1 3 k5 ;T 16 k5 7 (kl 5-k3’7+k1’7-k3’5) k 3 T4 k1 5 k3 , T 16 k
'k1,7'k3,7'k3,5'+'4 kl 7 ké 5
k[1l,1]:=s"2:

k[1,3]:=Kz(tl,t2,s,a):
k[1l,5]:=Kz(tl,t3,s,a):
k[1l,7]:=Kz(tl,t4,s,a):
k[3,5]:=Kz(t2,t3,s,a):
k[3,7]:=Kz(t2,t4,s,a):
k[5,7] :=Kz (t3,t4,s,a):
mu4 :=unapply (mu4dx (k) ,tl1,t2,t3,t4,s,a);

VVVVVVYVYV
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2 2
W= (t1, 12, 83, t4, 5, a~) > 55 + (2054 (e7a= 1 = 12)" o o 4 (gra=l=13)" (39
+2‘S~4_(e—a~'|t1—t4|)2+2.S~4'(e—a~-|t2—t3|)2+2_S~4.(e—a~‘|t2—t4|)2+2

—at3 — 4\ 2 —a\t] — calt2 —
s (ema I3 =) )-s~4+((8-s~4-e a~|tl =13 a2 =13 g 4

el = a2 =) (2 el =12 g 2 a4

.e—a~-|t1—t3|.e—a~~|t]—t4| +S~4_e—a~-|t2—t3|.e—a~-|t2—t4|)).SN2_|_4.SN8
—glt] — 2 —a~113 — 2 —g113 — —qm-t] —

_(ea |t] t2|) .(ea |£3 t4|) _’_16_S~4.ea |t3 t4|_(S~4.e a~-|t] — t3|

_e—a~-|t2—t4| +S~4'e—a~-|t1—t4|.e—a~-|t2—t3|)_e—a~-|t1—t2| +4-s~8

calt] — t3IN2 [ —am-1t2 — 14\ 2 —a~-lt] — —a|t] — g1t —
(e |t1 t3|) .(ea |22 t4|) +16-s~8'ea |t1 t4|_ea |21 t3|.ea |£2 — 3]

a2 g 8 (el =t )2. (e-eli2 =13 )2

Raising the ratio (L) by 4th power and turning the result into a multiple integral, after finding the mathematical expectation,
we get:

t .ttt

myY) =J J J J W=t (1 =) (1 =5) (1=t )ymud (1}, 1y, 15, 1y 5, )ty dry drdt, (L4)
0707070

According to the formula (L4), the initial moments of the 4th order under the identifier m4, m4r and m4s are calculated (for
a quick calculation of m4r and m4s, we perform fragmentation according to the formula (21)). Next, we calculate the 4th-
order central moments under the names mu4y, mu4yr and mu4ys, respectively, at the same time, due to the bulkiness, the
expression obtained for mu4ys is not displayed on the display.

> Q:=unapply(exp (-a*abs(x)) ,x,a);
0= (x,a~) — e M 23)

> R:=unapply (1+2* (Q(tl-t2,2*a)+Q(t1l-t3,2*%a)+Q(tl-t4,2*a)+Q(t2-
t3,2*%a)+Q (t2-t4,2*a)+Q(t3-t4,2*a) )+8* (Q(tl-t3,a) *Q(t2-t3,a)+
Q(tl-t4,a)*Q(t2-t4,a))*Q(tl-t2,a)+8*Q(t3-t4,a)*(Q(tl-t3,a)*Q
(tl-t4,a)+Q(t2-t3,a) *Q(t2-t4,a) ) +4*Q(tl-t2,2*a) *Q(t3-t4,2*a)
+16*Q(t3-t4,a)* (Q(tl-t3,a)*Q(t2-t4,a)+Q(tl-t4,a)*Q(t2-t3,a))
*Q(tl-t2,a)+4*Q(tl1-t3,2*%a) *Q(t2-t4,2*a)+16*Q(t1-t3,a)*Q(tl-
td,a) *Q(t2-t3,a) *Q(t2-t4,a)+4*Q(tl-t4,2*a) *Q(t2-t3,2*a) , t1,
t2,t3,t4,a):

