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Abstract

Let g be a Color Lie Algebra and U(g) its the universal Enveloping
Algebra. We define the notion of graded deformations and we give explicit
graded deformations of the universal Enveloping Algebra of g.

1 Premilinaries

Throughout this paper groups are assumed to be abelian and K is a field of
characteristic zero. We recall some notation for graded algebras and graded
modules [6], and some facts on color Lie algebras from [7, 8, 9, 10].

1.1 Color Lie algebras

The concept of color Lie algebras is related to an abelian group G and an anti-
symmetric bicharacter ε : G×G → K×, i.e.,

ε (g, h) ε (h, g) = 1, (1.1)

ε (g, hk) = ε (g, h) ε (g, k) , (1.2)

ε (gh, k) = ε (g, k) ε (h, k) , (1.3)

where g, h, k ∈ G and K× is the multiplicative group of the units in K.

A G-graded space L = ⊕g∈GLg is said to be a G-graded ε-Lie algebra (or
simply, color Lie algebra), if it is endowed with a bilinear bracket [−,−] satis-
fying the following conditions

[Lg, Lh] ⊆ Lgh, (1.4)

[a, b] = −ε (|a|, |b|) [b, a] , (1.5)

ε (|c|, |a|) [a, [b, c]] + ε (|a|, |b|) [b, [c, a]] + ε (|b|, |c|) [c, [a, b]] = 0, (1.6)

where g, h ∈ G, and a, b, c ∈ L are homogeneous elements.

For example, a super Lie algebra is exactly a Z2-graded ε-Lie algebra where

ε(i, j) = (−1)ij , ∀ i, j ∈ Z2. (1.7)
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A G-graded space L = ⊕g∈G Lg is said to be a G-graded ε-Lie algebra (or simply, color Lie algebra), if it is endowed with a 
bilinear bracket [−,−] satisfying the following conditions

where g, h ∈ G, and a, b, c ∈ L are homogeneous elements.

For example, a super Lie algebra is exactly a ℤ2-graded ε-Lie algebra where

1.2. Graded Cohomology of Cartan Eilenberg of Color Lie Algebra
A vector space M is G-graded if the is a family of subspaces (Mg)g ∈ G such that M = ⊕Mg . Let M,N two graded vector spaces. 
A linear map from M to N is of homogeneous degree α if f (Mβ) ⊂ Nα+β for β. Denote by Homα (M, N) the set the linear maps of 
homogeneous degree α. The graded vector space Homgr (M,N) = ⊕Homα (M,N) equipped by the bracket defined by [f, g] = f ◦ 
g − ε (f, g) g ◦ f is a color Lie algebra. Let L be a color Lie algebra. A graded representation of L in M is a linear map of degree 
zero, ρ : L → Homgr (M, M) satisfying [ρ(f), ρ(g)] = ρ([f, g]). One said that M is a graded L module. In general a n linear map f : 
L × · · · × L → M is of homogeneous degree α if f (Xα1 , · · · , Xαn) is homogeneous of degree α + α1+· · ·+αn. Denote by Homn

α(L ×· 
· ·× L, N) the set the linear maps of homogeneous degree α. The Homn

gr (L × · · · × L,N) = ⊕Homn
α(L × · · · × L,N) is a G graded 

vector space.
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α(L× · · · × L,N) is a G graded vector space.

It admits a G graded L module given by ρ(X)(f)(Xα1
, · · · , Xαn

) =

ρ(X)(f(Xα1
, · · · , Xαn

))−
n∑

i=1

ε(α, γ + α1 + · · ·αi−1)f(Xα1
, · · · , [X,Xαr

], Xαn
)

(1.8)
An element of f of homogeneous of degree γ is called ε skew symmetric if

f(Xα1 , · · · , Xαi , · · · , Xαj , Xαn) = −ε(αi, αj)f(Xα1 , · · · , Xαj , · · · , Xαi , Xαn)
(1.9)

for i < j We set
C0(L,N) = N , C1

gr(L,N) = Homgr(L,N), Cn
gr(L,N) the set of elements which

are ε skew symmetric of Homn
gr(L× · · · × L,N). for n > 1. The graded space

called n graded cochains. The linear coboudary operator

dn : Cn
gr(L,N) → Cn+1

gr (L,N) (1.10)

defined by for n > 1

δn(f) (x1, · · · , xn+1) (1.11)

=
n+1∑
i=1

(−1)i+1ε(γ, αi)εi xi · f (x1, · · · , x̂i, · · · , xn+1) (1.12)

+
∑

1≤i<j≤n+1

(−1)i+jε(γ, αi)ε(γ, αj)εiεj f ([xi, xj ], x1, · · · , x̂i, · · · , x̂j , · · · , xn+1) ,

(1.13)

for all f ∈ Cn
gr(L,N)γ , with εi =

∏i−1
h=1 ε(|xh|, |xi|) i ≥ 2, ε1 = 1 and the sign

̂ indicates that the element below it must be omitted. We have δn+1 ◦ δn = 0,
[3, 9]

1.3 Graded Deformations of color Lie Algebras

The field K admits a G graded by setting Ke = K and Kγ = 0 if γ ̸= 0. Then
the ring of series with coefficient in K, K[[t]] is G graded by extension. Let E
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1.3. Graded Deformations of Color Lie Algebras
The field K admits a G graded by setting Ke = K and Kγ = 0 if γ ≠ 0. Then the ring of series with coefficient in K, K[[t]] is G graded 
by extension. Let E be a G-graded vector space. Then the K[[t]] module E[[t]] is G-graded module. Let L be a Color Lie algebra, 
The K[[t]] module L[[t]] is a Color Lie algebra by extension.

Definition 1 Let L be a Color Lie algebra over K with multiplication ϕ0.
1. A G graded deformation of the Color Lie algebra (L[[t]], ϕ0) (of degree zero) is a G graded K[[t]]-module L[[t]] equipped of a 
Color multiplication ϕ = Σt ϕn t n with ϕn ∈ C2(L, L)e
2. Two graded deformations (L[[t]], ϕ1) and (L[[t]], ϕ2) of L[[t]], ϕ0) are said equivalent if they are isomorphic i.e. there is a 
graded automorphism f = id + tf1 + t2 f2 + · · · + tn f n + · · · with f ∈ C1(L, L)e such that ϕ2 = f−1 ◦ ϕ1 ◦ f × f.
3. A graded deformation (L[[t]], ϕ) is said trivial if all graded deformation is equivalent to (L[[t]], ϕ0).
4. L is called graded rigid if all graded deformation of (L[[t]], ϕ0) is trivial.

