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Abstract

Quaternion solution of the problem on optimal control of a spatial turn of a spacecraft (as rigid body) from an arbitrary initial
into an assigned final angular position taking into account the degree of loading of the construction is considered. The solved
problem differs in use of new criteria of optimality. Optimization of control process is based on the combined functional of
quality that combines in a given proportion time spent on spacecraft rotation and the integral of quadratic form relative to
angular velocity (this quadratic form reflects dynamical loads on spacecraft construction). The proposed control method for
spacecraft rotation improves conditions of turn in sense of minimum loading of spacecraft construction. Analytical solution of
optimal control problem is obtained on the base of maximum principle with use of quaternionic models of the solid body motion
controlled. The properties of optimal motion of a spacecraft are revealed in an explicit form, the structure of optimal control
is specified. It was shown that degree of spacecraft construction loading during reorientation maneuver does not exceed the
required value which is determined by coefficients of the minimized functional; and time of rotation is minimum also (as it is
possible under given value of dynamical loading). To construct optimal control program, formalized equations and calculation
formulas are written. Analytical equations and relations are presented for finding optimal control. Key relationships determining
optimal values of the parameters of control algorithm for spacecraft turning are described. Numerical example and results of
mathematical modeling that confirm the practical feasibility of the developed method for control of spacecraft reorientation are
given. Important implication of the investigated problem of spacecraft optimal control is caused that often, allowable loading
of spacecraft board and its elements of construction becomes significant restriction (constraints) for spacecraft motion with
respect to center of mass (particularly for scientific spacecrafts and small spacecrafts which have sensitivity to loads). Solution
to the problem of spatial reorientation in closed form is obtained for case of symmetric loading of spacecraft construction.

Keywords: Optimal Control, The Phase Variables, Quaternions, Attitude Control, The Tensor of Inertia, Control Function, The
Maximum Principle, Conditions of Optimality, The Boundary-Value Problem

1. Introduction

The reorientation problem of a spacecraft (SC) from arbitrary initial angular position into the prescribed angular state was
solved. Main difference of the proposed solution is new criteria of quality taking into accountloading of spacecraft construction
due to presence of rotation. Many papers have been devoted to the study of controlled rotations of a solid body around the
center of mass and optimal control problems in various formulations; a wide range of solution methods was used [1-20].
A synthesis of optimal control based on analytical design of optimal regulators was described, or the spacecraft rotations
constructed by concept of inverse problems of dynamics to obtain smooth controls providing the desired properties of the
programmed trajectory to a class of polynomial of a given degree [1, 2]. Control of the spacecrafts equipped with inertial
actuators has differential features [3-5]. The issues of optimal control are of special attention [1,5 20]. The reorientation
problem for solids with varia mass-inertia configuration was considered. Many solutions apply the Pontryagin's maximum
principle [6 20], but classical criterions of optimality of control (fast performance [5-9], minimum fuel consumption [6],
minimum energy costs [10], etc.) have been used earlier. Kinematic problems of a turn have been studied in more detail
[11-14], and the issues of control of spacecraft angular momentum are well known [12,14,20]. Particular solutions of the
problems in dynamical formulation (as its analytical solutions) for optimal turns of spherically symmetric bodies [6,18] and

Volume - 3 Issue - 5

Citation: Levskil., M. V. (2026). Optimal Control Problem of Spacecraft Spatial Reorientation Taking into Account Loading Page 1 of 4
of Construction Using Quaternions and The Combined Criterion of Quality. Eng Appl Sci J, 3(5), 01-09. 2



https://orcid.org/0000-0003-0272-7353

Engineering and Applied Sciences Journal Copyright © Mikhail Valer’evich Levskii

dynamically symmetric bodies are known also [7,14-17].

Below we solve the problem of optimal turn of solid body (SC) using new quality indicator taking account kinetical factor
that is interpreted as degree of dynamical loads during spacecraft rotation. The combination of reorientation time and
integral of kinetic factor leads to a limitation of spacecraft construction loadings (board and other elements) during rotation
under maximal-fast maneuver. The considered problem differs from other problems of optimal control in the type of quality
functional, which includes not only the control, but also duration of maneuver. Time factor limits a turnaround time.

2. Formulation of the Optimal Rotation Problem
The angular motion about the center of mass is described using the following equation [6]:

2A=Acw (1)
where w is the vector of absolute angular velocity of a spacecraft; A is the normalized quaternion that specifies the motion
of the spacecraft-associated coordinate system relative to the inertial coordinate system (|| A|| = 1), « » is the sign of

multiplication of quaternions [6,11-20].