> m4n:=unapply(int (int (R(tl,t2,t3,t4,a),t1=0..t) ,t2=0..t),t,
t3,t4,a):

> m4 :=unapply(s*8*int (int (m4n(t,t3,t4,a),t3=0..t) ,t4=0..t),t,
a,s):

> m4rln:=unapply(int (int (int(int (1 (t-t1,rho) *1(t-t2,rho) *1 (t-
t3,rho) *1(t-t4,rho) ,tl1=0..t) ,t2=0..t) ,t3=0..t) ,t4=0..t), t,
rho) :

> m4r2:=unapply (int (int (int (int (1 (t-t1,rho) *1 (t-t2,rho) *1 (t-
t3,rho) *1 (t-t4,rho) *2*Q(tl-t2,2*a) ,t1=0..t) ,t2=0..t),t3=0..
t) ,t4=0..t) ,t,a,rho):

> m4r2n:=unapply(6*mé4r2(t,a,rho),t,a,rho):

> m4r3:=unapply(int (int (1 (t-tl,rho) *1 (t-t2,rho) *8*Q(tl-t2,a) *Q
(tl-t3,a)*Q(t2-t3,a) ,tl=0..t) ,t2=0..t) ,t,t3,t4,a,rho):

> m4r3n:=unapply (4*int (int (1 (t-t3,rho) *1 (t-t4,rho) *md4r3(t, t3,
t4,a,rho) ,t3=0..t) ,t4=0..t) ,t,a,rho):

> m4r4:=unapply(int (int (1 (t-tl1,rho) *1 (t-t2,rho) *4*Q(t1l-t2,2%*a)
*Q(t3-t4,2*%a) ,t1l=0..t) ,t2=0..t),t,t3,t4d,a,rho):
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> m4r4dn:=unapply(3*int (int (1 (t-t3,rho) *1 (t-t4,rho) *md4r4 (t, t3,
t4,a,rho) ,t3=0..t) ,t4=0..t) ,t,a,rho):

> m4r5:=unapply(int (int (1 (t-tl,rho) *1(t-t2,rho) *16*Q(t3-t4,a)*
Q(tl-t3,a)*Q(t2-t4,a)*Q(tl-t2,a),tl=0..t),t2=0..t),t,t3,t4,
a,rho) :

> m4r5n:=unapply (3*int (int (1 (t-t3,rho) *1 (t-t4,rho) *m4r5(t, t3,
t4,a,rho) ,t3=0..t),t4=0..t),t,a,rho):

> mdr:=unapply(s*8*simplify (m4rln(t,rho)+mé4r2n(t,a,rho)+md4r3n
(t,a,rho)+md4rdn(t,a,rho)+md4r5n(t,a,rho)) ,t,a,s,rho):

> mudy:=unapply (simplify (m4 (t,a,s)+6*ml (t,s)*2*m2(t,a,s)-4*ml
(t,s)*m3(t,a,s)-3*ml(t,s)”*4),t,a,s);

mudy = (t~, a~, s~) — %(3'S~8'(32't~2-a~2-e'2"~‘“N+4-t~2-a~2 + 84t~ 24)

aN
e A e 4 3. L 36 g 4 5472 57))
> mudyr:=unapply (simplify (md4r(t,a,s,rho)+6*mlr(t,s,rho)*2*m2r
(t,a,s,rho)-4*mlr(t,s,rho)*m3r(t,a,s,rho)-3*mlr(t,s,rho)*4),
t,a,s,rho);

2
mudyr = (t~, a~, s~, p~) — | 6144- (a~4—-p~)~(a~2-—-]%;~a-p~-—-%é;-p~ ) (25)

Cate) (o 3t B2,
+(128 LTI 128 4P

2t~ (2a~+p-) 4 (5 6,9 6 11 4 2 19 2 4)

e +—( 2-a +-32 + ) @ g ¢ P~

Volume - 3 Issue - 1

Citation: Gasimov, G., Rzayey, E., Aghayeva, M. (2026). Normalization of Densities of Distributions of Output Processes of Dynamic Systems using Hermite
Polynomial Decomposition in the Environment of the Maple. Electr Electron Eng Open Access, 3(1), 1-16. Page 11 of 16



https://www.wecmelive.com/

Electrical Electronics Engineering: Open Access Copyright © G. Gasimov

: 2 4 6
-—-E—B:-)J]-s~8] (64'a~8-p~ —-240-a~§*p~ 4—252-a~4-p~ —85-q~

8 10

p< +9:p=")