Theorem 1 Let L be a color Lie algebra. If the second graded cohomology H2 (L, L)e is equal to zero, then L is graded rigid.

1.4 Graded Hochschild cohomology
Let G be an abelian group with identity element e. We will write G as an multiplicative group.

An associative algebra A with unit 1A, is said to be G-graded, if there is a family {Ag |g ∈ G} of subspaces of A such that A = ⊕g∈G 
Ag with 1A ∈ Ae and Ag Ah ⊆ Agh, for all g, h ∈ G. Any element a ∈ Ag is called homogeneous of degree g , and we write |a| = g .

A (left) graded A-module M is a left A-module with an decomposition M = ⊕g∈G Mg such that Ag . Mh ⊆ Mgh . Let M and N be 
graded A-modules. Define
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Let G be an abelian group with identity element e. We will write G as an
multiplicative group.

An associative algebra A with unit 1A, is said to be G-graded, if there is a
family {Ag|g ∈ G} of subspaces of A such that A = ⊕g∈GAg with 1A ∈ Ae and
AgAh ⊆ Agh, for all g, h ∈ G. Any element a ∈ Ag is called homogeneous of
degree g, and we write |a| = g.

A (left) graded A-module M is a left A-module with an decomposition M =
⊕g∈GMg such that Ag.Mh ⊆ Mgh. Let M and N be graded A-modules. Define

HomA-gr(M,N) = {f ∈ HomA(M,N)| f(Mg) ⊆ Ng, ∀ g ∈ G} . (1.14)

Let us recall the notion of graded Hochschild cohomology of a graded algebra
A. A graded A-bimodule is a A-bimodule M = ⊕g∈GMg such that Ag.Mh.Ak ⊆
Mghk. The Hochschild graded cochain complex of A is

A → Homgr(A,A) → Homgr(A×A,A) → .. → Homgr(A× · · · ×A,A) → · · ·

whose differential is given by

d(f)(a0, a1, · · · , ap) = a0f(a1, · · · , ap)−
p−1∑
i=0

(−1)if(a0, a1, · · · , aiai+1, · · · , ap)+(−1)pf(a0, · · · , ap−1)ap

(1.15)
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Let us recall the notion of graded Hochschild cohomology of a graded algebra A . A graded A-bimodule is a A-bimodule M = 
⊕g∈G Mg such that Ag. Mh . Ak ⊆ Mghk. The Hochschild graded cochain complex of A is
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The Z-graded algebra G(L) associated with the filtered algebra U (L) is
defined by letting Gn (L) be the vector space Un (L) /Un−1 (L) and G (L) the
space ⊕n∈NG

n (L) (note U−1 (L) := {0}). Consequently, G (L) is a Z × G-
graded algebra. The well-known generalized Poincaré-Birkhoff-Witt theorem, ,
states that the canonical homomorphism i : L → U (L) is an injective G-graded
homomorphism; moreover, if {xi}I is a homogeneous basis of L, where the
index set I well-ordered. Set ykj

:= i
(
xkj

)
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is a basis of U (L), where kj ≤ kj+1 and kj < kj+1 if ε (gj , gj) ̸= 1
with xkj

∈ Lgj for all 1 ≤ j ≤ n, n ∈ N. In case L is finite-dimensional U (L) is
a two-sided (graded) Noetherian algebra . The Poincaré-Birkhoff-Witt theorem
shows that there is a canonical graded algebra isomorphism from S(L) to G(L).
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2.1 Graded Deformation by the Lie Color algebra
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extended to a graded deformation of the associative algebra U(g).
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with homogeneous a, b ∈ L. The quotient algebra U (L) := T (L) /J (L) is called
the universal enveloping algebra of the color Lie algebra L. The K-algebra U (L)
is a G-graded algebra and has a positive filtration by putting Un (L) equal to
the canonical image of Tn (L) in U (L).
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The Z-graded algebra G(L) associated with the filtered algebra U (L) is
defined by letting Gn (L) be the vector space Un (L) /Un−1 (L) and G (L) the
space ⊕n∈NG

n (L) (note U−1 (L) := {0}). Consequently, G (L) is a Z × G-
graded algebra. The well-known generalized Poincaré-Birkhoff-Witt theorem, ,
states that the canonical homomorphism i : L → U (L) is an injective G-graded
homomorphism; moreover, if {xi}I is a homogeneous basis of L, where the
index set I well-ordered. Set ykj

:= i
(
xkj

)
, then the set of ordered monomials

yk1
· · · ykn

is a basis of U (L), where kj ≤ kj+1 and kj < kj+1 if ε (gj , gj) ̸= 1
with xkj

∈ Lgj for all 1 ≤ j ≤ n, n ∈ N. In case L is finite-dimensional U (L) is
a two-sided (graded) Noetherian algebra . The Poincaré-Birkhoff-Witt theorem
shows that there is a canonical graded algebra isomorphism from S(L) to G(L).
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n such that the class of µ1 is not null in H2(g, g)e. Since g is finite dimension,
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indices in {1, . . . , n} set yI := yi1 · · · yik in Ug and y′
I := y′

i1 • · · · • y′
ik

in U
(
g[[t]]

)
.

The theorem of Poincaré-Birkhoff-Witt (is valid in the situation of Color Lie algebra
which is a free module over a commutative ring, the yI forme a basis of U(g) over
K and y′

I forme a basi of U
(
g[[t]]

)
over K[[t]]. We see the map Φ : Ug ⊗K K[[t]] →

U
(
g[[t]]

)
defined by Φ(yI) := y′

I is graded isomorphic of K[[t]]-modules. Let πt :
Ug⊗KK[[t]] × Ug⊗KK[[t]] → U(g)⊗KK[[t]] the multiplication U(g)⊗KK[[t]] induces
by • et Φ, i.e., πt(a, b) := Φ−1

(
Φ(a) • Φ(b)

)
. The restriction of πt of elements of

U(g)×U(g) defined an application K-bilinear U(g)×U(g) → U(g)⊗K K[[t]] ⊂ U(g)[[t]]
that denote again by πt, i.e, πt(u, v) =

∑∞
n=0 t

nπn(u, v) all elements u, v ∈ U(g) où
πn ∈ Homgr(U(g) ⊗ U(g),U(g)). L’associativity of πt on three elements u, v, w ∈
U(g) imply the equations