The boundary conditions for spatial rotation controlled are:

A(0)=Ain 2)
A=A (3)
where T is the time of maneuver completion.
The quaternions A, and A, satisfy the condition ||A, || = ||A|| = 1. Note that the quaternions A and -A correspond identical

angular position, therefore we consider only the problems when A #xA, . We assumed that optimum is the control which
minimizes the following value

T
G =koT + [ (k0] + b, 3 + kyod )t (4)
0

where w, are the projections of the absolute angular velocity vector w onto the principal central axes of the spacecraft’s
ellipsoid of inertia (these axes form the associated); k, > 0 and k, > 0 are constant positive coefficients (i=1, 3). Time of turn
T is not fixed.

The optimal control problem is formulated in the following statement: it is required to transfer the spacecraft from attitude
(2) to orientation (3) according to an equation (1) (with the boundary conditions for initial and final points of motion
trajectory (2), (3)) so that (4) is minimal. Accepted criterion of quality (4) distinguishes the proposed optimization problem
from the previously solved problems by the form of the minimized functional. Note that dynamicloadings can be estimated be
the value d = k,0] +k,®] +k,03. The minimization of the index (4) limits the dynamic loadings during a turn (the coefficient
k,# 0). Value of the coefficient k, determines maximal level of loading of construction elements caused by spacecraft rotation
during turn maneuver (they arise due to a presence of non-zero angular velocity). Since duration T'is not fixed, the requested
reorientation maneuver can be performed under any conditions of the turn A, and Af and any values of k,, k,, k, and k.
Since the optimization is based on a combination of the quadratic quality criterion and the time of reorientation T (in a
given proportion, with its own its own coefficients of proportionality), there is optimal time T__, relative to which the value
(4) increases both with an increase and with a decrease in the time T. The problem of the optimal turn of a spacecraft with
limited loads on board construction within minimum time period is very relevant.

3. Solving the Optimal Turn Problem

Let us find a solution to the formulation problem (1)-(4) on the base of the maximum principle of
Pontryagin [21]. Since the minimized functional does not depend (explicitly) on the torque, the sought
functions are angular velocities w, and the desired control moment M is calculated with use of optimal
angular velocity vector w on the basis of the known [6]

Io+ox(In)=M (%)
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where M is control torque; I is the tensor of inertia of the spacecraft (the symbol X means the vector product of vectors).

The criterion of quality (4) not include elements of the attitude quaternion A, therefore, in place of the conjugate functions

¥, corresponding to the components A, of quaternion A, we will use the following variables 7; i=1,3) [18]:

i= (oW 29 =MW =MWs) 2, 1y = (oW + AW =AW =Agw,)/ 2 15 = gy + Aoy, = Ay —hy,) /2
The optimal functions r, and the vector r formed by r, satisfy the equations
F=—OXT, 7, =07, —O,F;, Iy =07 —07;, F, =01 —0,F, (6)
The Hamilton-Pontryagin function is

_ 2 2 2
H=0,1 + 0,7, +O;1;— ko —k,0; —k,05 —k,0;

When we write the Hamilton-Pontryagin function, the constraint ||A|| = 1 was not taken into account due to the equality
[|A(0)||=1, which was mentioned earlier. The vector ris stationary relative to the inertial basis, and |r|=const#0 (the constancy
of the modulus |r| follows from properties of the equations (6)). The specific solution r(t) of system (6) is determined by the
initial A_ and final Afpositions of the spacecraft. The optimal function r(t) is calculated using the quaternion A(t) [6, 18]:

r=Aocg oA, where ¢, =const=A;, or(0) oA,

where r(0) # 0 (otherwise r, = r, = r, = 0 and there is no point in solving the problem further). Here A is a quaternion
conjugate to the quaternion A [6,10-22].

