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Abstract

This study addresses the stochastic modeling and identification of spatio-temporal arrival processes in queueing systems. We
introduce a novel point process frame- work for characterizing customer arrivals in both space and time domains, cou- pled
with a Bayesian inference methodology for robust parameter estimation. Our approach explicitly models the interdependence
between arrival timings and spa- tial locations while quantifying parameter uncertainty. Specifically, we develop the
SMAP(t)/M/c/c queue model, incorporating a Spatially-Marked Arrival Process with time-varying service rates and finite
capacity constraints. Validation using empirical queue datasets demonstrates the model’s efficacy in capturing complex
spatio-temporal arrival patterns. This research advances space-time queueing the- ory with applications in transportation
networks, telecommunications, healthcare systems, and environmental monitoring.
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1. Introduction

Spatio-temporal queueing systems have emerged as a
critical research frontier, driven by the proliferation of
mobile computing systems and real-time service networks.
These sys- tems, where customer arrivals exhibit complex
dependencies across both time and space, are fundamental
to urban mobility, telecommunications infrastructure,
health-care delivery, and environmental monitoring.
Traditional queueing models, while effective for temporal
analysis, fundamentally fail to capture the intricate spatial
depen- dencies inherent in modern service systems where
arrival events possess both temporal occurrence and spatial
coordinates. This dual-dimensional complexity necessitates
ad- vanced point process methodologies capable of
characterizing the dynamic interplay between spatial
distribution and temporal dynamics in stochastic systems.
The foundational work of Neuts established matrix-analytic
methods for queue- ing analysis, while Lucantoni extended
these to Batch Markovian Arrival Processes (BMAP).
Subsequent research by Anisimov Limnios developed
stochastic limit theo- rems for queueing networks, and Della
Cherie provided measure-theoretic foundations. Despite
these significant advances, three persistent limitations in
current literature rep- resent critical barriers to effective
spatio-temporal modeling [1-10].

First, conventional queueing models treat arrivals as
dimensionless point events with- out spatial marker,

despite spatial positioning being crucial in mobile systems.
This spatial neglect fundamentally undermines predictive
accuracy in location-aware appli- cations. Second, most
existing frameworks assume constant service rates p ,
whereas real-world systems exhibit pronounced time-
varying service patterns. Third, current iden- tification
methods lack rigorous uncertainty quantification ,
particularly for dependent spatio-temporal events, leaving
practitioners without probabilistic bounds for decision-
making. Recent methodological innovations by Mohler and
al. introduced spatial Hawkes processes for crime prediction,
while Rathbun developed spatio-temporal point pro- cess
models for ecological systems. However, these approaches
remain fundamentally dis- connected from queueing theory
and lack finite-capacity constraints essential for practical
engineering systems. This disconnect creates a significant
implementation gap between theoretical point process
models and operational queueing systems [11-14].

To bridge these critical gaps, this research makes four
fundamental contributions that advance the state-of-the-art:
e We introduce the novel SMAP(t)/M/c/c queueing
framework that integrates Spatially-Marked Arrival
Processes with time-varying service rates y(t) and rigorous
finite-capacity constraints. This model represents the first
comprehensive unification of spatial marking with queueing
theory.
e We

develop a hierarchical Bayesian identification
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methodology for joint estima - tion of parameters 8 = {{a,},
B, a, o, u(-)} with full uncertainty quantification, addressing
the critical gap in probabilistic inference for spatio-temporal
systems.

e We establish a validation framework using transformed
residual analysis that provides rigorous diagnostics for model
adequacy in capturing complex space-time dependencies.

¢ We demonstrate practical efficacy through empirical
validation in transporta- tion networks, showing a 28%
improvement in predictive accuracy over state-of-the-art
methods and a 32% reduction in resource allocation errors.

The remainder of this paper is structured to systematically
develop these contributions: Section 2 establishes the
stochastic foundations. Section 3 presents the mathematical
formulation of the SMAP(t)/M/c/c model. Section 4 details
the Bayesian identification framework. Section 5 provides
comprehensive empirical validation, and Section 6 discusses
implementation in telecommunications and urban mobility
systems before concluding with future research directions.

1.1 State of the Art and Research Gaps

Foundational work by Neuts established matrix-analytic
methods for queueing anal- ysis, while Lucantoni extended
these to Batch Markovian Arrival Processes (BMAP).
Subsequent research by Anisimov Limnios developed
stochastic limit theorems for queueing networks, and Della
Cherie provided measure-theoretic foundations. Despite
these advances, three critical limitations persist in current
literature:

« Spatial Neglect: Conventional models (e.g, M/M/c, G/G/1)
treat arrivals as point events without spatial markers ,
despite spatial positioning being crucial in mobile systems.
e Static Service Assumptions: Most queueing models
assume constant service rates yu (8), whereas real-world
systems exhibit time-varying service patterns.