∑r
s=0
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πs

(
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))
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N. Then, πt defines a bilinear multiplication K[[t]]-associative on the K[[t]]-module
U(g) [[t]] (which is containing U(g) ⊗K K[[t]] as sub-module dense by the topology
t-adic) of usually manner
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In particular, the map π0 defines the associative multiplication on the vector space
U(g), and (U(g) [[t]], πt) is a graded associative deformation of (U(g), π0). All finite
increasing sequence I, J we have π0(yI , yJ) = Φ−1(y′

I • y′
J)|t=0: by ‘well ordonning’

the product y′
I • y′

J we obtain of linear combinaisons of y′
K où the increasing finite

sequence K is length less than or equal to the sum of the length of I and J which the
coefficients do not contain only the structure constants of bracket µ0 of the Color Lie
algebra g since t = 0. Then π0 is equal the multiplication of the enveloping algebra
U(g) et (U(g)[[t]], πt) is a graded associative deformation of the enveloping algebra
U(g)

It follows that π1 is a graded 2-cocycle of Hochschild of U(g), and the restriction
of π1 sur X,Y ∈ g verifies

µ1(X,Y ) = π1(X,Y )− ε(X,Y )π1(Y,X) ∀X,Y ∈ g. (2.1)

since the Color Lie algebra (g[[t]], µt) is a Color Lie sub-algebra of U(g[[t]]) which
can be considered as a associative subalgebra of (U(g)[[t]], πt). We assume that this
deformation of U(g) is trivial, implies that there is a formalle graded isomorphism
φt =

∑∞
r=0 φrt

r, with φ0 = IdU(g) et φn ∈ Hom(U(g),U(g))e such that

φt(πt(u, v)) = πt(φt(u), φt(v)), ∀u, v ∈ U(g),

ce qui est équivalent à

∞∑
r=0

tr
∑
a,b≥0
a+b=r

φa(πb(u, v)) =

∞∑
r=0

tr
∑

a,b,c≥0
a+b+c=n

πa(φb(u), φc(v)) ∀u, v ∈ U(g). (2.2)

For r = 1, this relation gives

π1(u, v) = (δHφ1)(u, v) ∀u, v ∈ U(g) (2.3)

where δH is the differential operator of Hochschild associated with the multiplication
π0 of the enveloping algebra.

Then the formulas gives

µ1(X,Y ) = (δHφ1)(X,Y )− ε(X,Y )(δHφ1)(Y,X)
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K où the increasing finite

sequence K is length less than or equal to the sum of the length of I and J which the
coefficients do not contain only the structure constants of bracket µ0 of the Color Lie
algebra g since t = 0. Then π0 is equal the multiplication of the enveloping algebra
U(g) et (U(g)[[t]], πt) is a graded associative deformation of the enveloping algebra
U(g)

It follows that π1 is a graded 2-cocycle of Hochschild of U(g), and the restriction
of π1 sur X,Y ∈ g verifies

µ1(X,Y ) = π1(X,Y )− ε(X,Y )π1(Y,X) ∀X,Y ∈ g. (2.1)

since the Color Lie algebra (g[[t]], µt) is a Color Lie sub-algebra of U(g[[t]]) which
can be considered as a associative subalgebra of (U(g)[[t]], πt). We assume that this
deformation of U(g) is trivial, implies that there is a formalle graded isomorphism
φt =

∑∞
r=0 φrt

r, with φ0 = IdU(g) et φn ∈ Hom(U(g),U(g))e such that

φt(πt(u, v)) = πt(φt(u), φt(v)), ∀u, v ∈ U(g),

ce qui est équivalent à
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The theorem of Poincaré-Birkhoff-Witt (is valid in the situation of Color Lie algebra
which is a free module over a commutative ring, the yI forme a basis of U(g) over
K and y′

I forme a basi of U
(
g[[t]]

)
over K[[t]]. We see the map Φ : Ug ⊗K K[[t]] →

U
(
g[[t]]

)
defined by Φ(yI) := y′

I is graded isomorphic of K[[t]]-modules. Let πt :
Ug⊗KK[[t]] × Ug⊗KK[[t]] → U(g)⊗KK[[t]] the multiplication U(g)⊗KK[[t]] induces
by • et Φ, i.e., πt(a, b) := Φ−1

(
Φ(a) • Φ(b)

)
. The restriction of πt of elements of

U(g)×U(g) defined an application K-bilinear U(g)×U(g) → U(g)⊗K K[[t]] ⊂ U(g)[[t]]
that denote again by πt, i.e, πt(u, v) =

∑∞
n=0 t

nπn(u, v) all elements u, v ∈ U(g) où
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ce qui est équivalent à

∞∑
r=0

tr
∑
a,b≥0
a+b=r

φa(πb(u, v)) =

∞∑
r=0

tr
∑

a,b,c≥0
a+b+c=n

πa(φb(u), φc(v)) ∀u, v ∈ U(g). (2.2)

For r = 1, this relation gives

π1(u, v) = (δHφ1)(u, v) ∀u, v ∈ U(g) (2.3)

where δH is the differential operator of Hochschild associated with the multiplication
π0 of the enveloping algebra.

Then the formulas gives

µ1(X,Y ) = (δHφ1)(X,Y )− ε(X,Y )(δHφ1)(Y,X)

5

 the multiplication

• the multiplication of U
(
g[[t]]

)
. For all increase finite sequence I = (i1, . . . , ik) of

indices in {1, . . . , n} set yI := yi1 · · · yik in Ug and y′
I := y′

i1 • · · · • y′
ik

in U
(
g[[t]]

)
.
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πn ∈ Homgr(U(g) ⊗ U(g),U(g)). L’associativity of πt on three elements u, v, w ∈
U(g) imply the equations

∑r
s=0

(
πs

(
πr−s(u, v), w

)
− πs

(
u, πr−s(v, w)

))
= 0 all r ∈

N. Then, πt defines a bilinear multiplication K[[t]]-associative on the K[[t]]-module
U(g) [[t]] (which is containing U(g) ⊗K K[[t]] as sub-module dense by the topology
t-adic) of usually manner

πt

(
∞∑
s

tsus,

∞∑
s′=0

ts
′
vs′

)
:=

∞∑
r=0

tr
∑

s,s′,s′′≥0

s+s′+s′′=r

πs′′(us, vs′)

In particular, the map π0 defines the associative multiplication on the vector space
U(g), and (U(g) [[t]], πt) is a graded associative deformation of (U(g), π0). All finite
increasing sequence I, J we have π0(yI , yJ) = Φ−1(y′