The problem on finding optimal control consists of solving the system of equations (1), (5), (6) with constraint H(T)=0 with
simultaneous maximization of the function H at each current moment of time ¢ and fulfillment of the boundary conditions
(2), (3). We introduce r, = |r (t)|= const # 0 and the normalized vector p=r / |r|, p, =1, / r, . For the vector p and its
components p,, the equations

by =0;p, =@, ps, pz =0 p; —0;p, p3 =0,p —O Py, p: —OXp (7)

are satisfied. The Hamiltonian H is a quadratic function of the angular velocities w,, and its maximum is determined by the
necessary conditions for the extremum 0H/0w; = 0, from which we find the optimal angular velocities

o; =ropi/(2k;) (8)
or

w; = b(l)p, /k, (9)
The solution o(t) of the system of differential equations
o, = 0,0,k — k) K, , @, = 0,0y(ks— k) k, , 6, =0,0,(k —k)/ K (10)

is optimum. The functions o (t), satisfying the system (10) and (1) with simultaneous fulfillment of the conditions (2), (3) are
the desired angular velocities. Accordingly, optimal trajectory A(t) is the solution of equations system (1), (2), (3), (10). The
value d = k,o} +k,»} +k,0; can characterize a degree of spacecraft loading (by a choice of k,, k, , k,), it is of importance and
it requires attention. The acceleration at a certain point of a spacecraft is calculated using an expression

a=a,+t{xR+ox[oxR]

where R is the radius-vector of the controlled point of a spacecraft relative to center of mass; a, is an acceleration of mass
center with respect to inertial coordinate system; £ = is angular acceleration of a spacecraft.

The point R is not move relative to spacecraft coordinate system OXYZ (R = const), linear acceleration is absent (with respect
to OXYZ), and the Coriolis acceleration is a zero vector. For orbital a, = 0, and ( is small (or momentary). Last term (last
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vector product) reflects the spacecrafts loads that is very interesting. As a rule, the degree of loading of the spacecraft body is
determined using several key characteristic points (as minimum, along spacecraft axe 0X, 0Y, 0Z). We suppose thatn,, n,, n,
are coordinates of critical points R, R,, R;a,a,a,are the weight coefficients in the direction of spacecraft axes 0X, 0Y, 0Z,
respectively (a, >0, a,> 0, a, > 0). The loading of a spacecraft construction due to rotation around center of mass is estimated
by the following value

u=allm|(®§+®§)+az|T]2|(0)12+60§)+a3|113|(0312+60§)

(itis summary loads as general estimation). The coefficients k, connect with coordinatesn, and Be-camu a, by the dependences:

k1=a2|n2‘+a3|n3 s k2:611|111|+a3|1’|3 , k3:al|n1‘+az|1‘|2|

Thus, the loads caused by the existence of an acceleration, arising during spacecraft rotation, are estimated by the value d (if
R, ={n,,0,0},R,={0,n,,0},R,={0,0,n,}).

The motions corresponding to the equations (7), (9) satisfy the equality

pf/k1+p22/k2+p32/k3=c0nst (11)

For proof of (11), we differentiate the left-hand side of (11) and verify that the resulting derivative is zero after substituting

P: into the system (7), and then o, according to relations (9). Consequently, the dynamical loading d is constant during
optimal rotation of a spacecraft (since |r|=const).

The problem on constructing the optimal program of spacecraft turn was reduced to solving the system of equations of
motion (1) and the equations (7) together with the equalities r, = r p, by virtue of the conditions (8) for the angular velocities
o, . Time of reorientation finish T is not fixed, and the Hamiltonian H does not explicitly depend on time. Therefore, at each

instant t €[0, T ] optimal control must satisfy the condition H = const = 0 [22]. From condition of maximum for the function
H, and concretely r= 2k1.col. , the value of the Hamiltonian is calculated

H=ko +k,0; +ko0; — k=0

and obtained the necessary condition of optimality: k =k1c012 + kzcog + k30)§ . We come to a conclusion that spacecraft
rotates with the loads d = k, during optimal turn. Taking into account (8), we write

roz(pf/kl+p22/k2+p32/k3):4k0

The motions which correspond to the equations (7), (8) have the feature (11) within the entire interval of time. The constant

r, is related with k, as 7, = 2%/6', where C = \/p,zo Jky+ p3 Jky + p3 ks 5 pLy ) Dy, sy @re the components of vector p, = p(0).
Optimal angular velocities o, are

w; = \/gpi /(kic) (12)

For forming the programmed angular velocities ,, it is necessary to know the behavior of the function p_, p, , p,. Optimum
is the solution p(t) of the following system of differential equations