¢ Uncertainty Quantification Gap: Existing identification
methods lack rigorous uncertainty quantification (1),
particularly for dependent spatio-temporal events.

Recent efforts by Mohler and al. introduced spatial Hawkes
processes for crime prediction, and Rathbun developed
spatio-temporal point process models. How- ever, these
approaches remain disconnected from queueing theory
and lack finite-capacity constraints essential for practical
systems [8-14].

1.2 Our Contributions

Building upon these foundations while addressing their
limitations, this work makes four key contributions:

e SMAP(t)/M/c/c Model: A novel queueing framework
integrating Spatially- Marked Arrival Processes with:
 Time-varying service rates p(t)

« Finite capacity constraints

« Space-time triggering kernels

+ Bayesian Identification: A hierarchical framework for
joint estimation of: @ = {{«a,}, B, @, 0, u(-)} with full uncertainty
quantification

e Validation Methodology: Diagnostic procedures using
transformed residuals [11].

« Empirical Demonstration: Applications to transportation
and telecommunica- tions systems

The remainder of this paper is structured as follows: Section
2 presents stochastic foundations. Section 3 develops
the SMAP(t)/M/c/c model. Section 4 details Bayesian
identification. Section 5 provides empirical validation, with
Section 6 discussing applica- tions.

1.3 Stochastic Process Foundations

Asstochastic processis defined as a family of random variables
variables {X} _, indexed by a temporal or spatial domain T,
characterizing the evolution of random systems. This section
establishes foundational concepts essential for modeling
point processes in queueing systems. Comprehensive
treatments are available in Durrett and Karlin Taylor, with
concise references in ? ) and Dellacherie .

Key elements include:

« Filtrations: Representing information accumulation over
time

e Stopping Times: Modeling event dependencies (e.g.,
interarrival times in queues)

1.4 Filtration Framework
Consider a measurable space (£, B) equipped with a
filtration {F } - a non-decreasing family of sub-c-algebras
of B satisfying:

Vs <t, F.CF. (1)
The o-algebra generated by the filtration is 7« = V5, F- The
filtration is right- continuous if:

¥t >0, F={)Fisn- (2)

h>0

Such filtrations are fundamental for martingale theory
and stopping time analysis. Let X = {X}_, be an E-valued
stochastic process on (£, B).

2. Mathematical Modeling of Spatio-Temporal Arrivals
2.1 Theoretical Foundation

Spatio-temporal arrival processes are formally modeled as
marked point processes on the space R, x S where:

* R : Temporal domain

e S C R% Spatial domain (d = 2 for geospatial systems)

* Event Representation: (¢, s) for arrival i, with s = (x, y)

The stochastic structure is characterized by the conditional
intensity function:

E[N([t,t + At) x B(s,As)) | Fi
At - |B(s, As)|

lim
At,As—0

At,s | F) =

(3)

where B(s, As) is a spatial ball centered at s with volume]| - |,
and 7, is the history filtration.

2.2. Model Decomposition
We adopt a multiplicative intensity structure [14]:
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where:
. Ag(t): Temporal intensity (ground process)
* f(s| t, F): Conditional spatial density

2.3 Background Process

Ao(t,8) = p(s) - (1) (5)

¢ u(s): Spatial baseline (e.g., population density)
* ¥(t): Periodic temporal trend ~(t) = exp [Zle ay cos(?wlct/T)}

2.4 Triggered Process
Mglt:s | Fo) = Y hit =5, ||s = s5]))
tj<t

With space-time triggering kernel:

1 r?
exp [ ———
To2 P 202

as validated in Mohler and al. [9].

h(At,r) = fexp(—aAt) - 5

SMAP(t)/M/c/c System Specification

The proposed queueing system integrates:

* Arrivals: A(t, s) =A,(t, s) + Amg(t, s)

« Service: Time-dependent M(t) distribution

« Capacity: Finite c servers with blocking
¢ Routing: Spatial mark-dependent prioritization State
evolution follows

1X(0) = et = A DN (®)

dS(t)
where Q(t) is queue length and S(t) server states.
Bayesian Identification Framework

Parameter estimation for 6 = {{a,}, B, a, o, u(-)} uses
hierarchical Bayes:

(0| D) ocﬁ)\(ti,si 1 9) exp [— /O ' /S /\dvdu} 2(0)
9)

Point process likelihood

Posterior sampling via Hamiltonian Monte Carlo:

0"t = 9™ 1 Vlogp(8™ | D) +

V2ez, z~ N(0,1) (10)
Empirical Validation
Validation using transportation data shows a 28%

improvementinlog-likelihood over spatial Hawkes processes
and a 32% reduction in RMSE versus neural point processes.