I • y′
J)|t=0: by ‘well ordonning’

the product y′
I • y′

J we obtain of linear combinaisons of y′
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K où the increasing finite

sequence K is length less than or equal to the sum of the length of I and J which the
coefficients do not contain only the structure constants of bracket µ0 of the Color Lie
algebra g since t = 0. Then π0 is equal the multiplication of the enveloping algebra
U(g) et (U(g)[[t]], πt) is a graded associative deformation of the enveloping algebra
U(g)

It follows that π1 is a graded 2-cocycle of Hochschild of U(g), and the restriction
of π1 sur X,Y ∈ g verifies

µ1(X,Y ) = π1(X,Y )− ε(X,Y )π1(Y,X) ∀X,Y ∈ g. (2.1)

since the Color Lie algebra (g[[t]], µt) is a Color Lie sub-algebra of U(g[[t]]) which
can be considered as a associative subalgebra of (U(g)[[t]], πt). We assume that this
deformation of U(g) is trivial, implies that there is a formalle graded isomorphism
φt =

∑∞
r=0 φrt

r, with φ0 = IdU(g) et φn ∈ Hom(U(g),U(g))e such that

φt(πt(u, v)) = πt(φt(u), φt(v)), ∀u, v ∈ U(g),

ce qui est équivalent à
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ce qui est équivalent à
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In particular, the map π0 defines the associative multiplication on the vector space
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sequence K is length less than or equal to the sum of the length of I and J which the
coefficients do not contain only the structure constants of bracket µ0 of the Color Lie
algebra g since t = 0. Then π0 is equal the multiplication of the enveloping algebra
U(g) et (U(g)[[t]], πt) is a graded associative deformation of the enveloping algebra
U(g)

It follows that π1 is a graded 2-cocycle of Hochschild of U(g), and the restriction
of π1 sur X,Y ∈ g verifies

µ1(X,Y ) = π1(X,Y )− ε(X,Y )π1(Y,X) ∀X,Y ∈ g. (2.1)

since the Color Lie algebra (g[[t]], µt) is a Color Lie sub-algebra of U(g[[t]]) which
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The theorem of Poincaré-Birkhoff-Witt (is valid in the situation of Color Lie algebra
which is a free module over a commutative ring, the yI forme a basis of U(g) over
K and y′

I forme a basi of U
(
g[[t]]

)
over K[[t]]. We see the map Φ : Ug ⊗K K[[t]] →

U
(
g[[t]]

)
defined by Φ(yI) := y′

I is graded isomorphic of K[[t]]-modules. Let πt :
Ug⊗KK[[t]] × Ug⊗KK[[t]] → U(g)⊗KK[[t]] the multiplication U(g)⊗KK[[t]] induces
by • et Φ, i.e., πt(a, b) := Φ−1

(
Φ(a) • Φ(b)

)
. The restriction of πt of elements of

U(g)×U(g) defined an application K-bilinear U(g)×U(g) → U(g)⊗K K[[t]] ⊂ U(g)[[t]]
that denote again by πt, i.e, πt(u, v) =

∑∞
n=0 t

nπn(u, v) all elements u, v ∈ U(g) où
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ce qui est équivalent à
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πn ∈ Homgr(U(g) ⊗ U(g),U(g)). L’associativity of πt on three elements u, v, w ∈
U(g) imply the equations

∑r
s=0

(
πs

(
πr−s(u, v), w

)
− πs

(
u, πr−s(v, w)

))
= 0 all r ∈

N. Then, πt defines a bilinear multiplication K[[t]]-associative on the K[[t]]-module
U(g) [[t]] (which is containing U(g) ⊗K K[[t]] as sub-module dense by the topology
t-adic) of usually manner

πt

(
∞∑
s

tsus,

∞∑
s′=0

ts
′
vs′

)
:=

∞∑
r=0

tr
∑

s,s′,s′′≥0

s+s′+s′′=r

πs′′(us, vs′)

In particular, the map π0 defines the associative multiplication on the vector space
U(g), and (U(g) [[t]], πt) is a graded associative deformation of (U(g), π0). All finite
increasing sequence I, J we have π0(yI , yJ) = Φ−1(y′

I • y′
J)|t=0: by ‘well ordonning’

the product y′
I • y′

J we obtain of linear combinaisons of y′
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The theorem of Poincaré-Birkhoff-Witt (is valid in the situation of Color Lie algebra
which is a free module over a commutative ring, the yI forme a basis of U(g) over
K and y′

I forme a basi of U
(
g[[t]]

)
over K[[t]]. We see the map Φ : Ug ⊗K K[[t]] →

U
(
g[[t]]

)
defined by Φ(yI) := y′

I is graded isomorphic of K[[t]]-modules. Let πt :
Ug⊗KK[[t]] × Ug⊗KK[[t]] → U(g)⊗KK[[t]] the multiplication U(g)⊗KK[[t]] induces
by • et Φ, i.e., πt(a, b) := Φ−1

(
Φ(a) • Φ(b)

)
. The restriction of πt of elements of

U(g)×U(g) defined an application K-bilinear U(g)×U(g) → U(g)⊗K K[[t]] ⊂ U(g)[[t]]
that denote again by πt, i.e, πt(u, v) =

∑∞
n=0 t

nπn(u, v) all elements u, v ∈ U(g) où
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For r = 1, this relation gives

where δH is the differential operator of Hochschild associated with the multiplication π0 of the enveloping algebra.

Then the formulas gives

= Xφ1(Y )− φ(XY ) + φ(X)Y − ε(X,Y )(−Y φ1(X) + φ(Y X)− φ(Y )X)

= (δCEφ1)(X,Y ) ∀X,Y ∈ g (2.4)

where δCE is the graded differential operator of Chevalley-Eilenberg

Then µ1 est is coboundary of Graded Chevalley-Eilenberg and its class is null in

H2(g, g)e, gives a contradiction. �

Corollary 1 Let g be a Color Lie Algebra and U(g) its the universal Enveloping
Algebra. If the associative algebra U(g) is graded rigid, then the Color Lie
algebra g is graded rigid.

2.2 Deformation by central extension

Let g be a Color Lie Algebra and ω a two graded cocycle with value in K such
that its class in non null in H2(g,K)e. The central extension of g by c is defined
by gω = g⊕K and [X + αc, Y + βc] = [X,Y ] + ω(X,Y )c

Theorem 3 Let g be a Color Lie Algebra and Ug its the universal Enveloping
Algebra. If the second graded cohomology with in K, H(g,K)e is different from
zero, then the Enveloping algebra Uωg admits a non trivial graded deformation.