. \/E(l/k3—1/kz)p2p3 Con \/E(l/k1_1/k3)p1p3 .o \/E(l/kz_l/lﬁ)plpz

p_ ’p ’ - (13)
Vo Ptk p ke pi ik pR ik P2k + p2 Uk, P Pk P2k, + pE Ik,

The functions w[(t), satisfying the system (12), (13) and (1) with simultaneous satisfaction of conditions (2), (3) are the
sought optimal angular velocities. Accordingly, optimal trajectory is the solution of the equation system (1), (2), (3), (12),
(13). The problem of constructing the optimum control consists of finding such p, for which the solution of the system (1),
(12), (13) with initial condition A(0) = A, satisfies the equality A(T) = A,. Key difficulty is in determining such boundary
vectors p(0), p(T), for which
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Ao p(T)o A= Ain o p(0)o Ay, or p(T)=A, opo A,
where A, = 1N\l.n oA is the quaternion of a turn.

It is required to notice that use of combined criteria of optimality (4) guarantees a rotation of a spacecraft with loading of
construction does not exceed preset level, and final time T is minimum.

4. Designing Optimal Control Program of Rotation
In practical problems, as a rule, in initial and final instants spacecraft’s angular velocity ® is zero. Therefore, transition
segments must be (spin-up of a spacecraft to design angular velocity at beginning of a turn and braking, i.e. cancellation

of existing velocity to zero at the end of turn maneuver). We denote f = Jklcol2 +k,m3 +k3m§ and f():glgi?; f(©® (for
simplification in the future). If durations of spin-up Af,. and braking A#,; is small (in comparison with the time of a turn

T), then Ha yyacTkax pasroHa u TopMoxkeHus the derivative S is practically constant f ~ const # 0, change in value f (t)
can assume linear (the value d is close to a quadratic function of time). It is supposed that SO =u,t’ during spin-up, and

f2 () =uy (T - t)2 when bral<2ing (gtac and Upr can be identical or different, since the times Afac, Afur can be equal, but can be
Aty # Aty therefore U, = f; / Aty , u,, = f, 02 / Atlf,- Important characteristic of spatial rotation is the path functional

S=[Jko? +ko +kold

S ey

We obtain S = fo(T' — (AtactAtyr)/2) under the assumptions made above. The indicator (4) is estimated by the following sum

G = f2(T—-2(Atac+Atyy)/3) + koT (14)

For optimal turn, the time 7' = S/fy + (AtactAty,)/2. Substitute this value T into (14) we have
G = 17 (S/fo— (AtactAter)/6) + ko(S/fo + (AtacTAtir)/2)

We see that if Aty +At, = 0 then the index (4) achieves minimum when f, = \/E . For the considered model of optimal
turn, in sense of minimum of (4), the sum Az, +Afy, is proportional to the value f,, i.e. AfactAly = foh, where h = const
> 0 is constant positive coefficient of proportionality. Taking into account a presence of acceleration and braking,
G =S(fo + kolfo) + (AtactAtye)(ko/2 -fy2 /6. Whence G = koS/fy + (S+ koh/2)fo—hf;} / 6) . extremum point is determined using

the equation 6G/df, =0 or S+hky/2—k,S/ & —hf;}/2=0, the solution of which is fo= \/E Hence, dynamical loading
of construction does not exceed a priori given threshold k, during spacecraft rotation. It is known that the path functional §
is minimal for optimal motion in accordance with criterion (4) [13]. Therefore, the time of turn is minimum.

Thus, we have demonstrated that minimization of the functional (4) minimizes the turning time T and value of dynamic
loads acting on elements of spacecraft construction during its rotation from initial position A in a given final position
A, does not exceed certain preset value. At impulse control, when At , At _are negligibly small (At,c — 0, A, — 0), the
solution (7), (8) is absolute optimality.

If [M|< m,, then for short transition stages At_ , At, are estimated by the value

Atpe = Aty = TR f, \/leplzo/klz +J22p220/k22 +J32p320/k32 /(moc)
where m is the maximal magnitude of control torque M, J,, ],, ], are the principal central moments of inertia of a spacecraft.