Model RMSE Log-Likelihood  AIC

Traditional M/M/c/c  15.67 -35,219 70,448
Spatial Hawkes 11.24 -29,874 59,782
Neural Point Process 9.87 -28,651 57,342
SMAP(t)/M/c/c  6.71 -24,819 49,682

Table 1: Performance Comparison Algiers Transit Data

2.6 Experimental Setup

We validate the SMAP(t)/M/c/c framework using two real-
world datasets:

e Transit System: 42,000 spatio-temporal arrival events
recorded over 30 days at 12 major transit hubs

e NYC-Taxi Dataset: 1.2 million ride requests across
Manhattan (?) Comparative analysis includes:

« Traditional M/M/c/c queue

« Spatial Hawkes process (9)

» Neural point process (?)

e Time-varying M (t)/M/c/c model

Performance metrics:

RMSE =

AIC = 2k — 21In(L)

where k = number of parameters, L" = maximized likelihood
value.

3. Quantitative Results

Model Algiers Transit NYC-Taxi
RMSE AIC RMSE  AIC
Traditional M/M/c/c 15.67 70,448 12.34 56,912
Spatial Hawkes 11.24 59,782  8.92 49,382
Neural Point Process 9.87 57,342 7.56 47,832
M(t)/M/c/c 895 55217 721 46,573
SMAP(t)/M/c/c 6.71 49,682 5.23 42,954

Table 2: Performance Comparison Across Datasets
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3.1 Interpretation of Results

The quantitative analysis reveals three critical insights:

« Spatio-Temporal Superiority: Our SMAP(t)/M/c/c model
achieves 28.3% lower RMSE than the best baseline (Spatial
Hawkes) in the Algiers dataset and 30.8% improve- ment
in NYC data. This demonstrates that explicitly modeling the
space-time interaction through our triggering kernel (Eq.
7) captures real-world arrival patterns more effectively
than approaches treating spatial and temporal dimensions
separately.

e Parameter Efficiency: The 13.4% AIC reduction versus
neural point processes indicates superior model efficiency
despite comparable flexibility. This arises from our physically
interpretable parameterization where:

e [ quantifies arrival clustering tendency (0.32 in transit
hubs vs 0.18 in residential zones)

¢ o measures spatial influence decay (mean " = 1.2 km *
0.15)

o captures temporal decay (a” = 0.86 hours-1)

e Operational Impact: In transportation contexts, the
31.7% RMSE reduction translates to:

» 22% fewer vehicle repositioning moves

» 18% reduction in passenger wait times

* 15% higher fleet utilization

e For telecommunications systems (simulated 5G base
station data), we observe 27% im- provement in handoff
prediction accuracy [12-15].

3.2. Diagnostic Analysis

provides deeper insight into model performance:

» Temporal Calibration: Our transformed time residuals
follow near-unit Poisson process (A = 0.99, KS-test p=0.62)
indicating proper temporal intensity specification

» Spatial Accuracy: The Voronoi residual analysis shows
no significant spatial clus- tering (Moran’s [ = 0.07, p=0.21)
confirming adequate spatial intensity modeling

e Model Inadequacies: Neural point processes exhibit
overfitting (oscillatory resid- uals) while Spatial Hawkes
shows systematic underestimation during peak hours

3.3. Limitations and Boundary Conditions

Performance advantages are most pronounced in systems
with:

« High arrival density (> 50 events/hour)

« Clear spatial clustering (entropy < 2.3 bits)

e Time-varying service patterns

In low-density scenarios (< 10 events/hour), traditional
models show comparable perfor- mance at a lower
computational cost.

4. Conclusion

This research establishes an innovative integrated
framework for modeling spatio-temporal queueing systems,
unifying spatial point processes with capacity-constrained
queueing the- ory. The proposed model overcomes three
fundamental limitations of existing approaches: the absence
of spatial arrival modeling, unrealistic constant service
rate assumptions, and inadequate parametric uncertainty
quantification. By integrating dynamic spatio- temporal
triggering kernels and hierarchical Bayesian inference,

the framework captures complex interdependencies
observed in modern telecommunications networks and
urban transportation systems. Experimental validations
demonstrate  significant quantitative advancements:
28% re- duction in root mean squared error compared
to conventional spatial methods, 13.4% improvement in
parametric efficiency measured by information criteria,
and 32% decrease in resource allocation errors across
operational applications. In transportation networks,
these gains translate to tangible operational improvements
including 22% fewer vehicle re- locations and 18% shorter
passenger wait times. For 5G systems, the model achieves
27% higher handoff prediction accuracy, confirming its
suitability for real-time applications [16-18].

While the model excels in high-density event environments,
its performance converges with classical approaches under
low-density conditions. This limitation reveals promising
research directions: implementing dynamic spatial
prioritization for multi-class systems, integrating deep
learning for online adaptation, and extending applications
to critical sce- narios such as emergency evacuations. By
bridging point process theory with constrained queueing
analysis, this work pioneers a new generation of spatially
intelligent stochastic systems for complex operational
environments.
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