Proof: Let ω ∈ Z2
CE(g,K)e be a graded 2-cocycle of non null class and gtω[[t]] the one

dimension central extension of the Color lie algebra g[[t]] = g⊗K K[[t]] over K = K[[t]]
associated with tω . In the enveloping algebra U(gtω[[t]]) of gtω[[t]] we denote the
multiplication by • and we consider the bilateral ideal I := (1 − c′) • U(gtω[[t]]) =
U(gtω[[t]]) • (1− c′) (where c′ is the image of c in U

(
gtω[[t]]

)
) and the quotient algebra

Utωg := U(gtω[[t]])/I. Let e1, . . . , en a homogenous basis of g over K. Then c, e1, . . . , en
is a homogenous basis of gtω[[t]] sur K[[t]]. Let y1, . . . , yn the images of basis vecteurs in
Ug et c′, y′

1, . . . , y
′
n the images of basis vecteurs in U

(
gtω[[t]]

)
. For all finite increasing

sequence I = (i1, . . . , ik) of indices in {1, . . . , n} set yI := yi1 · · · yik in Ug and y′
I :=

y′i1 •· · ·•y
′
ik

in U
(
g[[t]]

)
. The theorem of Poincaré-Birkhoff-Witt the yI form a basis of

Ug over K, and the c
′•i0•y′

I (où i0 ∈ N et c
′•i0 := 1) form a basis of Ugtω[[t]]

)
over K[[t]].

In the quotient algebra Utωg, we see that c
′•i0 can be identified to 1. By denoting the

multiplication in Utωg by · and the images of y′
1, . . . , y

′
n by the canonical projection by

y′′
1 , . . . , y

′′
n, wee for all y

′
I is sending to y′′

I := y′′
i1 ·. . .·y

′′
in . It follows that all the elements

y′′
I forme a basis of the quotient algebra Utωg. As in the demonstration of the pervious
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. The theorem of Poincaré-Birkhoff-Witt the yI form a basis of

Ug over K, and the c
′•i0•y′
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Φ définies a suite of maps πt =

∑∞
r=0 πrt
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I (où i0 ∈ N et c
′•i0 := 1) form a basis of Ugtω[[t]]

)
over K[[t]].

In the quotient algebra Utωg, we see that c
′•i0 can be identified to 1. By denoting the

multiplication in Utωg by · and the images of y′
1, . . . , y

′
n by the canonical projection by

y′′
1 , . . . , y

′′
n, wee for all y

′
I is sending to y′′

I := y′′
i1 ·. . .·y

′′
in . It follows that all the elements

y′′
I forme a basis of the quotient algebra Utωg. As in the demonstration of the pervious

theorem , the map Φ : Ug⊗K K[[t]] → Utωg given by yI → y′′I defines an isomorphism
of free K[[t]]-modules. In the similarly manner as the precedent demonstration we
show the multiplication induced over Ug⊗K K[[t]] by the multiplication · of Utωg and
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Φ définies a suite of maps πt =

∑∞
r=0 πrt
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r, où πr ∈ Hom(Ug ⊗ Ug,Uge with the
following property: (1.) πt defines a graded associative deformation (Ug, π0), i.e, a
K[[t]]-bilinear multiplication over the graded K[[t]]-module Ug [[t]] (wich containing the
K[[t]]-module Ug ⊗K K[[t]] as sub-espace dense for the topology t-adic), et (2.) π0 is
usually multiplication of the enveloping algebra Ug of g. It follows that π1 is graded
2-cocycle of Hochschild of Ug, and over all X,Y ∈ g ⊂ Ug we have the relation:
ω(X,Y )1 = π1(X,Y ) − ε(X,Y )π1(Y,X) since the Color Lie gtω[[t]] injecte in the
quotient algebra Utωg, and so in Ug⊗K K[[t]] ⊂ Ug [[t]].

We suppose that Ug is rigid, then in particular, the deformation πt is trivial. Then
there exists a graded 1-cocycle of Hochschild φ1 ∈ C1

H(Ug,Ug) such that π1 = δH(φ1).
It follows that ∀X,Y ∈ g:

ω(X,Y )1 = π1(X,Y )− ε(X,Y )π1(Y,X)

6

[[t]]. Let y1, . . . , yn the images of basis vecteurs in 

= Xφ1(Y )− φ(XY ) + φ(X)Y − ε(X,Y )(−Y φ1(X) + φ(Y X)− φ(Y )X)

= (δCEφ1)(X,Y ) ∀X,Y ∈ g (2.4)

where δCE is the graded differential operator of Chevalley-Eilenberg

Then µ1 est is coboundary of Graded Chevalley-Eilenberg and its class is null in

H2(g, g)e, gives a contradiction. �

Corollary 1 Let g be a Color Lie Algebra and U(g) its the universal Enveloping
Algebra. If the associative algebra U(g) is graded rigid, then the Color Lie
algebra g is graded rigid.

2.2 Deformation by central extension

Let g be a Color Lie Algebra and ω a two graded cocycle with value in K such
that its class in non null in H2(g,K)e. The central extension of g by c is defined
by gω = g⊕K and [X + αc, Y + βc] = [X,Y ] + ω(X,Y )c

Theorem 3 Let g be a Color Lie Algebra and Ug its the universal Enveloping
Algebra. If the second graded cohomology with in K, H(g,K)e is different from
zero, then the Enveloping algebra Uωg admits a non trivial graded deformation.

Proof: Let ω ∈ Z2
CE(g,K)e be a graded 2-cocycle of non null class and gtω[[t]] the one

dimension central extension of the Color lie algebra g[[t]] = g⊗K K[[t]] over K = K[[t]]
associated with tω . In the enveloping algebra U(gtω[[t]]) of gtω[[t]] we denote the
multiplication by • and we consider the bilateral ideal I := (1 − c′) • U(gtω[[t]]) =
U(gtω[[t]]) • (1− c′) (where c′ is the image of c in U

(
gtω[[t]]

)
) and the quotient algebra

Utωg := U(gtω[[t]])/I. Let e1, . . . , en a homogenous basis of g over K. Then c, e1, . . . , en
is a homogenous basis of gtω[[t]] sur K[[t]]. Let y1, . . . , yn the images of basis vecteurs in
Ug et c′, y′

1, . . . , y
′
n the images of basis vecteurs in U

(
gtω[[t]]

)
. For all finite increasing

sequence I = (i1, . . . , ik) of indices in {1, . . . , n} set yI := yi1 · · · yik in Ug and y′
I :=

y′i1 •· · ·•y
′
ik

in U
(
g[[t]]

)
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I (où i0 ∈ N et c
′•i0 := 1) form a basis of Ugtω[[t]]

)
over K[[t]].