> mdsln:=unapply(int(int(int(int(1ls(t-t1,h0,hl) *1s(t-t2,h0,hl)
*1s(t-t3,h0,hl) *1s(t-t4,h0,hl) ,t1=0..t),t2=0..t) ,t3=0..t),
t4=0..t) ,t,h0,hl):

> mds2n:=unapply (6*int (int (int (int(1s(t-t1,h0,hl) *1s(t-t2,h0,
hl) *1s(t-t3,h0,hl) *1s(t-t4,h0,hl) *2*Q(t1l-t2,2*%a) ,tl=0..t),
t2=0..t) ,t3=0..t),t4=0..t) ,t,a,h0,hl):

> md4s3:=unapply (int (int(1ls(t-t1,h0,hl) *1s(t-t2,h0,hl) *8*Q (t1l-
t2,a)*Q(tl-t3,a)*Q(t2-t3,a) ,t1=0..t) ,t2=0..t) ,t,t3,t4,a,ho,
hl):

> mds3n:=unapply(4*int(int(ls(t-t3,h0,hl) *1s(t-t4,h0,hl) *m4s3
(t,t3,t4,a,h0,hl) ,t3=0..t) ,t4=0..t) ,t,a,h0,hl):

> mds4:=unapply (int (int(1ls(t-t1,h0,hl) *1s(t-t2,h0,hl) *4*Q (tl-
t2,2*a) *Q(t3-t4,2*a) ,tl=0..t) ,t2=0..t),t,t3,t4,a,h0,hl):

> md4s4dn:=unapply (3*int (int(1ls(t-t3,h0,hl) *1s(t-t4,h0,hl) *m4s4
(t,t3,t4,a,h0,hl) ,t3=0..t),t4=0..t) ,t,a,h0,hl):

> m4s5:=unapply(1l6*int(int(ls(t-t1,h0,hl)*1s(t-t2,h0,hl) *Q(t3-
t4,a)*Q(tl-t3,a)*Q(t2-t4,a)*Q(tl-t2,a),tl=0..t),t2=0..t),t,
t3,t4,h0,hl) :

> md4s5n:=unapply (3*int(int(1ls(t-t3,h0,hl) *1s(t-t4,h0,hl) ,t3=0.
.t),t4=0..t) ,t,a,h0,hl):

> mds:=unapply (s*8*simplify (m4sln(t,h0O,hl)+m4s2n(t,a,h0,hl)+
m4s3n(t,a,h0,hl)+m4sd4n(t,a,h0,hl)+md4s5n(t,a,h0,hl)) ,t,a,s,
hO,hl):

> mudys:=unapply (simplify (md4s(t,a,s,h0,hl)+6*mls(t,s, h0, hl)~2*
m2s(t,a,s,h0,hl)-4*mls(t,s,h0,hl)*m3sn(t,a,s,h0,hl)-3*mls (t,
s,h0O,hl)*4) ,t,a,s,h0,hl):

We introduce the density of the standard normal distribution and its 3rd and 4th derivatives:
> phi:=unapply((1/sqrt(2*Pi)) *exp (-x"2/2) ,x) ;
2

2
ﬁ’—;_ (26)
2 T

> phi3:=unapply (diff (phi (x) ,x$3) ,x):
> phid:=unapply (diff (phi (x) ,x$4) ,x):

q):=x+—>

We define Sk(Y) and Ex(Y), and based on the formula (H), we define densities under the names gy, gyr, gys (due to the
bulkiness, the expression for gys is not displayed) and at t=1/a,2/a, 100/a we plot the corresponding densities, and for
comparison in the same coordinate system we set density graph of the standard normal distribution:

> Sky:=unapply (mu3y(t,a,s)/mu2y(t,a,s)*(3/2),t,a,s):

> Exy:=unapply (mudy(t,a,s)/mu2y(t,a,s)”*2-3,t,a,s):