Control functions are formed according to (8), for which we must know p,, p, , p, at each instant of time. The control torque
is calculated using (5). In general case, analytical solution of the system (1), (7), (9) was not found (for an arbitrary load
distribution). However, we will note two special (specific) cases. For symmetric variant of spacecraft loading (when k, = k, =
ks), the dependences are a sufficient trivial:
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pi(f):COIlSt:piOZVi/ V12+V§+V§ . (Di(l):b(l)pi()/ki

where V,V,,V,,V; are the elements of the quaternion of a turn A=A, °Af; and time function b(t) is specified by the
coefficient k. We write the trajectory A(t) in analytical form

A(t) = Ain o @Pos(D/(2ky) , s(f) :jb(t)dt
0

For axial-symmetric loading of a spacecraft (k, = k,), the problem of optimal control can be reduced to analytic solution
(the axis of symmetry is considered to be the OX axis). Optimal motion is simultaneous rotation of a spacecraft around the
direction specified by the vector p, stationary relative to the inertial basis, and around the axis 0X, forming constant angle 3
with p (from (7) we have p, = const = p, = cosg, 9 = arccos p, ). Angular velocity about p and OX change proportionally with
a constant coefficient of proportionality. The boundary-value problem of a turn in this special case (particular ratio between
the coefficients k) is reduced to solving the system of two equations

Af :Am o ePP/2 Oeela/z’ and o = J]:klpr (15)

1

that provides directly calculate the required vector p, . Optimal functions p, correspond to the law:

J—k,
J

t
P1=P10=C083, P, = P,, COSK+ Py SN K, Py =—pP,, SN K+ Py COSK, K= Jml(t)dt
0

where pio=pi(0); J=k2= k3 ; longitudinal velocity o, (t) is determined using (12) taking account mpu ToM, 4TO p, = const
=p,, - 3Ha4eHHd o , ¥ p,, PACCYUTHIBAIOTCA N0 3Ha4eHuAM A, and A, 13 CUCTEMBI (15).

In the case of an arbitrary distribution of the loads (k; # k; # k3) the solution of the system (1), (7), (9) is found only by
numerical methods (for example, by the method of successive approximations [23,24]). The desired vector p, is obtained

from the solution of the boundary-value problem P(0)=po, p(T) =A,opo° A, for system (7), (9). Using the known property
of independence of optimal vector p, from the behavior of the function b(t) [13], we compute p, under the assumption b(¢)
= const, that significantly simplifies the calculation of p,.

It is necessary to note that the larger k; in the performance index (4), the larger the maximum loading of spacecraft
construction (and the value f, accordingly). On the other hand, a decrease in the coefficient k leads to an increase in the
duration of reorientation T.

4. Example of Solving the Problem of Optimal Turn and Mathematic Simulation

Demonstrating the behavior of motion parameters in visual form is considered on example of 180 ° turn of some spacecraft
into position corresponding to a quaternion Afwith the following elements: 4 = 0; 1, =0.7071; 1, = 0.5;13 = 0.5. The directions
of same axes of the bound and inertial coordinate systems coincide in initial position, and ®(0) = ®(T) = 0 also. Below we
give numeric decision of the controlled reorientation that is optimal in sense of a minimum of sum (4), where k= 0.02533
s? and k, = 60, k, = 187, k, = 160. Inertial characteristics of a spacecraft are accepted: J, = 26516 kg:m? ], = 102045 kg:m?, J,
=96612 kg:-m*. Maximal control torque is m; = 160 N-m.

According to the maximum principle the necessary conditions of optimality are the equations (6), condition of Hamiltonian
maximum and the requirement H = 0, which should be satisfied at each current instant 7 [0, 7]. The velocities (12) satisfy all
three conditions, and the equations (13) are valid for the system (6) taking the relations r; = r p, into caccount. Solving the
two-point boundary- value problem of a turn P(0)=po, P(T)=A, cpo° A, for the system (13) give p, = {0.4822264; -0.116449;
0.8682726}. The constant r is r, = 3.43 s The turnaround time is T, =2002s. End of spin-up t, and beginning of braking
t,aret =6.1sandt,=194.4s. Maximal loading (between acceleration and braking) isd __ = f;* = 0.02533 s, and maximal
modulus of angular momentum L __ = 968 H-m-c. Note that optimum is d = f* = k, for ideal reorientation (for kinematical
problem of a turn).

A demonstration of spacecraft motion during optimal turn are illustrated on figures 1-3 (using the mathematical modeling
data). The figure 1 shows a character of behavior of projections p,(t), p,(t), p,(t). The graphs of angular velocities (in
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spacecraft coordinate system) , (t), ®,(t), ,(t), as functions of time, are demonstrated on figure 2 (o, given in degrees/s).
Figure 3 illustrates the change in components of attitude quaternion A(t) for the turn maneuver performed (A,(t), A,(t),
A, (8), A, (¢) reflect spatial orientation in time). The variables p,, k}. are dimensionless quantities. For optimal control, , are the
continuous functions of time, and p, and kj are the smooth functions of time. Note that ®, and p, are of constant sign, and p,
has almost constant value between spin-up and braking (in contrast to p, and p,), we see the insignificant variation of the
projection o, . It means that OX is the longitudinal axis of a spacecraft.