In the quotient algebra Utωg, we see that c
′•i0 can be identified to 1. By denoting the

multiplication in Utωg by · and the images of y′
1, . . . , y

′
n by the canonical projection by

y′′
1 , . . . , y

′′
n, wee for all y

′
I is sending to y′′

I := y′′
i1 ·. . .·y

′′
in . It follows that all the elements

y′′
I forme a basis of the quotient algebra Utωg. As in the demonstration of the pervious

theorem , the map Φ : Ug⊗K K[[t]] → Utωg given by yI → y′′I defines an isomorphism
of free K[[t]]-modules. In the similarly manner as the precedent demonstration we
show the multiplication induced over Ug⊗K K[[t]] by the multiplication · of Utωg and
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Φ définies a suite of maps πt =

∑∞
r=0 πrt
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that its class in non null in H2(g,K)e. The central extension of g by c is defined
by gω = g⊕K and [X + αc, Y + βc] = [X,Y ] + ω(X,Y )c

Theorem 3 Let g be a Color Lie Algebra and Ug its the universal Enveloping
Algebra. If the second graded cohomology with in K, H(g,K)e is different from
zero, then the Enveloping algebra Uωg admits a non trivial graded deformation.

Proof: Let ω ∈ Z2
CE(g,K)e be a graded 2-cocycle of non null class and gtω[[t]] the one

dimension central extension of the Color lie algebra g[[t]] = g⊗K K[[t]] over K = K[[t]]
associated with tω . In the enveloping algebra U(gtω[[t]]) of gtω[[t]] we denote the
multiplication by • and we consider the bilateral ideal I := (1 − c′) • U(gtω[[t]]) =
U(gtω[[t]]) • (1− c′) (where c′ is the image of c in U

(
gtω[[t]]

)
) and the quotient algebra

Utωg := U(gtω[[t]])/I. Let e1, . . . , en a homogenous basis of g over K. Then c, e1, . . . , en
is a homogenous basis of gtω[[t]] sur K[[t]]. Let y1, . . . , yn the images of basis vecteurs in
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sequence I = (i1, . . . , ik) of indices in {1, . . . , n} set yI := yi1 · · · yik in Ug and y′
I :=
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(
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)
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Ug over K, and the c
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I (où i0 ∈ N et c
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In the quotient algebra Utωg, we see that c
′•i0 can be identified to 1. By denoting the

multiplication in Utωg by · and the images of y′
1, . . . , y
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n by the canonical projection by
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1 , . . . , y
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n, wee for all y
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I is sending to y′′
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i1 ·. . .·y
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show the multiplication induced over Ug⊗K K[[t]] by the multiplication · of Utωg and
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r, où πr ∈ Hom(Ug ⊗ Ug,Uge with the
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H(Ug,Ug) such that π1 = δH(φ1).
It follows that ∀X,Y ∈ g:
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Φ définies a suite of maps πt =

∑∞
r=0 πrt
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r, où πr ∈ Hom(Ug ⊗ Ug,Uge with the
following property: (1.) πt defines a graded associative deformation (Ug, π0), i.e, a
K[[t]]-bilinear multiplication over the graded K[[t]]-module Ug [[t]] (wich containing the
K[[t]]-module Ug ⊗K K[[t]] as sub-espace dense for the topology t-adic), et (2.) π0 is
usually multiplication of the enveloping algebra Ug of g. It follows that π1 is graded
2-cocycle of Hochschild of Ug, and over all X,Y ∈ g ⊂ Ug we have the relation:
ω(X,Y )1 = π1(X,Y ) − ε(X,Y )π1(Y,X) since the Color Lie gtω[[t]] injecte in the
quotient algebra Utωg, and so in Ug⊗K K[[t]] ⊂ Ug [[t]].

We suppose that Ug is rigid, then in particular, the deformation πt is trivial. Then
there exists a graded 1-cocycle of Hochschild φ1 ∈ C1

H(Ug,Ug) such that π1 = δH(φ1).
It follows that ∀X,Y ∈ g:

ω(X,Y )1 = π1(X,Y )− ε(X,Y )π1(Y,X)

6

[[t]]-module 

= Xφ1(Y )− φ(XY ) + φ(X)Y − ε(X,Y )(−Y φ1(X) + φ(Y X)− φ(Y )X)

= (δCEφ1)(X,Y ) ∀X,Y ∈ g (2.4)

where δCE is the graded differential operator of Chevalley-Eilenberg

Then µ1 est is coboundary of Graded Chevalley-Eilenberg and its class is null in

H2(g, g)e, gives a contradiction. �

Corollary 1 Let g be a Color Lie Algebra and U(g) its the universal Enveloping
Algebra. If the associative algebra U(g) is graded rigid, then the Color Lie
algebra g is graded rigid.

2.2 Deformation by central extension

Let g be a Color Lie Algebra and ω a two graded cocycle with value in K such
that its class in non null in H2(g,K)e. The central extension of g by c is defined
by gω = g⊕K and [X + αc, Y + βc] = [X,Y ] + ω(X,Y )c

Theorem 3 Let g be a Color Lie Algebra and Ug its the universal Enveloping
Algebra. If the second graded cohomology with in K, H(g,K)e is different from
zero, then the Enveloping algebra Uωg admits a non trivial graded deformation.

Proof: Let ω ∈ Z2
CE(g,K)e be a graded 2-cocycle of non null class and gtω[[t]] the one

dimension central extension of the Color lie algebra g[[t]] = g⊗K K[[t]] over K = K[[t]]
associated with tω . In the enveloping algebra U(gtω[[t]]) of gtω[[t]] we denote the
multiplication by • and we consider the bilateral ideal I := (1 − c′) • U(gtω[[t]]) =
U(gtω[[t]]) • (1− c′) (where c′ is the image of c in U

(
gtω[[t]]

)
) and the quotient algebra

Utωg := U(gtω[[t]])/I. Let e1, . . . , en a homogenous basis of g over K. Then c, e1, . . . , en
is a homogenous basis of gtω[[t]] sur K[[t]]. Let y1, . . . , yn the images of basis vecteurs in
Ug et c′, y′

1, . . . , y
′
n the images of basis vecteurs in U

(
gtω[[t]]

)
. For all finite increasing

sequence I = (i1, . . . , ik) of indices in {1, . . . , n} set yI := yi1 · · · yik in Ug and y′
I :=

y′i1 •· · ·•y
′
ik

in U
(
g[[t]]

)
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I (où i0 ∈ N et c
′•i0 := 1) form a basis of Ugtω[[t]]

)
over K[[t]].