> gy:=unapply (simplify (phi (y)-(1/3!)*Sky(t,a,s) *phi3 (y)+(1/4"!)
*Exy (t,a,s) *phid (y)) ,y);

e iH W [((CT T
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+1Jjﬁ+(—6k%m2—15bﬂ~_EL)WZ+}b%w2+ifbﬂ~

19N -2~a~ 3 2L 4 TN -d4t~a- S:t~a~ 29
* 4)6 +( AT +16)e +( 4 16)
4 15t~a~ 87\ 2 8 2 2 ll-t~a~
y +—( ) + 2 ) y 16-+t a -+-——Z———)

\/ 2-t~-a~+e‘2'f~'a~_1 + (y2 _3) -y-((t~2-a~2 T g — 1).6_2.t~.a~

1 1 3 '23]
t~a~ 1Y\ -4t~a~ 1 2 2 3t~a~)) 2
+—( 5 + 2) e + 5 +t+"a ——7;——)) e
> gyl:=unapply (subs ({t=1/a,s=1},gy(y)),y):

> gy2:=unapply (subs ({t=2/a,s=1},gy(y)) ,y):

> gyl00:=unapply (subs ({t=100/a,s=1},gy(y)) ,¥):

> plot([gyl(y) ,gy2(y) ,gyl00(y),phi(y)],y=-5..5,style=[line,
line,line,point],color=[green,blue,red,black]);

> evalf (int(gyl00(y) ,y=-infinity..infinity)) ;
1.000000000 (28)

> Skyr:=unapply (mu3yr(t,a,s,rho) /mu2yr(t,a,s,rho)*(3/2),t,a,s,
rho) :

> Exyr:=unapply (mudyr(t,a,s,rho) /mu2yr(t,a,s,rho)*2-3,t,a,s,
rho) :

> gyr:=unapply (phi(y)-(1/3!)*phi3(y) *Skyr (t,a,s,rho)+(1/4!')*
phi4 (y) *Exyr(t,a,s,rho),y,t,a,s,rho);
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4
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3 g2 A3

) 2
a 3£O~:)]]-(4-a~2~p~'—l}}) ] (<64~a~8-p~2——240~a~§'P~4-F252'a~4

.pw6_85.a~2.pw8+9'pwl()>.(_e—t~.(2-a~+p~)'pv+ (a~+ﬁj

2
2
coor )]

> gyrl:=unapply(subs({a=1,t=1,s=1,rho=0.01},gyr(y,t,a,s,rho)),
y):

> gyr2:=unapply(subs({a=1,t=2,s=1,rho=0.01},gyr(y,t,a,s,rho)),
y):

> gyrl00:=unapply (subs ({a=1,t=100,s=1,rho=0.01},gyr(y,t,a,s,
rho)) ,y):

> gyrn:=unapply (subs({a=1,t=100,s=1,rho=3},gyr(y,t,a,s,rho)),
y):

> plot([gyrn(y) ,gyrl(y),gyr2(y),gyrl00(y),phi(y)],y=-5..5,
style=[line,line,line,point,point],6 color=[orange,green,blue,
red,black]) ;

> int (gyrl00(y) ,y=-infinity. .infinity) ;
1.000000000 30)

> Skys:=unapply (mu3ys(t,a,s,h0,hl) /mu2ys(t,a,s,h0,hl)*(3/2),t,
a,s,h0,hl):

> Exys:=unapply (mudys(t,a,s,h0,hl) /mu2ys(t,a,s,h0,hl)*2-3,t,a,
s,h0,hl) :

> gys:=unapply (phi(y)-(1/3!)*phi3 (y) *Skys(t,a,s,h0,hl)+(1/4"')*
phi4d (y) *Exys(t,a,s,h0,hl) ,y,t,a,s,h0,hl):
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AN

> gysl00:=unapply (subs ({a=1,t=100,s=1,h0=5,h1=3},gys(y,t,a,s,

hO,hl)) ,y);

> plot([gys1l00(y) ,phi(y)],y=-5..5,style=[point,point] , color=

[red,black]) ;
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The obtained figures allow us to draw practically useful conclusions: for the first two types of weight functions, an
almost normal distribution is obtained for sufficiently large time values, but for the third type of weight functions,

the difference from the normal distribution law is quite significant.

1.
2.

3.
York: Springer.
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