1 4 Di
- )
0,6
J4!
0,2
/ \ 5,
/ T T T T T
j)_/ 40 80 120 160 200
-0,2 ps3
Figure 1: The Functions p, (), p, (t), p, (£) During Spatial Reorientation
®;,°/s 1
e
0,6 A
(V)
03
0,2 A

t,s
T 40 80 120 160 \{(l)o
0,2

Figure 2: Change in Angular Velocities of a Spacecraft During an Optimal Turn
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0.0 -
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07 - A
0,5 1 7»3
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1,s
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Figure 3: Change in the Elements of Orientation A(t) During an Optimal Turn
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5. Conclusion

The problem of optimal control for spacecraft rotation from initial angular position into given finish orientation is examined.
Main difference of the presented solution is the optimization on the base of new functional of quality combined in given
proportion time of rotation and the integral of quadratic form of angular velocity during a turn. The sub-integrative expression
in the functional (4) reflects a degree of dynamical loads on spacecraft construction. The obtained control of spacecraft
rotation improves conditions of a turn in sense of minimization of loading of spacecraft construction. Since in many cases the
spacecraft motion around center of mass is limited by maximum permissible loading of spacecraft board and other elements
of construction, the problem investigated by us is of practical importance (some scientific spacecrafts have sensitivity to
dynamical loads). To solve the formulated control problem of spacecraft taking into account loading of body construction,
quaternion models and the maximum principle of Pontryagin are used. The Hamilton-Pontryagin function, the adjoint
system of equations and analytic relations and formulas for optimal control function are written for the proposed problem
of optimization. The optimum control structure based on the necessary conditions of optimality is specified. We describe in
detail key properties of a turn and the trajectory type satisfying to the adopted criteria (4). The relationships for definition
of spatial rotation of a spacecraft are presented. The implementation of a program turn was described. It was noted that the
sub-integrative expression in (4) can be correspond to degree of loading of spacecraft construction (due to dynamic loads
arising during rotation). If take into account the told above, can understand a choice of quality functional optimized, index (4)
is relevant. In this paper, the connection of dynamical loading during a turn with the coefficients of quality index was found.
The minimizing the optimized functional leads to minimum of the integral loads, and the reorientation is executed maximum
fast and so that the construction loading (due to spacecraft rotation) would not exceed a certain preset value (dynamical
loads is specified by the coefficient kO only). The example of numerical decision of rotation problem and mathematical
modeling that demonstrates the behavior of spacecraft motion parameters are given. The efficiency of the suggested control
of spacecraft reorientation is determined by a considerable reduction of maneuver duration under bounded dynamic loads
due to rotation of the spacecraft around its center of mass. This is important in the cases when the kinetic factor turns out to
be crucial for normal functioning of a spacecraft and its onboard systems, for turns through large angles and when the Euler
axis does not lie in the spacecraft’s transverse plane and does not coincide with its longitudinal axis.

References

1. Sinitsin, L.1,, & Kramlikh, A. V. (2021, February). Synthesis of the optimal control law for the reorientation of a nanosatellite
using the procedure of analytical construction of optimal regulators. In Journal of Physics: Conference Series (Vol. 1745,
No. 1, p. 012053). IOP Publishing.

2. Velishchanskii, M. A, Krishchenko, A. P, & Tkachey, S. B. (2003). Synthesis of spacecraft reorientation algorithms using
the concept of the inverse dynamic problem. Journal of computer and systems sciences international, 42(5), 811-818.

3. Lam, Q. M. (2018). Robust and adaptive reconfigurable control for satellite attitude control subject to under-actuated
control condition of reaction wheel assembly. Mathematics in Engineering, Science & Aerospace (MESA), 9(1), 47.

4. Levskii, M. V. (2017). Special aspects in attitude control of a spacecraft, equipped with inertial actuators. Journal of
computer science applications and information technology, 2(4), 1-9.

5. Zhou, H.,, Wang, D, Wu, B,, & Poh, E. K. (2012). Time-optimal reorientation for rigid satellite with reaction wheels.
International journal of control, 85(10), 1452-1463.