In the quotient algebra Utωg, we see that c
′•i0 can be identified to 1. By denoting the

multiplication in Utωg by · and the images of y′
1, . . . , y

′
n by the canonical projection by

y′′
1 , . . . , y

′′
n, wee for all y

′
I is sending to y′′

I := y′′
i1 ·. . .·y

′′
in . It follows that all the elements

y′′
I forme a basis of the quotient algebra Utωg. As in the demonstration of the pervious

theorem , the map Φ : Ug⊗K K[[t]] → Utωg given by yI → y′′I defines an isomorphism
of free K[[t]]-modules. In the similarly manner as the precedent demonstration we
show the multiplication induced over Ug⊗K K[[t]] by the multiplication · of Utωg and
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Φ définies a suite of maps πt =

∑∞
r=0 πrt
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I (où i0 ∈ N et c
′•i0 := 1) form a basis of Ugtω[[t]]

)
over K[[t]].

In the quotient algebra Utωg, we see that c
′•i0 can be identified to 1. By denoting the

multiplication in Utωg by · and the images of y′
1, . . . , y

′
n by the canonical projection by

y′′
1 , . . . , y

′′
n, wee for all y

′
I is sending to y′′

I := y′′
i1 ·. . .·y

′′
in . It follows that all the elements

y′′
I forme a basis of the quotient algebra Utωg. As in the demonstration of the pervious

theorem , the map Φ : Ug⊗K K[[t]] → Utωg given by yI → y′′I defines an isomorphism
of free K[[t]]-modules. In the similarly manner as the precedent demonstration we
show the multiplication induced over Ug⊗K K[[t]] by the multiplication · of Utωg and
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(
gtω[[t]]

)
) and the quotient algebra

Utωg := U(gtω[[t]])/I. Let e1, . . . , en a homogenous basis of g over K. Then c, e1, . . . , en
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I (où i0 ∈ N et c
′•i0 := 1) form a basis of Ugtω[[t]]

)
over K[[t]].
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:

= δH(φ1)(X,Y )− ε(X,Y )δH(φ1)(Y,X) = δCE(φ1)(X,Y ).

Then ω is a graded cobord of Chevalley-Eilenberg and its class is null in H2
CE(g,K)e,

gives a contradiction. �

2.3 Deformation by Poincaré-Birkhoff-Witt Theorem

Definition 2 Let χ be bi-character of G. Let A = ⊕Ag a graded χ commutative
associative algebra. A Color Poisson bracket is a Color Lie bracket satisfying
the Leibniz property {aα, aβaγ} = {aα, aβ}aγ + χ(α, β)aβ{aα, aγ}. The algebra
is called Color Poisson algebra.

The universal enveloping algebra U(g) of the Color Lie algebra g equipped
by the canonical filtration (Un(g))n satisfying U(g)n.U(g)m ⊂ U(g)n+m. The
graded associative algebra gr(U(g)) = ⊕grn(U(g)) for this filtation, is defined
by grn(U(g)) = (U(g))n/(U(g))n−1 with (U(g))−1 = 0. Let πn : U(g))n →
grn(U(g)) the canonical projection. The multiplication of the algebra gr(U(g))
is defined by

πn(u)πm(v) := πn+m(u.v)

with u ∈ U(g)n and v ∈ U(g)m

Theorem 4 Let (g, [, ]) be a Color Lie algebra, U(g) its universal enveloping
algebra. The associated graded algebra gr(U(g)) is endowed of a Color Poisson
bracket defined by

{û, v̂} := πn+m−1(uv − χ(u, v)vu)

with u ∈ U(g)n and v ∈ U(g)m and û = πn(u), v̂ = πm(v)

Proof: The bracket {û, v̂} is independent of the choose of u and v. If X̂, Ŷ ∈
gr1(U(g)), then the bracket satisfies the properties of Poisson Color. This bracket
extends on gr(U(g)) by belinearity. The only property we need to verify is the Leibniz
property . Let X̂, Ŷ , Ẑ ∈ gr1(U(g)) and X,Y, Z ∈ U(g)1 we have

{X̂, Ŷ Ẑ} = π1+2−1(X(Y Z)− ω(X,Y Z)(Y Z)X)

= π2((XY − ω(X,Y )Y X)Z + ω(X,Y )Y (XZ − ω(X,Z)ZX))

= ((π1(X)π1(Y )−ω(X,Y )π1(Y )π(X)π1(Z)+ω(X,Y )π1(Y )(π1(X)π(Z)−ω(X,Z)π1(Z)π1(X))

= {X̂, Ŷ }Ẑ + ω(X̂, Ŷ ){X̂, Ẑ}

Since U(g)1 = K⊕ g, we have ω(X̂, Ŷ ) = ω(X,Y ).

By Poincaré-Birkhoff-Witt Theorem, this bracket regives the Color Lie algebra of g.

�

Definition 3 Let (A,m0, {, }) be a Color Poisson bracket. A graded star prod-
uct of A is graded associative algebra deformation (A[[t]],mt) of A such that

m1(aα, aβ)− χ(α, β)m1(aβ , aα) = {aα, aβ}

for aα ∈ Aα, aβ ∈ Aβ
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Since U(g)1 = K⊕ g, we have ω(X̂, Ŷ ) = ω(X,Y ).
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is defined by

πn(u)πm(v) := πn+m(u.v)
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Since U(g)1 = K⊕ g, we have ω(X̂, Ŷ ) = ω(X,Y ).
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gr1(U(g)), then the bracket satisfies the properties of Poisson Color. This bracket
extends on gr(U(g)) by belinearity. The only property we need to verify is the Leibniz
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algebra. The associated graded algebra gr(U(g)) is endowed of a Color Poisson
bracket defined by
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{û, v̂} := πn+m−1(uv − χ(u, v)vu)

with u ∈ U(g)n and v ∈ U(g)m and û = πn(u), v̂ = πm(v)
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Proof: The bracket {û, v̂} is independent of the choose of u and v. If X̂, Ŷ ∈
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= {X̂, Ŷ }Ẑ + ω(X̂, Ŷ ){X̂, Ẑ}
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Definition 2 Let χ be bi-character of G. Let A = ⊕Ag a graded χ commutative
associative algebra. A Color Poisson bracket is a Color Lie bracket satisfying
the Leibniz property {aα, aβaγ} = {aα, aβ}aγ + χ(α, β)aβ{aα, aγ}. The algebra
is called Color Poisson algebra.

The universal enveloping algebra U(g) of the Color Lie algebra g equipped
by the canonical filtration (Un(g))n satisfying U(g)n.U(g)m ⊂ U(g)n+m. The
graded associative algebra gr(U(g)) = ⊕grn(U(g)) for this filtation, is defined
by grn(U(g)) = (U(g))n/(U(g))n−1 with (U(g))−1 = 0. Let πn : U(g))n →
grn(U(g)) the canonical projection. The multiplication of the algebra gr(U(g))
is defined by

πn(u)πm(v) := πn+m(u.v)

with u ∈ U(g)n and v ∈ U(g)m

Theorem 4 Let (g, [, ]) be a Color Lie algebra, U(g) its universal enveloping
algebra. The associated graded algebra gr(U(g)) is endowed of a Color Poisson
bracket defined by
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property . Let X̂, Ŷ , Ẑ ∈ gr1(U(g)) and X,Y, Z ∈ U(g)1 we have
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Theorem 4 Let (

= Xφ1(Y )− φ(XY ) + φ(X)Y − ε(X,Y )(−Y φ1(X) + φ(Y X)− φ(Y )X)

= (δCEφ1)(X,Y ) ∀X,Y ∈ g (2.4)

where δCE is the graded differential operator of Chevalley-Eilenberg

Then µ1 est is coboundary of Graded Chevalley-Eilenberg and its class is null in

H2(g, g)e, gives a contradiction. �

Corollary 1 Let g be a Color Lie Algebra and U(g) its the universal Enveloping
Algebra. If the associative algebra U(g) is graded rigid, then the Color Lie
algebra g is graded rigid.

2.2 Deformation by central extension

Let g be a Color Lie Algebra and ω a two graded cocycle with value in K such
that its class in non null in H2(g,K)e. The central extension of g by c is defined
by gω = g⊕K and [X + αc, Y + βc] = [X,Y ] + ω(X,Y )c

Theorem 3 Let g be a Color Lie Algebra and Ug its the universal Enveloping
Algebra. If the second graded cohomology with in K, H(g,K)e is different from
zero, then the Enveloping algebra Uωg admits a non trivial graded deformation.

Proof: Let ω ∈ Z2
CE(g,K)e be a graded 2-cocycle of non null class and gtω[[t]] the one

dimension central extension of the Color lie algebra g[[t]] = g⊗K K[[t]] over K = K[[t]]
associated with tω . In the enveloping algebra U(gtω[[t]]) of gtω[[t]] we denote the
multiplication by • and we consider the bilateral ideal I := (1 − c′) • U(gtω[[t]]) =
U(gtω[[t]]) • (1− c′) (where c′ is the image of c in U

(
gtω[[t]]

)
) and the quotient algebra

Utωg := U(gtω[[t]])/I. Let e1, . . . , en a homogenous basis of g over K. Then c, e1, . . . , en
is a homogenous basis of gtω[[t]] sur K[[t]]. Let y1, . . . , yn the images of basis vecteurs in
Ug et c′, y′

1, . . . , y
′
n the images of basis vecteurs in U

(
gtω[[t]]

)
. For all finite increasing

sequence I = (i1, . . . , ik) of indices in {1, . . . , n} set yI := yi1 · · · yik in Ug and y′
I :=

y′i1 •· · ·•y
′
ik

in U
(
g[[t]]

)
. The theorem of Poincaré-Birkhoff-Witt the yI form a basis of

Ug over K, and the c
′•i0•y′

I (où i0 ∈ N et c
′•i0 := 1) form a basis of Ugtω[[t]]

)
over K[[t]].

In the quotient algebra Utωg, we see that c
′•i0 can be identified to 1. By denoting the

multiplication in Utωg by · and the images of y′
1, . . . , y

′
n by the canonical projection by

y′′
1 , . . . , y

′′
n, wee for all y

′
I is sending to y′′

I := y′′
i1 ·. . .·y

′′
in . It follows that all the elements

y′′
I forme a basis of the quotient algebra Utωg. As in the demonstration of the pervious

theorem , the map Φ : Ug⊗K K[[t]] → Utωg given by yI → y′′I defines an isomorphism
of free K[[t]]-modules. In the similarly manner as the precedent demonstration we
show the multiplication induced over Ug⊗K K[[t]] by the multiplication · of Utωg and
Φ définies a suite of maps πt =

∑∞
r=0 πrt

r, où πr ∈ Hom(Ug ⊗ Ug,Uge with the
following property: (1.) πt defines a graded associative deformation (Ug, π0), i.e, a
K[[t]]-bilinear multiplication over the graded K[[t]]-module Ug [[t]] (wich containing the
K[[t]]-module Ug ⊗K K[[t]] as sub-espace dense for the topology t-adic), et (2.) π0 is
usually multiplication of the enveloping algebra Ug of g. It follows that π1 is graded
2-cocycle of Hochschild of Ug, and over all X,Y ∈ g ⊂ Ug we have the relation:
ω(X,Y )1 = π1(X,Y ) − ε(X,Y )π1(Y,X) since the Color Lie gtω[[t]] injecte in the
quotient algebra Utωg, and so in Ug⊗K K[[t]] ⊂ Ug [[t]].

We suppose that Ug is rigid, then in particular, the deformation πt is trivial. Then
there exists a graded 1-cocycle of Hochschild φ1 ∈ C1

H(Ug,Ug) such that π1 = δH(φ1).
It follows that ∀X,Y ∈ g:

ω(X,Y )1 = π1(X,Y )− ε(X,Y )π1(Y,X)
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By Poincaré-Birkhoff-Witt Theorem, this bracket regives the Color Lie algebra of g.

�

Definition 3 Let (A,m0, {, }) be a Color Poisson bracket. A graded star prod-
uct of A is graded associative algebra deformation (A[[t]],mt) of A such that

m1(aα, aβ)− χ(α, β)m1(aβ , aα) = {aα, aβ}

for aα ∈ Aα, aβ ∈ Aβ

7

 is independent of the choose of u and v. If 

= δH(φ1)(X,Y )− ε(X,Y )δH(φ1)(Y,X) = δCE(φ1)(X,Y ).

Then ω is a graded cobord of Chevalley-Eilenberg and its class is null in H2
CE(g,K)e,

gives a contradiction. �

2.3 Deformation by Poincaré-Birkhoff-Witt Theorem
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Definition 3 Let (A, m0, {, }) be a Color Poisson bracket. A graded star product of A is graded associative algebra deformation 
(A[[t]],mt) of A such that
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