6. Branets, V. N,, & Shmyglevsky, I. P. (1973). Application of quaternions in problems of rigid body orientation. M.: Nauka.

7. Shen, H., & Tsiotras, P. (1999). Time-optimal control of axisymmetric rigid spacecraft using two controls. Journal of
Guidance, Control, and Dynamics, 22(5), 682-694.

8. Reshmin, S. A. (2018). Threshold absolute value of a relay control when time-optimally bringing a satellite to a
gravitationally stable position. Journal of computer and systems sciences international, 57(5), 713-722.

9. Reshmin, S. A. (2018, June). The threshold absolute value of a relay control bringing a satellite to a gravitationally stable
position in optimal time. In Doklady physics (Vol. 63, No. 6, pp. 257-261). Moscow: Pleiades Publishing.

10. Aipanov, S. A,, & Zhakypov, A. T. (2020). The method of separation of variables and its application to the problem of a
spacecraft’s optimal turn. Cosmic research, 58(1), 53-63.

11. Levskii, M. V. (2015). Kinematically optimal spacecraft attitude control. Journal of computer and systems sciences
international, 54(1), 116-132.

12. Biryukov, V. G., & Chelnokov, Y. N. (2014). Construction of optimal laws of variation of the angular momentum vector of
arigid body. Mechanics of solids, 49(5), 479-494.

13. Levskii, M. V. (2009). Optimal spacecraft terminal attitude control synthesis by the quaternion method. Mechanics of
solids, 44(2), 169-183.

14. Zelepukina, O. V., & Chelnokov, Y. N. (2011). Construction of optimal laws of variation in the angular momentum vector
of a dynamically symmetric rigid body. Mechanics of solids, 46(4), 519-533.

15. Molodenkov, A. V.,, & Sapunkov, Y. G. (2016). Analytical solution of the optimal slew problem for an axisymmetric
spacecraft in the class of conical motions. Journal of computer and systems sciences international, 55(6), 969-985.

16. Molodenkov, A. V., & Sapunkov, Y. G. (2020). Analytical quasi-optimal solution of the slew problem for an axially symmetric
rigid body with a combined performance index. Journal of computer and systems sciences international, 59(3), 347-357.

Volume - 3 Issue - 5

Citation: Levskil., M. V. (2026). Optimal Control Problem of Spacecraft Spatial Reorientation Taking into Account Loading Page 8 of 4
of Construction Using Quaternions and The Combined Criterion of Quality. Eng Appl Sci J, 3(5), 01-09.



https://www.wecmelive.com/
https://iopscience.iop.org/article/10.1088/1742-6596/1745/1/012053/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1745/1/012053/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1745/1/012053/meta
https://openurl.ebsco.com/contentitem/gcd:128272856?sid=ebsco:plink:crawler-gcd&id=ebsco:gcd:128272856&crl=c&jrnl=20413165
https://openurl.ebsco.com/contentitem/gcd:128272856?sid=ebsco:plink:crawler-gcd&id=ebsco:gcd:128272856&crl=c&jrnl=20413165
https://scholar.archive.org/work/m5qlytfavrc7fk2a5ofj7a3tn4/access/wayback/https:/symbiosisonlinepublishing.com/computer-science-technology/computerscience-information-technology21.pdf
https://scholar.archive.org/work/m5qlytfavrc7fk2a5ofj7a3tn4/access/wayback/https:/symbiosisonlinepublishing.com/computer-science-technology/computerscience-information-technology21.pdf
https://www.tandfonline.com/doi/abs/10.1080/00207179.2012.688873
https://www.tandfonline.com/doi/abs/10.1080/00207179.2012.688873
https://www.researchgate.net/profile/Haijun-Shen/publication/36241506_Time-optimal_control_of_axi-symmetric_rigid_spacecraft_with_two_controls/links/546df9a00cf2bc99c21506a0/Time-optimal-control-of-axi-symmetric-rigid-spacecraft-with-two-controls.pdf
https://www.researchgate.net/profile/Haijun-Shen/publication/36241506_Time-optimal_control_of_axi-symmetric_rigid_spacecraft_with_two_controls/links/546df9a00cf2bc99c21506a0/Time-optimal-control-of-axi-symmetric-rigid-spacecraft-with-two-controls.pdf
https://link.springer.com/article/10.1134/S106423071805012X
https://link.springer.com/article/10.1134/S106423071805012X
https://link.springer.com/article/10.1134/S1028335818060101
https://link.springer.com/article/10.1134/S1028335818060101
https://link.springer.com/article/10.1134/S0010952520010013
https://link.springer.com/article/10.1134/S0010952520010013
https://link.springer.com/article/10.1134/S1064230714050116
https://link.springer.com/article/10.1134/S1064230714050116
https://link.springer.com/article/10.3103/S002565441405001X
https://link.springer.com/article/10.3103/S002565441405001X
https://link.springer.com/article/10.3103/S0025654409020022
https://link.springer.com/article/10.3103/S0025654409020022
https://link.springer.com/article/10.3103/S0025654411040030
https://link.springer.com/article/10.3103/S0025654411040030
https://link.springer.com/article/10.1134/S1064230716060095
https://link.springer.com/article/10.1134/S1064230716060095
https://link.springer.com/article/10.1134/S1064230720030107
https://link.springer.com/article/10.1134/S1064230720030107

Engineering and Applied Sciences Journal Copyright © Mikhail Valer’evich Levskii

17.

18.

19.

20.

21.
22.

23.

24.

Sapunkov, Y. G., & Molodenkov, A. V. (2021). Analytical solution of the problem on an axisymmetric spacecraft attitude
maneuver optimal with respect to a combined functional. Automation and Remote Control, 82(7), 1183-1200.

Levskii, M. V. (2014). The use of universal variables in problems of optimal control concerning spacecrafts orientation.
Mekhatron., Avtomatiz., Upravl, (1), 53-59.

Levskii, M. (2024). Design of optimum spacecraft reorientation control with a combined criteria of quality based on the
quaternions. MECHANICAL ENGINEERING, 2(2), 1578.

Levskii, M. (2024). Synthesis of optimal control of spacecraft angular momentum for spatial turn taking into account
energy costs using quaternions. Current physics, 1(1), E260124226419.

Pontryagin, L. S. (2018). Mathematical theory of optimal processes. Routledge.

Young, L. C. (2024). Lectures on the calculus of variations and optimal control theory (Vol. 304). American Mathematical
Society.

Kumar, S., Kanwar, V,, & Singh, S. (2010). Modified efficient families of two and three-step predictor-corrector iterative
methods for solving nonlinear equations. Applied mathematics, 1(3), 153.

Han, T. (2010). Solving large scale nonlinear equations by a new ODE numerical integration method. Applied Mathematics.

Volume - 3 Issue - 5

Citation: Levskil., M. V. (2026). Optimal Control Problem of Spacecraft Spatial Reorientation Taking into Account Loading Page 9 of 4
of Construction Using Quaternions and The Combined Criterion of Quality. Eng Appl Sci J, 3(5), 01-09.


https://www.wecmelive.com/
https://link.springer.com/article/10.1134/S0005117921070043
https://link.springer.com/article/10.1134/S0005117921070043
https://www.benthamdirect.com/content/journals/cphs/10.2174/0127723348245209231205063839
https://www.benthamdirect.com/content/journals/cphs/10.2174/0127723348245209231205063839
https://api.taylorfrancis.com/content/books/mono/download?identifierName=doi&identifierValue=10.1201/9780203749319&type=googlepdf
https://books.google.com/books?hl=en&lr=&id=KEMvEQAAQBAJ&oi=fnd&pg=PP1&dq=22.%09Young+L.+G.+Lectures+on+the+Calculus+of+Variations+and+Optimal+Control+Theory,+Philadelphia,+Saunders,+1969,+327+p&ots=VA_gTAnxC_&sig=qg1JmHfvoPABfvPbnOcC3DZO660
https://books.google.com/books?hl=en&lr=&id=KEMvEQAAQBAJ&oi=fnd&pg=PP1&dq=22.%09Young+L.+G.+Lectures+on+the+Calculus+of+Variations+and+Optimal+Control+Theory,+Philadelphia,+Saunders,+1969,+327+p&ots=VA_gTAnxC_&sig=qg1JmHfvoPABfvPbnOcC3DZO660
https://www.academia.edu/download/66870283/Modified_Efficient_Families_of_Two_and_T20210504-11525-1je2048.pdf
https://www.academia.edu/download/66870283/Modified_Efficient_Families_of_Two_and_T20210504-11525-1je2048.pdf
https://www.academia.edu/download/72565342/fef4bb6b0b7ba08b32fe6c6e49fefda05e7f.pdf

